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Preface for Volume 1 


On April 4, 2014, we celebrated Cora Sadosky’s life with an afternoon in her honor, 
preceded by the 13th New Mexico Analysis Seminar! on April 3-4, 2014, and 
followed by the Western Sectional Meeting of the AMS on April 5-6, 2014, all 
held in Albuquerque, New Mexico, USA. It was a mathematical feast, gathering 
more than a 100 analysts—fledgling, junior, and senior, from all over the USA and 
the world such as: Canada, India, Mexico, Sweden, the UK, South Korea, Brazil, 
Israel, Hungary, Finland, Australia, and Spain—to remember her outspokenness, 
her uncompromising ways, her sharp sense of humor, her erudition, and above all 
her profound love for mathematics. 

Many speakers talked about how their mathematical lives were influenced by 
Cora’s magnetic personality and her mentoring early in their careers and as they 
grew into independent mathematicians. Particularly felt was her influence among 
young Argentinian and Venezuelan mathematicians. Rodolfo Torres, in a splendid 
lecture about Cora and her mathematics, transported us through the years from 
Buenos Aires to Chicago and then back to Buenos Aires, from Caracas to the 
USA and then back to Buenos Aires, and from Washington, D.C., to California. 
He reminded us of Cora always standing up for human rights, Cora as president of 
the Association for Women in Mathematics (AWM), and Cora always encouraging 
and fighting for what she thought was right. 


'The 13th New Mexico Analysis Seminar and An Afternoon in Honor of Cora Sadosky were 
sponsored by National Science Foundation (NSF) grant DMS-140042, the Simons Foundation, 
and the Efroymson Foundation, and the events were done in cooperation with the Association for 
Women in Mathematics (AWM). See the conference’s websites: 

www.math.unm.edu/conferences/13thAnalysis 

people.math.umass.edu/~nahmod/CoraSadosky.html 

An Afternoon in Honor of Cora Sadosky was organized by Andrea Nahmod, Cristina Pereyra, 
and Wilfredo Urbina. The 13th New Mexico Analysis Seminar organizers were Matt Blair, Cristina 
Pereyra Anna Skripka, Maxim Zinchenko from University of New Mexico, and Nick Michalowsky 
from New Mexico State University. 
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Cora was born in Buenos Aires, Argentina, on May 23, 1940, and died on 
December 3, 2010, in Long Beach, CA. Cora got her PhD in 1965 at the University 
of Chicago under the supervision of both Alberto Calderén and Antoni Zygmund, 
the grandparents of the now known Calder6n-Zygmund school. Shortly after her 
return from Chicago, she married Daniel J. Goldstein, her lifelong companion 
who sadly passed away on March 13, 2014, a few weeks before the Albuquerque 
gathering. Daniel and Cora had a daughter, Cora Sol, who is now a political science 
professor at California State University in Long Beach, and a granddaughter, Sasha 
Malena, who brightened their last years. During her life, Cora wrote more than 50 
research papers, and a graduate textbook on Interpolation of Operators and Singular 
Integrals: An Introduction to Harmonic Analysis (Marcel Dekker, 1979), and she 
edited two volumes: one celebrating Mischa Cotlar’s 70th birthday (Analysis and 
Partial Differential Equations: A Collection of Papers Dedicated to Mischa Cotlar, 
CRC Press, 1989) and one celebrating Alberto Calderén 75th birthday (Harmonic 
Analysis and Partial Differential Equations: Essays in Honor of Alberto Calderon, 
edited with M. Christ and C. Kenig, The University of Chicago Press, 1999). We 
have included a list as complete as possible of her scholarly work. Notable are her 
contributions to harmonic analysis and operator theory, in particular her lifelong 
very fruitful collaboration with Mischa Cotlar. 

When news of Cora’s passing spread like wildfire in December 2010, many 
people were struck. The mathematical community quickly reacted. The AWM 
organized an impromptu memorial at the 2011 Joint Mathematical Meeting (JMM), 
as reported by Jill Pipher, at the time the AWM president: 


Many people wrote to express their sadness and to send remembrances. The AWM business 
meeting on Thursday, January 6 at the 2011 JMM was largely devoted to a remembrance of 
Cora. 


This appeared in the March—April issue of the AWM Newsletter* which was entirely 
dedicated to the memory of Cora Sadosky. 

An obituary by Allyn Jackson for Cora Sadosky appeared in Notices of the 
American Mathematical Society in April 2011.° 

In June 2011, Cathy O’Neal wrote in her blog mathbabe* a beautiful remem- 
brance for Cora: 


[...] Cora, whom I met when I was 21, was the person that made me realize there is a 
community of women mathematicians, and that I was also welcome to that world. [...] 
And I felt honored to have met Cora, whose obvious passion for mathematics was absolutely 
awe-inspiring. She was the person who first explained to me that, as women mathematicians, 
we will keep growing, keep writing, and keep getting better at math as we grow older [...]. 
When I googled her this morning, I found out she’d died about 6 months ago. You can read 


2 President’s Report, AWM Newsletter, Vol. 41, No. 2, March-April 2011, p. 1. This issue was 
dedicated to the memory of Cora Sadosky. 


3Notices AMS, Vol. 58, Number 4, April 2011, pp. 613-614. 
“http://mathbabe.org/201 1/06/29/cora-sadosky/. 
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about her difficult and inspiring mathematical career in this biography.” It made me cry and 
made me think about how much the world needs role models like Cora. 


In 2013, the Association for Women in Mathematics established the biennial 
AWM-Sadosky Prize in Analysis,° to be awarded every other year starting in 2014. 
The purpose of the award is to highlight exceptional research in analysis by a woman 
early in her career. Svitlana Mayboroda was the first recipient of the AWM-Sadosky 
Research Prize in Analysis awarded in January 2014. Mayboroda is contributing a 
survey paper joint with Ariel Barton to this volume. We include the press release 
issued by the AWM on May 15, 2013, and the citation and Mayboroda’s response 
that appeared in the March-April 2014 issue of the AWM Newsletter.’ As this 
volume goes into press, the second recipient of the award, the 2016 AWM-Sadosky 
Prize, was announced: Daniela da Silva, from Columbia University. 

In 2015, Kristin Lauter, president of the AWM, started her report in the May—June 
issue of the AWM Newsletter,® with a couple of paragraphs remembering Cora: 


Iremember very clearly the day I met Cora Sadosky at an AWM event shortly after I got my 
PhD, and, knowing very little about me, she said unabashedly that she didn’t see any reason 
that I should not be a professor at Harvard someday. I remember being shocked by this idea, 
and pleased that anyone would express such confidence in my potential, and impressed at 
the audacity of her ideas and confidence of her convictions. 

Now I know how she felt: when I see the incredibly talented and passionate young female 
researchers in my field of mathematics, I think to myself that there is no reason on this earth 
that some of them should not be professors at Harvard. But we are not there yet ...and 
there still remain many barriers to the advancement and equal treatment of women in our 
profession and much work to be done. 


In these two volumes, friends, colleagues, and/or mentees have contributed 
research papers, surveys, and/or short remembrances about Cora. The remem- 
brances were sometimes weaved into the article submitted (either at the begining or 
the end), and we have respected the format each author chose. Many of the authors 
gave talks in the 13th New Mexico Analysis Seminar, in An Afternoon in Honor of 
Cora Sadosky, and/or in the special sessions of the AMS; others could not attend 
these events but did not think twice when given the opportunity to contribute to this 
homage. 

The mathematical contributions naturally align with Cora’s mathematical inter- 
ests: harmonic analysis and PDEs, weighted norm inequalities, Banach spaces and 
BMO, operator theory, complex analysis, and classical Fourier theory. 

Volume | contains articles about Cora, her mathematics and mentorship, remem- 
brances by colleagues and friends, her bibliography according to MathSciNet, and 


>Biographies of Women in Mathematics: Cora Sadosky http://www.agnesscott.edu/Iriddle/women/ 
corasadosky.htm. 


More details in the AWM-Sadosky Research Prize in Analysis webpage: https://sites.google.com/ 
site/awmmath/programs/sadosky- prize. 


7AWM Newsletter, Volume 44, Number 2, March-April 2014. 
8President’s Report. AWM Newsletter, Vol. 45, No. 3, May-June, p. 1. 
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survey and research articles on harmonic analysis and partial differential equations, 
BMO, Banach and metric spaces, and complex and classical Fourier analysis. 

Last year (2014) saw the resolution of the two-weight problem for the Hilbert 
transform a la Muckenhoupt by Michael Lacey, Eric Sawyer, Chun-Yen Shen, and 
Ignacio Uriarte-Tuero, a problem that had been open for 40 years. This problem 
was solved a la Helson-Szegé by Cora Sadosky and Mischa Cotlar in the early 
1980s using complex analysis and operator theory methods. In the last 15 years, 
a number of techniques have been developed and refined to yield this result, 
including stopping time arguments, Bellman functions, Lerner’s median approach, 
and bumped approach. 

Volume 2 contains survey and research articles on weighted norm inequalities, 
operator theory, and dyadic harmonic analysis. The articles illustrate some of 
the recent techniques developed to understand weighted inequalities and more, 
including a survey of the two-weight problem for the Hilbert transform by Michael 
Lacey. 


Contents of Volume 1 


We now describe in more detail the contents of this first volume. Volume 1 consists 
of two parts, the first one devoted to remembering Cora in all her facets, and the 
second to mathematics which is, as we well know, a fundamental part of who Cora 
was. 

Part I of Volume | contains articles about Cora, her mathematics and mentorship, 
as well as some remembrances by colleagues and friends. Chapter “Cora Sadosky: 
Her Mathematics, Mentorship, and Professional Contributions” is a written ren- 
dering of Rodolfo Torres’ Albuquerque lecture Cora Sadosky: her mathematics, 
mentorship, and professional contributions. This should help us all not to forget 
this amazing and strong-willed mathematician and woman and the new generations 
to learn about her vibrant personality. Chapter “Cora’s Scholarly Work: Publi- 
cations According to MathSciNet” contains Cora’s scholarly work according to 
MathSciNet. Chapter “Remembering Cora Sadosky” contains remembrances from 
friends and colleagues, such as Steven Krantz, Maria Dolores (Lol6) Moran, Guido 
Weiss, and Mike Wilson, and reproduces the article Remembering Cora Sadosky 
with contributions from Georgia Benkart, Judy Green, Richard Bourgin, and Daniel 
Szyld and a remembrance written collectively by Estela Gavosto, Andrea Nahmod, 
Cristina Pereyra, Gustavo Ponce, Rodolfo Torres, and Wilfredo Urbina, published 
in the AWM Newsletter Volume 41, Number 2, March-April 2011. 

Part II in Volume | contains a survey and research articles submitted by an 
array of mathematicians representing one or several of the mathematical themes 
close to Cora’s heart. In chapter “Higher-Order Elliptic Equations in Non-Smooth 
Domains: A Partial Survey”, Ariel Barton and Svitlana Mayboroda present an 
extensive survey dealing with the theory of higher-order elliptic operators in non- 
smooth settings. The first section of the paper deals with mostly constant coefficient 
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operators, in arbitrary domains. It explains the Miranda-Agmon maximum principle 
and related regularity estimates, as well as the interesting extension to this setting of 
the Wiener test. The results explained are deep and important, and it is very useful 
to have the history and development detailed here. The second section deals with L? 
boundary value problems for higher-order elliptic operators on Lipschitz domains. 
This is mainly discussed again in the constant coefficient case. This is a very rich 
subject, where, in spite of decades of steady progress, important problems remain 
open. The final section deals with variable coefficient higher-order operators. Two 
natural classes of such operators are discussed, and recent works by the authors are 
described. This is a part of the theory that is at its very beginning and where much 
remains to be done. The authors’ recent pioneering works are explained, and also 
many areas of investigation that remain wide open are discussed. 

Chapters “Victor Shapiro and the Theory of Uniqueness for Multiple Trigono- 
metric Series”, “A Last Conversation with Cora’, and “Fourier Multipliers of the 
Homogeneous Sobolev Space W!!” are from Cora’s academic sibling Marchall 
Ash and dear friend and colleague Aline Bonami. Marshall Ash’s paper focuses on 
aspects of Cantor’s uniqueness theorem which states that if a trigonometric series 
converges to zero pointless everywhere, then all of its coefficients must be zero. The 
paper is written in the form of a survey and contains outlines of proofs, ideas and 
discussions, and personal experiences. Aline Bonami starts with a remembrance she 
titled A last conversation with Cora, followed by an article that studies the class of 
Fourier multipliers on the homogeneous Sobolev space W!'! which is meant to be 
part of this final conversation. 

In chapter “A Note on Nonhomogenous Weighted Div-Curl Lemmas”, Galia 
Dafni, Der-Chen Chang, and Hong Yue present new results concerning local 
versions of the div-curl lemma in R” in the context of weighted Lebesgue spaces 
and weighted localized Hardy spaces. Dafni and Chang were Cora’s coauthors. 

In chapter “A Remark on Bilinear Square Functions”, Loukas Grafakos in an 
interesting note opens up a discussion regarding a bilinear version of a classical 
theorem due to Rubio de Francia on L’-estimates for square functions based on 
disjoint and arbitrary (in particular, not necessarily dyadic) intervals on the real line. 

In chapter “Unique Continuation for the Elasticity System and a Counterexample 
for Second-Order Elliptic Systems”, Carlos Kenig and Jenn-Nan Wang present an 
interesting discussion of unique continuation for second-order elliptic systems in 
the plane. They discuss positive results for a class of systems of elasticity where 
coefficients are bounded and measurable (both isotropic and anisotropic systems) 
and where coefficients are Lipschitz (anisotropic system). They present an example 
which shows that unique continuation may fail for elliptic systems with bounded 
measurable coefficients in interesting contrast to the case of single equations where 
unique continuation results are known to hold. 

In chapter “Hardy Spaces of Holomorphic Functions for Domains in C” with 
Minimal Smoothness”, Loredana Lanzani and Eli Stein continue their program 
analyzing Hardy spaces on domains in several complex variables with minimal 
boundary smoothness. As the reviewer said, “These will be of interest to a broad 
cross-section of analysts. And I must note that Cora Sadosky would have been quite 
interested in this paper.” 
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In chapter “On the Preservation of Eccentricities of Monge—Ampére Sections”, 
Diego Maldonado studies how the eccentricity of sections to solutions u to the 
Monge-Ampére equation behave when the right-hand side of the equation satisfies 
a Dini-type condition on sections. This is applied to obtain estimates of second 
derivatives of u in terms of the eccentricity. In addition, he uses these results to show 
existence of quasi-conformal solutions to Jacobian equations and also to improve 
recent estimates for second derivatives of solutions to the linearized Monge-Ampére 
equation. 

In chapter “BMO: Oscillations, Self-Improvement, Gagliardo Coordinate 
Spaces, and Reverse Hardy Inequalities”, Mario Milman writes about BMO 
touching on many topics including oscillations, self improvement, Gagliardo 
coordinate spaces, and reverse Hardy inequalities. As the author himself says 
about Cora in the last section, “I know that the space BMO had a very special 
place in her mathematical interests and, indeed, BMO spaces appear in many 
considerations throughout her works. For this very reason, and whatever the merits 
of my small contribution, I have chosen to dedicate this note on BMO inequalities 
to her memory.” 

In chapter “Besov Spaces, Symbolic Calculus, and Boundedness of Bilinear 
Pseudodifferential Operators”, Virginia Naibo and Jodi Herbert continue their work 
on L? boundedness properties for bilinear pseudodifferential operators with symbols 
in certain Besov spaces of product type. It is useful to notice that the classes of 
symbols considered are extensions of some particular instance of the nowadays 
well-understood bilinear H6rmander classes of symbols. 

In chapter “Metric Characterizations of Some Classes of Banach Spaces”, 
Mikhail Ostrowskii writes about metric characterization of some classes of Banach 
spaces; this topic is currently central in nonlinear analysis. 

In chapter “On the IVP for the k-Generalized Benjamin—Ono Equation”, Gustavo 
Ponce surveys recent developments regarding local and global well-posedness 
and special properties (such as decay and regularity) of solutions of the initial 
value problem (IVP) associated to the Benjamin-Ono equation and k-generalized 
Benjamin-Ono equation. 

Mayboroda, Ponce, and Torres were invited speakers to “An Afternoon in Honor 
of Cora Sadosky.” Dafni and Naibo gave talks in the AMS meeting in Albuquerque 
in April and honored there as they are doing here the life and work of Cora Sadosky. 
Other authors could not make it to the conference but were more than happy to 
contribute to this volume. 
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Part I 
Cora 


Cora Sadosky: Her Mathematics, Mentorship, 
and Professional Contributions 


Rodolfo H. Torres 


Abstract We present some snapshots of Cora Sadosky’s career focusing on her 
intertwined roles as mathematician, mentor, and leader in the profession. We recount 
some of her contributions to specific areas of mathematics as well as her broader 
impact on the mathematical profession. 


Introduction 


The content of this article is essentially that of the talk I presented at “An Afternoon 
in Honor of Cora Sadosky,” New Mexico Analysis Seminar, Albuquerque, New 
Mexico, April 4, 2014. I want to express my gratitude again to the organizers of 
the event and the editors of this volume for the opportunity to present that talk and 
write this article. In particular, I want to thank Cristina Pereyra for the very nice idea 
of having the mini conference to honor Cora and Andrea Nahmod for encouraging 
me to give the talk, which I consider a big honor and big responsibility. Special 
thanks go to Estela Gavosto too, for the enormous help she gave me preparing the 
materials for my presentation. Finally I also want to thank Cora Sol Goldstein for 
kindly reading a draft of this article, making some suggestions, and providing some 
photographs. 

It is difficult to summarize in a few pages Cora’s contributions to mathematics 
and the lives of many individuals. Shortly after she passed away on December 
3, 2010, we wrote with several colleagues a brief note for the Newsletter of the 
Association for Women in Mathematics (AWM) [14]! and, in doing so, we came 
across by chance with the poem by Emma Lazarus “The New Colossus,” which is 
engraved on the Statue of Liberty. We used the words from that poem: 


“Give me your tired, your poor, 


'The article in the AWM Newsletter is reproduced elsewhere in this volume too. 
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Your huddled masses yearning to breathe free...” 


as an opening quote in that note. At a personal level, these words make many of us 
who knew Cora think a lot about her. Indeed, as we wrote in the AWM note, 


“Cora was a vibrant, strong minded and outspoken woman, who fought all her life for 
human rights, who helped uncountable young mathematicians without expecting anything 
in return. Cora was a phenomenal mathematician, in a time when it was not easy for women, 
and she championed this cause all her life, becoming president of the AWM in the early 
90s.” 


Cora used to tell us many stories about her time as graduate student in Chicago. 
In particular, she told us that 


“Antoni Zygmund taught her to judge mathematicians by their theorems; that when 
someone spoke highly of a mathematician, Zygmund would always like to see the theorems 
such mathematician had proved. She did the same. If you said to her that you like 
mathematician X she would ask you to explain his/her mathematics” [14]. 


So, as we speak highly of her, we will have to remind the reader of some of 
her theorems. Unfortunately, we will only cover a small part of her mathematical 
accomplishments, but we will also try to provide glimpses of her personality through 
quotes of hers. Cora wrote a lot about mathematics and other topics and whenever 
possible we will use her own words to describe different aspects of both her work 
and professional life. Certainly we will not provide an exhaustive biographical 
account, but rather highlight a few aspects of her life, which, in our view, have 
left a mark. 


Cora Sadosky. 
Photo courtesy of Cora Sol Goldstein. 
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Cora always expressed her views in a very straightforward manner. We remember 
her saying, when she did not believe or agree with some statement made by someone 
in a “questionable authoritatively way,” 


Quién te dijo eso? (Who told you that?) or Y este sefior/a quién se cree que es? (Who this 
sir/madam thinks he/she is?) 


Cora would transparently let you know when she was not in harmony of opinion 
with someone. However, as we witnessed many times, 


“she [Cora] never let disagreements she may have with a mathematics colleague on other 
issues affect her appreciation of his/her mathematics” [14]. 


It is our hope that she is not looking at us saying: Y este senior quién se cree que 
es?... aS we attempt to write about Cora in the way some of us knew and remember 
her. We shall select to present some of her mathematical contributions based in part 
on the impact we think they had and our affinity with some areas. In doing so, we 
may have unintentionally omitted some other results that some experts may have 
found more important to be presented. If so, that is simply the ignorance of this 
author. 


Some Brief Bibliographical Notes 


To put Cora’s life in perspective we need to say a few words about her parents. She 
was the daughter of two mathematicians and outstanding individuals, Cora Ratto 
de Sadosky (1912-1981) and Manuel Sadosky (1914-2005). Like many others in 
Argentina at that time, they were the children of immigrant families. Upon coming 
to Argentina, many middle class and even lower income families of immigrants 
aspired for their children to get a university education and worked very hard to do 
so. They both got PhD’s. 

Cora Ratto was from a family of Italian origin. She showed her social com- 
mitment from an early age as a student leader at the University of Buenos Aires 
(UBA). Over her life she was a tireless activist in several organizations which fought 
against racism and discrimination. She was a founder member of the International 
Women’s Union. She studied in Paris with M. Frechet but actually got her PhD in 
Mathematics in her 40s, back in Buenos Aires working with M. Cotlar. With him, 
she authored one of the first modern books in Linear Algebra in Spanish and also 
edited a prestigious publication series at the UBA (with authors like L. Schwartz 
and A.P. Calderon). She created the Albert Einstein Foundation to provide financial 
support to talented students. A prize in her name was established in Vietnam in 
1996. It is awarded to young women participating in the math Olympics.” 


*Historical information taken in part from: Complexities: Women in Mathematics, edited by B.A. 
Case and A.M. Leggett, Princeton University Press, 2005. 
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i ; 
Cora Ratto de Sadosky (1912-1981). 
Photo courtesy of Cora Sol Goldstein. 


Manuel Sadosky (1914-2005). 
Photo courtesy of Libros Del Zorzal, Argentina. 


Manuel Sadosky was born in Buenos Aires in a family of Jewish Russian 
immigrants. He got his PhD in math and physics at the UBA and then studied in 
France and Italy. Back in Buenos Aires, in 1949 he was first denied a position at the 
UBA for political reasons, but eventually became professor and later associate dean. 
He founded the Computational Institute where he brought to Argentina the first com- 
puter for research (Clementina, an eighteen-meter long monster machine with only 
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5 KB RAM!’). He and Cora Ratto were instrumental in creating a modern School of 
Sciences with a tremendous impact in the scientific landscape of Argentina. But in 
1966 the university was taken over by the military (losing its autonomy), causing 
the resignation of 400 scientists from their positions, and eventually a life in exile 
for Cora’s family in Venezuela, Spain, and the USA. He returned to Argentina in 
the 1980s (after Cora Ratto has passed away), in the midst of a new democratic 
government and became Secretary of Science and Technology. Manuel was elected 
“THlustrious Citizen” of the city of Buenos Aires in 2003.* 

Cora (“Corita,” as those who knew her from a young age called her) was born 
on May 23, 1940, and was only 6 years old when she moved to France and Italy 
with her parents and attended many different schools. She entered college at age 15 
and received her Licenciatura in Mathematics in 1960, almost at the same time her 
mother got her PhD. She then did her PhD in Chicago working with A.P. Calderon 
and A. Zygmund. She graduated in 1965 and after that she returned to Argentina 
and married Daniel J. Goldstein, who sadly passed away in 2014 shortly before the 
Afternoon in Honor of Cora Sadosky and after a long battle with illness. 

Like her mother, Cora resigned in protest from the UBA in 1966 after the military 
intervention. After several temporary positions, including one at Johns Hopkins 
University, and periods where she had to take on other type of jobs to make a living, 
Cora and family had to leave Argentina in 1974 because of political persecution. 
They all moved to Venezuela, where Cora continued her lifelong collaboration 
with M. Cotlar, which had started in Buenos Aires. In 1980 she moved to Howard 
University where she became a full professor in 1985. 

Cora returned for a year to Argentina in 1984 and held a position at the UBA. 
She conducted then the rest of her mathematical career in the USA but kept her 
interest in Argentina and Venezuela where she helped many young mathematicians. 
Some of them pursued then, with Cora’s assistance, their mathematical careers in 
the USA. After she retired from Howard University, Cora moved to California to 
live close to her daughter Cora Sol, son in law Tom, and granddaughter Sasha.° 


Information about Clementina taken from www.sobretiza.com.ar/2013/05/17/clementina- 
cumplio-52-anos/#axzz2xO23TGBJ. 

‘Historical information taken in part from: www.fundacionsadosky.org.ar/en/institucional/ 
biografia-dr-sadosky. 

Historical information taken in part from Notable Women in Mathematics: A Biographical 
Dictionary, edited by Morrow and Perl [19]. 


8 R.H. Torres 


Cora with husband Daniel, daughter Cora Sol and granddaugther 
Sasha, California 2008. 
Photo courtesy of Cora Sol Goldstein. 


In addition to the positions already mentioned, Cora held/received the following 
appointments/honors’: 


¢ Member in residence of the Institute of Advanced Studies, Princeton, 1978-1979. 

¢ Visiting Professorship for Women, NSF to spend a year at the Institute of 
Advanced Studies, Princeton, 1983-1984. 

¢ Visiting Professor, University of Buenos Aires, 1984-1985. 

¢ Career Advancement Award, NSF to spend a year at the Mathematical Science 
Research Institute, Berkeley, 1987-1988. 

¢ Visiting Professorship for Women, NSF to spend a year at the University of 
California Berkeley, 1995-1996. 

¢ Fellow of the American Association for the Advancement of Science, 1997. 


Research Areas and Collaborators 


Cora Sadosky wrote about 60 articles in several areas of Harmonic Analysis and 
Operator Theory. According to her MathSciNet author profile’ these were her areas 
and coauthors 


®Some information taken from the Institute of Advanced Studies, https://www.ias.edu/people/cos/ 
users/5624. 


Thttp://www.ams.org/mathscinet/search/author.html?mrauthid=199038. 
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Publications (by number in area) eer of 


Fourier analysis Functional analysis 
Functions of a complex variable History and 


biography Integral equations Integra Michae Cotlar, Mischa afr 
transforms, operational calculus Operator ” oe = Sees) ES 
Kenig, C 


theory  Probapitity theory and stochas 


processe Real funct 


© Copyright 2015, American Mathematical Society 


The profile clearly shows Cora’s interest in Fourier Analysis and Operator 
Theory and Mischa Collar as her main collaborator. A better idea about her specific 
research topics is given by the following Wordle cloud of titles of a selected 
collection of her articles. 


SOE Fate 


IESUNITARY TERMS 0 
PRESENTATIONS 


IZ nen 


se SYMPLECTIC 
PARABOLIC [4 


We can see clearly Hankel and Toeplitz operators and the Hilbert transform as 
the focus of many of Cora’s works as well as the space BMO, weighted norm 
inequalities and other topics related to singular integrals, scattering, and lifting 
techniques. 

We will present a few samples of her work in three areas: Parabolic Singular 
Integrals, The Helson—Szeg6 theorem (major collaboration with M. Cotlar), and 
Multiparameter Analysis, the last two topics being very much interrelated. 
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Some Samples of Cora Sadosky’s Mathematics 
Parabolic Singular Integral Operators 


Cora did her thesis in this subject under the direction of Calderén and Zygmund. 
In her own words: 


“T was obsessed with parabolic singular integrals, which seemed the natural object to study 
after Calderén’s success with elliptic and hyperbolic PDEs. Calderén encouraged me in that 
interest, and, as the problem was in the air, very soon afterwards a first paper on the subject 
appeared by B. Frank Jones. This did not discourage me, since I came up with a notion 
of principal value for the integral through a nonisotropic distance, an idea which Calderén 
thought was the right one” 


and she added 


“... through C-Z correspondence, we found out that Zygmund had assigned one of his 
students, Eugene Fabes, a problem close to mine and that we had both proved the pointwise 
convergence of parabolic singular integrals (by different methods)! Panic struck; Calderén 
defended my priority on the problem, but all was solved amicably, and upon my return Gene 
[Fabes] and I wrote our first result as a joint paper” [5]. 


In 1964, Jones [18] introduced singular integrals of the type 


t—-é€ 
lim Tf (x, 1) = tim [ i. K(x—y,t—s)f(y, 5) dyds 
E> E> 0 n 
where K(x, t) = 0 for t < 0, 
K(Ax, At) = A7" "K(x, £) 


for some m > 0, 
K(x, 1) dx = 0 
R" 


and K has some appropriate smoothness. Typically 
1 x 
KQ.) = api (=) , Q@D=K(x,1) 
These singular integrals arise in parabolic differential equations of the form 
Ou _ & 
a & t) = (-1)"P(D)u(x, 1), (x, 1) € R* x (0, 00), 


for P and appropriate homogeneous polynomial of degree m. 
If I is the fundamental solution of one such equation, then 


u(x, t) =| [Penvt-oro.syavas 
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solves 


ou 
— — (-1)"P(D)u =f. 
a DPD =F 

Taking a derivatives, with |w| = m, in the integral representation of u, leads to 
the singular integrals considered. For example, if d = | and we consider the heat 
equation (m=2), taking two derivatives of the fundamental solution leads to integrals 
with kernels of the form 


a te = 
K(x, t) © BR & aJe a, 

Jones proved the convergence in L’-sense of the principal valued parabolic 
singular integrals and posed the question about their almost everywhere convergence 
in R" x (0, co). 

In 1966, Fabes and Sadosky [11] proved such convergence by obtaining the 
boundedness of the associated maximal truncated singular integrals; a method which 
is nowadays commonly used in proving pointwise convergence results. 


Theorem (Fabes-Sadosky). /ff € L? for 1 < p < co and 
T*f(x, 0) = sup |T.f(x, 0], 
e>0 
then 
ITF lo < Ilfllp- 


More generally Sadosky [21] studied operators given by kernels with homo- 
geneities of the form 


RO tacagh Ge) Sa Ra a) 


as principal valued singular integrals with respect to a proper pseudodistance p, 
which matches the homogeneity of the problem. 
For example, for appropriate m, 


1/m 


n 
py) = [>> la — yl” 
j=l 


Sadosky also considered fractional singular integral versions of the above operators, 
and they led to work with Cotlar in 1967, [30], on “quasi-homogeneous” Bessel 
potential spaces (which is probably her only work jointly with Cotlar outside 
their main area of research in Operator Theory). They extended to the parabolic 
setting work of N. Aronszajn, K.T. Smith, A.P. Calderon, and others at a time when 
potential spaces where still being properly understood. 

All this, of course, preceded the development in the 1970s of the Coifman—Weiss 
[6] theory of spaces of homogeneous type; the parabolic setting was one of the 
motivating examples for such theory. 
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The theory of parabolic singular integrals was then carried out much further by 
B.F. Jones; E. Fabes and N. Riviére; and many others; and successfully applied to 
parabolic differential equations and boundary value problems. Cora was very fond 
of this area of research but, due to isolation, she had to switch to other areas of 
mathematics. 


The Helson-Szeg6 Theorem 


It is hard to overstate the extent and relevance of the work that Cora did with Mischa 
Cotlar; they wrote together more than 30 articles. We cannot talk about Cora’s work 
without briefly remembering a few facts about Mischa too. 

An incredibly talented mathematician whose only formal education was his PhD 
from Chicago, Mischa Cotlar was also a devoted pacifists and, not surprisingly, 
a close friend of Cora’s family. The 2007 New Mexico Seminar had a special 
afternoon dedicated to Mischa in which Cora also participated. The website of the 
conference in his honor portraits Cora’s mathematical partner very well and reads: 

“Mischa Cotlar was an exceptional mathematician and human being. Generations of 


mathematicians in Venezuela, Argentina, and other Latin American countries grew under 
his guidance. He was one of the world experts in harmonic analysis and operator theory.” 


Laurent Schwartz, Mischa Cotlar, Concepcién Ballester, and 
Cora Sadosky. 

Conference in Honor of M. Cotlar, Caracas, Venezuela, 1994. 
Photo courtesy of Ramon Bruzual. 


Speaking of their joint work, Cora wrote in [28]: 


“In Caracas, Mischa and I began to collaborate in earnest and together we established 
an ambitious research program. Mathematically, our Caracas exile was extraordinarily 
productive. Although Mischa was part of the Zygmund school, he had an astonishing 
intellectual affinity with the Ukrainian school of Mathematics lead by Professors Krein and 


Cora Sadosky and Her Contributions 13 


Gohberg, the leaders of the extraordinarily original and fertile school of operator theory. In 
spite of my analytic upbringing, I could not resist Mischa’s daring approaches to operator 
theory.” 


Indeed, the ambitious Cotlar—Sadosky program brought to light beautiful connec- 
tions between different areas in the study of moments theory and lifting theorems 
for measures, Toeplitz forms, Hankel operators, and scattering systems. All this was 
done both in a very general setting, but also on concrete applications in harmonic 
analysis involving weighted norm inequalities and the ubiquitous role of BMO in 
the intersection of many topics in analysis. We will briefly discuss some of their 
achievements related to the Helson—Szeg6 theorem, highlighting only a couple of 
remarks about different characterizations as described in their own works. 

Helson and Szegé [15] proved in 1960 that for @ > 0 and du = wadx, 


[vara s [ vran 
T T 
if and only if 


a=e"t vel”, |lullo <x/2. (1) 


Here Hf = —if| + ifo, and f; and fp are the analytic and anti-analytic parts of f, so 
the analytic projector is P = 1/2(/ + iH). 
Helson and Szeg6 were working on prediction theory. According to Cora [27]: 
“When A. Zygmund read the manuscript of the paper [by Helson-Szeg6] he remarked to the 
authors that they had given the necessary and sufficient condition for the boundedness of 


the Hilbert transform in L”, solving an important problem. The consequences of this result 
continue to be of interest in a variety of analysis settings.” 


Of course there is also the Hunt-Muckenhoupt-Wheeden theorem [16] and one 
also has that H is bounded if and only if @ € Ao, Le., 


p(T i) (| [or'as) <0. (2) 


The condition in (1) is very useful to construct weights but it is almost useless to 
verify that something is a weight; while for the condition in (2) the situation is the 
opposite. 

Cora was always very much puzzled by the relationship between the two 
characterizations. They are, at some level, connected via BMO and together the two 
theorems provide a new proof of a characterization of such space. If f ¢ BMO, then 
by the John—Nirenberg inequality e% € Ay for some appropriate c. It follows from 
the Hunt-Muckenhoupt—Wheeden theorem that H is bounded on L?(e“’) and by the 
Helson and Szegé theorem 


cf =u+Av, 


so that f € L° + HL™, andso BMO Cc L® + HL™. 
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Since the other inclusion L* + HL™ C BMO is clear, we have another “proof” of 
BMO = L® + HL™. 


However, as Cora observed: 


“The trick of the proof sketched above is to apply the necessary condition of one theorem 
and the sufficient condition of the other. Those happen to be the hard part of both 
theorems...” [27]. 


A moment problem related to the Helson—Szegé theorem is that of characterizing 
the Fourier coefficients of the weights w. It is interesting how Cotlar and Sadosky 
saw the moment problem and generalized Toeplitz operators as natural substitutes 
for Cotlar’s Lemma on almost orthogonality. We can read in [23]: 


“Cotlar’s Lemma showed that the Hilbert transform basic property on boundedness on L? 
is related to a more general property of operators admitting certain type of decomposition. 
Since the Lemma was not suited to characterize the positive measures jz such that H is 
bounded in L?(jz) it was natural to think that such characterization could also be related to 
a general property of certain operators.” 

In [23] the moment problem is defined as follows: “to characterize the Fourier transform jx 
of such pL, i.e. those sequences s : Z — C such that there exist a measure 4 € R> with 


fi = s(n)” 


Such measures give rise to some building block operators, generalized Toeplitz 
kernels (GTK), i.e., K : Z x Z — C such that for some M > 1, 


(M — 1)s(m—n) if sign(m) = sign(n) 


K(m,n) = (M + 1)s(m—n) if sign(m) ¥ sign(n) 


is positive definite. Note that K is not translation invariant but its restriction to each 
quadrant of Z x Z is translation invariant or Toeplitz, hence the name. Cora further 
wrote in [23], 


“Since, by the Bochner theorem, every positive definite Toeplitz kernel is the Fourier 
transform of a positive measure, Cotlar and Sadosky set to extend this result to GTKs, 


” 


and they used the results then in applications to the estimates for the Hilbert 
transform. 

The power of these ideas is that they work also for the two-weight problem for the 
Hilbert transform by relating matrices of bilinear forms with certain invariances to 
“positive” measures. The building blocks of these matrices are the invariant (under 
shifts in T) transformations of the form 


Big) = i. fed. 


Let V be the space of trigonometric polynomials, and write V = W; + W2, where 
W, = P(V). Consider now the problem of finding a pair of positive measures jz and 
v on T such that 
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i Hf du <M? [ Fe ay. 
T T 


Writing as before f = f, + fo and Hf = —if| + ifs, this is equivalent to 


[ai diy + [ihdue+ | nh dia + | phan >0, 
T T T T 
where 

Mi=bn=Mv—-p po =bar=Mv+ uy. 


One can also verify, 


1/2 1/2 
| itraun < (/ Vila) (/ fal? dhin) ; (3) 


Cotlar—Sadosky showed that this can be lifted to a (complex) measure p differing 
form 112 by an analytic function h € H!(T) so that (3) holds for all (fj, 2) € Vx V 
and, hence, 


|p(D)| < per (D)'/? 1(D)"? 


holds for all Borel sets D. They obtain the following result: 


Theorem (Cotlar—Sadosky). A pair of positive measures jt and v on T satisfy 


[ Hf du <M? [ LF? dv 
T T 


if and only if 
|(M?v +  —hdx)(D)| < (M*v — )(D) 


for some h € H'(T) and all Borel sets D C T. 


One can further show that in the case 4 = v one recovers the Helson—Szegé 
theorem from the above. Together with R. Arocena, Cotlar and Sadosky also 
developed, among other things, a unified approach for the Helson—Szegé theorem 
in T and R [1]. In addition, Cotlar-Sadosky gave other characterizations using the 
notion of u-bounded operators on Banach lattices and they also obtained versions 
of the Helson—Szeg6 theorem in L’. We refer the reader to [1, 8, 9, 27], and the 
survey article [29] and the reference therein for more details. The characterization of 
two-weight norm inequalities for more general singular integrals in R” has received 
tremendous attention in recent years. The progress in the area will be described in 
other articles in this volume. 
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Cotlar and Sadosky also obtained versions of the Helson—Szeg6 theorem for the 
product Hilbert transform. In the higher dimensional setting the conditions on the 
weight are still Jogarithmic BMO. Here we just state the T? case. See [9] and [10]. 


Theorem (Cotlar—-Sadosky). A weight w on T? satisfies 


[tro <u [ nw 
T2 T 


where H = H,Hy and H, is the Hilbert transform in the variable j, if and only if 
log w € bmo(T?) with 


log@ =u, + Ayv, = u2 + Aov2 
for uj, v; real valued in T’, uj € L® and ||v;\|oo < 7/2 — em. 


The bmo space in the theorem (see [10]) is precisely the space of all functions ® 
so that for some fj, g; € L°(T?) 


®=fi + Migi =f, + Hog, 
with norm given by 


]®\lomo = inf{max({[Lfjlloo. I|gjlloo } Over all decompositions}. 
J=}, 
This space bmo is also characterized by bounded mean oscillations on rectangles, 


| Dl] amo = sup | B(x), x2) = ®77|dx, dx. (4) 


act [lJ] Jixs 
This gives origin to the name “little BMO,” since clearly this space is smaller than 
BMO(T?), which as usual is defined as in (4) but with averages on cubes (squares) 
in T?. 


Multiparameter Analysis 


Other BMO spaces surfaced in Cotlar—Sadosky’s work on the product Hilbert 
transform and the study of Hankel operators, as well as in further collaborations 
of Cora with Ferguson [12] and with Pott [20]. All such spaces coincide in 1-d 
but they become different substitutes for BMO in product dimensions. Moreover 
different characterizations in the one parameter case produce different spaces in the 
multiparameter setting. 

Another natural BMO-like space is BMO,.-. It is defined to be the space of 
functions ® such that 


sup —— | P(x, x2) — B(x.) — By(x1) + By|dxjdxz < 00. (5) 
ract ||| Jes 
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It was shown by Carleson [2] that the norm defined by (5) does not characterize 
the dual of the Hardy space Hj,(T”). On the other hand, such space can be 
characterized by an appropriate Carleson measure condition on open sets and not 
just rectangles (we will not need such definition here). The space in question is 
denoted by BMO,,,q. One has BMOproq C BMO,e-. A detailed survey on the subject 
is provided by Chang and Fefferman in [4]. 

Ferguson and Sadosky characterized the spaces bmo and BMO,.- in terms of (big) 
Hankel and little Hankel operators [12]. We shall only state the characterization of 
bmo. 

Let P: L? + H’ be the projection operator and P+ = J — P. Define the Hankel 
operator 'g with symbol ®, to be Pg (f) = P+(f) and let Mof = Of. 


Theorem (Ferguson-Sadosky). The following are equivalent. 


¢ The function ® € bmo. 

¢ To and VY, are both bounded on HH. 

* The commutators |Mo, Hj] = Mo Hj — Hj Me are bounded on L’. 

* The commutator (Mo, H\Hy] = Mo H\ Hz — HH Mo is bounded on L?’. 


Notice that the third condition is a biparameter version of the Coifman— 
Rochberg—Weiss theorem [7] about the commutator of the Hilbert transform and 
pointwise multiplication. Moreover, it is also shown in [12] that if ® € BMOproa 
then iterated commutator [[Mo, H,], Ho] satisfies 


I[[Mo, Hi], Ha] lli2s12 S Pllproa- 
The converse was proved by Ferguson—Lacey [13]. This gave a dual formulation 


and solution to the so-called weak factorization problem in the context biholomor- 
phic Hardy spaces in two variables. That is, the problem of being able to write 


heH! 
h=)ofigi 
j 


with fj, gj) € H? and 


Y> Wfllallgille < ellalh. 
j 


Cora Sadosky’s Impact on the Profession 


According to the Mathematics Genealogy Project, Cora had officially one PhD 
student: Sandra Farrier, Howard University, 2005. However, Cora played a tremen- 
dously influential role in the life of many young mathematicians (and some not so 
young too). We take the following from [14]. 
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“In particular she [Cora] interacted with many students in Venezuela and in Argentina. In 
her years in Caracas, Cora was very influential on a group of Venezuelan mathematicians, 
Maria Dolores Moran, Ramon Bruzual, Ma-risela Dominguez and Stefania Marcantognini, 
among others, and a Uru-guayan mathematician, Rodrigo Arocena, that got their PhD 
degrees at the Universidad Central de Venezuela (UCV). She also aided others pursue their 
doctorates in the US, including Gustavo Ponce who went to Courant Institute in 1978 and 
later Cristina Pereyra who went to Yale University in 1987. 

Likewise, during her sabbatical year in Buenos Aires in 1984-1985 she helped many 
Argentinian mathematicians come to the US for their doctoral degrees; among them, José 
Zero who went to University of Pennsylvania, Estela Gavosto and Rodolfo Torres who 
went to Washington University, and Andrea Nahmod and Lucas Monzén who went to Yale 
University.” 


Estela Gavosto (now my wife) and I met Cora at an annual meeting of the 
Argentine Mathematical Union when she was temporarily back in the country. We 
were introduced to her by two of our professors at the Universidad Nacional de 
Rosario, Pedro Aranda and Enrique Cattaneo. They have themselves studied at some 
point with Mischa Cotlar in Buenos Aires and they gave us a very strong formation 
in analysis in our undergraduate degree in Rosario. Cora was immediately eager to 
help us to continue our studies. We visited her many times in Buenos Aires and 
in one of those occasions we met also Cotlar. I remember he was giving a talk 
about BMO and we were very enthusiast about attending a lecture by such famous 
mathematician. It was the first time I heard about “bounded mean oscillations,” and 
of course I did not understand anything. However, Cora took us aside after the talk 
and explained things again for us. That was our first mathematical interaction. Many 
more followed and Cora remained always interested in knowing what we were 
working on. She helped us pursue our mathematical dreams and became a great 
mentor for us over the years. 

Many other students benefited from courses Cora taught in several countries. 
These lectures notes gave rise to her monograph Interpolation of Operators and 
Singular Integrals: An Introduction to Harmonic Analysis [22]. The book was 
conceived as a very accessible introduction for students to materials that were 
only covered in textbooks at the time by the famous treatises of E. Stein, Singular 
Integrals and Differentiability Properties of Functions [31], and E. Stein and G. 
Weiss Introduction to Fourier Analysis on Euclidean Spaces [32], which trained 
generations of harmonic analysts. In the preface of her book Cora wrote: 


“T hope that the book will be accessible to a wide audience that includes graduate students 
first approaching the subject” “The initial inspiration on the treatment of this subject comes 
from magnificent courses given by E. M. Stein, G. Weiss, and A. P. Calderén, which I 
attended as a graduate student a the University of Chicago and the University of Buenos 
Aires. The overall influence is that of Professor A. Zygmund who taught me how beautiful 
singular integrals are and induced the will to try to share with others the pleasure of their 
beauty.” 


Many of us were helped by Cora in other countless ways. In particular Estela 
and I benefited, among many other things, from the way she understood the “two- 
body problem” (I am referring of course to the couples’ problem not the classical 
mechanics one) and brought awareness about this issue in our profession when few 
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were paying attention. From the time we applied to graduate school to the last time 
we looked for a job, Cora was always advising us and trying to help solving the 
two-body problem, which we were extremely fortunate to do several times with her 
critical help. She not only mentored us as scientists, but she also gave us advise 
about other professional responsibilities and roles we held in our lives. As we wrote 
in [14], 

“Cora was also concerned with many other aspects of the academic life and she often told 


us to learn about them and encouraged us to be proactive. She taught us that for any change 
to take place people really need to get involved.” 


Guiding with the example, she did get involved. These are some of the many 
positions in which she served the profession in the USA.® 


¢ Member of the Human Resources Advisory Committee, Mathematical Sciences 

Research Institute, Berkeley, 2002-—2005.? 

¢ Member of the Nominating Committee, AMS, 2001-2003. 

¢ Member of the Council of the AMS, 1987-1988 and 1995-1998. 

¢ Member of the Committee on Science Policy, AMS, 1996-1998. 

¢ Member of the Committee on the Profession, ASM, 1995-1996. 

¢ Member of the Committee on Human Rights of Mathematicians, AMS, 1990-— 

1996. 

e President of the AWM, 1993-1995. 

¢ Member of the Committee on Cooperation with Latin American Mathematicians, 
AMS, 1990-1992. 


As described in [33] some of Cora’s accomplishments as president of the AWM 
included: 


“...the move of AWM headquarters to the University of Maryland and the concurrent 
staff changes. She increased AWM’s international connections and involvement in science 
policy, in particular initiating (in coordination with other organizations) the first Emmy 
Noether Lecture at an ICM in 1994 and representing AWM at the International Congress of 
Mathematics Education in 1993.” 


We quote again from [14], 


“Cora Sadosky fought many battles and in many fronts. She had tremendous convictions 
against many injustices, gender inequality, and discrimination in our society. She often took 
the flag of the underrepresented, underserved, and underestimated. She chose to fight many 
of her battles from within the mathematical community, sometimes even risking her own 
mathematical career. She showed a lot of courage in this sense and never worried about the 
consequences for her. She was never afraid to express her views.” 


.. and expressing her views indeed she did. She wrote several articles and was often 
quoted | in others about issues on women and young mathematicians, immigration, 
and discrimination. She had a vision of inclusiveness. For example, speaking of 
immigration policies and the profession, she once wrote in the Notices [26] 


8Some information taken from Cora Sadosky (1940-2010), by Jackson [17]. 
°Exact dates could not be verified. 
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“In the mathematics departments of many U.S. universities a substantial percentage of 
professors-in particular, of mathematicians-are foreign born. This would be unthinkable 
in Europe! It is a sign of how more socially open this country is with respect to the rest 
of the world. We should be collectively proud of the U.S. openness, which underlines 
an extraordinary social dynamism. The enlightened acceptance foreigners receive at our 
universities ought to be promoted as an example to follow.” 


And she pointed out later on the same article to some issues that remain of concern 
today: 


“Many young mathematicians are trying to develop research careers in difficult cir- 
cumstances. Research mathematicians in nonresearch environments, including those at 
nondoctoral institutions, need support. For ages many women have faced these difficulties 
without help, and some have survived as mathematicians. Their experiences could help oth- 
ers, and their losses should not be repeated. Now some see promising young mathematicians 
take positions at non-research institutions, and they cry foul. Instead, we should help devise 
support systems to make small-college positions compatible with research.” 


Finally adding in her presentation: 


“Finding ways to support an active research population in the U.S. will become increasingly 
difficult in an era of globalization of the world economy, where the competition is fierce and 
international.” 


A believer in equal opportunity and affirmative action properly done, Cora 
organized in 1994 an AWM panel on “Are Women Getting All the Jobs”. She spoke 
often to dispel the notion that women were taking a disproportional percentage of 
the jobs in the 1990s (which AMS data at the time also showed it was not the case) 
with spirited statements like: 


“We strongly believe that this is false and dangerous, that pitting one group of 
under/unemployed mathematicians against another is just the old tactic of dividing people 
with similar interests in order to exploit them all” [33]. 


In a public lecture at the Meeting of the Canadian Mathematical Society in 1995 
Cora stated [25] (quoted also in [3], p. 116-120), 


“We have achieved much. But we are striving for nothing less than the right of all people to 
do mathematics. For that we have to work together women and men, so that the mathematics 
community no longer needs constant reminders of the existence of women in its midst.” 


And further reflecting on the AWM, Cora wrote, as quoted in [33]: 


“Our Association really makes an impact on the situation of women in mathematics. 
... Still, women continue to face formidable problems in their development as mathe- 
maticians ...To successfully confront these problems, we need the ideas and the work, 
the enthusiasm and the commitment of all—-students and teachers and researchers and 
industrial mathematicians—of every woman and every man who stands for ‘women’s right 
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to mathematics’. 


Sometimes Cora preferred instead to rely on irony and humor to convey a similar 
message, as in [25] (also quoted in [3], p. 118): 


“Years ago, a friendly colleague told me his department was considering hiring a junior 
person in our field and asked me for a top candidate. After some thought I mentioned one 
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of the best junior researchers in the field. His answer was ‘But we already have a woman!’ 
and mine to him, ‘So, would you hire a man for the job? I assume your faculty already has 
at least one man!”” 


Some Final Memories 


The two pictures below represent very special moment in my life in relation to Cora. 
Although in the first one Cora is not present, it is a picture taken when several of 
us met, through Cora, for the first time. These individuals will become some of my 
best colleagues and friends in the profession. The second picture is from the last 
time I saw Cora and I had a chance to introduce to her several of the young people 
with whom I have had the fortune to work. 


Gustavo Ponce, Estela Gavosto, Wilfredo Urbina, Andrea Nahmod 
and Carlos Perez, Special Year in Harmonic Analysis and PDE, 
MSRI, Berkeley, 1988. 

Photo by R.H. Torres. 
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- =s i ss é 
Kabe Moen, Virginia Naibo, Diego Maldonado, Cora Sadosky, Rodolfo Torres, 
and Arpad Bényi, New Mexico Analysis Seminar, Albuquerque, 2009. 

Photo courtesy of Erika Ward. 


At the end of the day, for Cora it was (is) all about Mathematics, as she once 
wrote [24]: 


“Strange as it may seem at the end of this long report, I started out with the impression I 
had little to say. That impression stemmed from my doing something it may be unwise for 
a current AWM president to do: I plunged into mathematics head on for three full weeks. I 
came out of that stint dazed, vaguely guilty and deeply happy. It is very clear that I enjoy 
like crazy doing mathematics! ” 

“But what remains with me is the sense of elation. I did not prove the Riemann Conjecture. 
My work was modest, but it gave me so much pleasure to do it! Thus I close this 
conversation with a wish to each of you for this summer: do some of the mathematics 
you want to do and do it with great pleasure!” 


I have to say that I feel sort of the same way. When I started first to prepare the 
talk about Cora and then this article, I did not know exactly what to say or whether 
I will be able to make justice to her memory and contributions. Like Cora in the 
above quote, I think my work here has been “modest” but I hope I have accurately 
portrayed at least some of her multiple professional facets. But certainly, also like 
her, I ended up enjoying this adventure, which gave me “much pleasure” to relate 
one more time to Cora through her beloved mathematics. I will definitely continue 
to follow her advise for the summer. 

We borrow a few more words from [14], 

“Cora taught all of us by example how to mentor, how to help younger mathematicians 

pursue their dreams. Cora touched our lives in many ways but she never wanted to be 


thanked for her good deeds; she believed instead in paying it forward to others. Helping 
students reach their potential may be the best way to honor her memory. We will deeply 
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miss her’. 


I would like to conclude by recognizing Cora Sadosky in another line from the 
poem by Emma Lazarus that we quoted at the beginning, 


“A mighty woman with a torch, ...” 


Cora Sadosky and Her Contributions 23 


References 


1 


23; 


24 
25 


.R. Arocena, M. Cotlar, C. Sadosky, Weighted inequalities in L? and lifting properties. 
Mathematical analysis and applications, Part A. Advances in Mathematics: Supplementary 
Studies, vol. 7a (Academic Press, New York/London, 1981), pp. 95-128 

. L. Carleson, A counterexample for measures bounded on H? for the bi-disc. Mittag-Leffler 
Report, 1974 

. B.A. Case, A.M. Leggett, Complexities: Women in Mathematics (Princeton University Press, 
Princeton, 2005) 

. S-Y.A. Chang, R. Fefferman, Robert a continuous version of duality of Hl with BMO on the 
bidisc. Ann. Math. (2) 112(1), 179-201 (1980) 

. M. Christ, C.E. Kenig, C. Sadosky, G. Weiss, Alberto Pedro Calderén (1920-1998). Not. Am. 
Math. Soc. 45(9), 1148-1153 (1998) 

. R.R. Coifman, G. Weiss, Extensions of Hardy spaces and their use in analysis. Bull. Am. Math. 
Soc. 83(4), 569-645 (1977) 

. R.R. Coifman, R. Rochberg, G. Weiss, Factorization theorems for Hardy spaces in several 
variables. Ann. Math. 103, 611-635 (1976) 

. M. Cotlar, C. Sadosky, On the Helson-Szeg6 theorem and a related class of modified Toeplitz 
kernels. Harmonic Analysis in Euclidean Spaces (Proceedings of Symposium in Pure Math- 
ematics, Williams College, Massachusetts, 1978), Part 1. Proceedings of Symposia in Pure 
Mathematics, Part XXXV (American Mathematical Society, Providence, 1979), pp. 383-407 

. M. Cotlar, C. Sadosky, The Helson-Szeg6 theorem in L? of the bidimensional torus. Harmonic 
Analysis and Partial Differential Equations (Boca Raton, FL, 1988). Contemporary Mathemat- 
ics, vol. 107 (American Mathematical Society, Providence, 1990), pp. 19-37 

. M. Cotlar, C. Sadosky, Two distinguished subspaces of product BMO and Nehari-AAK theory 
for Hankel operators on the torus. Integr. Equ. Oper. Theory 26(3), 273-304 (1996) 

. E.B. Fabes, C. Sadosky, Pointwise convergence for parabolic singular integrals. Stud. Math. 
26, 225-232 (1966) 

. S. Ferguson, C. Sadosky, Characterizations of bounded mean oscillation on the polydisk in 
terms of Hankel operators and Carleson measures. J. Anal. Math. 81, 239-267 (2000) 

. S. Ferguson, M. Lacey, A characterization of product BMO by commutators. Acta Math. 
189(2), 143-160 (2002) 

. E.A. Gavosto, A. Nahmod, C. Pereyra, G. Ponce, R.H. Torres, W. Urbina, Remembering Cora 
Sadosky. AWM Newsl. 41(2), 10-14 (2011) 

. H. Helson, G. Szegé, A problem in prediction theory. Ann. Mat. Pura Appl. 51(4), 107-138 
(1960) 

. R. Hunt, B. Muckenhoupt, R. Wheeden, Weighted norm inequalities for the conjugate function 
and Hilbert transform. Trans. Am. Math. Soc. 176, 227-251 (1973) 

. A. Jackson, Cora Sadosky (1940-2010). Not. Am. Math. Soc. 58, 613-614 (2011) 

. B.F. Jones, A class of singular integrals. Am. J. Math. 86, 441-462 (1964) 

. C. Morrow, T. Perl, Notable Women in Mathematics: A Biographical Dictionary (Greenwood 
Press, New York, 1988) 

. S. Pott, C. Sadosky, Bounded mean oscillation on the bidisk and operator BMO. J. Funct. Anal. 
189(2), 475-495 (2002) 

. C. Sadosky, On some properties of a class of singular integrals. Stud. Math. 27, 73-86 (1966) 

. C. Sadosky, Interpolation of Operators and Singular Integrals: An Introduction to Harmonic 

Analysis (Marcel Dekker, Inc., New York, 1979) 

C. Sadosky, The mathematical contributions of Mischa Cotlar since 1955. Lect. Notes Pure 

Appl. Math. 122, 715-742 (1990) 

. C. Sadosky, President’s report. AWM Newsl. 24(4), 1-5 (1994) 

. C. Sadosky, Affirmative action: what is it and what should it be? AWM Newsl. 25(5), 22-24 
(1995) 


24 


26. 
27. 
28. 


29. 
30. 


31. 


R.H. Torres 


C. Sadosky, On issues of immigration and employment for mathematicians. Not. Am. Math. 
Soc. 44, 1474-1477 (1997) 

C. Sadosky, A unified view of disparate results from scattering systems. Contemp. Math. 445, 
297-311 (2007) 

C. Sadosky, On the life and work of Mischa Cotlar. Rev. Un. Mat. Argent. 49(2), i-iv (2008) 
C. Sadosky, The Hilbert transform and scattering. Rev. Un. Mat. Argent. 49(2), 133-142 (2009) 
C. Sadosky, M. Cotlar, On quasi-homogeneous Bessel potential operators. Singular Integrals 
(Proceedings of Symposia in Pure Mathematics, Chicago, Illinois, 1966) (American Mathe- 
matical Society, Providence, 1967), pp. 275-287 

E. Stein, Singular Integrals and Differentiability Properties of Functions (Princeton University 
Press, Princeton, 1970) 


. E. Stein, G. Weiss, Introduction to Fourier Analysis on Euclidean Spaces (Princeton University 


Press, Princeton, 1971) 


. J.E. Taylor, S.M. Wiegand, AWM in the 1990s: a recent history of the association for women 


in mathematics. Not. Am. Math. Soc. 46, 27-38 (1999) 


Cora’s Scholarly Work: Publications According 
to MathSciNet 


Cora’s Bibliography According to MathSciNET 


¢ Sadosky Cora, On some properties of a class of singular integrals. Studia Math. 
27 (1966), 73-86. 
e Sadosky Cora; Cotlar, Mischa, On quasi-homogeneous Bessel potential oper- 
ators. Singular integrals (Proc. Sympos. Pure Math., Chicago, Ill., 1966), 
pp. 275-287. Amer. Math. Soc., Providence, R.I., 1967. 
¢ Cotlar, Mischa; Sadosky, Cora, A moment theory approach to the Riesz theorem 
on the conjugate function with general measures. Studia Math. 53 (1975), no. 1, 
75-101. 
¢ Cotlar, Mischa; Sadosky, Cora, Transformée de Hilbert, théoréme de Bochner et 
le probléme des moments. (French) C. R. Acad. Sci. Paris Sér. A-B 285 (1977), 
no. 6, A433-A436. 
e Sadosky, Cora, The problem of moments and the Hilbert transform. (Spanish) 
Acta Cient. Venezolana 29 (1978), no. 2, 69-72. 
¢ Sadosky, Cora, Interpolation of operators and singular integrals. An introduction 
to harmonic analysis. Monographs and Textbooks in Pure and Applied Math., 53. 
Marcel Dekker, Inc., New York, 1979. xii+375 pp. 
¢ Cotlar, Mischa; Sadosky, Cora, Characterization of two measures satisfying the 
Riesz inequality for the Hilbert transform in L*. Acta Cient. Venezolana 30 
(1979), no. 4, 346-348. 
¢ Cotlar, Mischa; Sadosky, Cora, On the Helson-Szeg6 theorem and a related 
class of modified Toeplitz kernels. Harmonic analysis in Euclidean spaces 
(Proc. Sympos. Pure Math., Williams Coll., Williamstown, Mass., 1978), Part 
1, pp. 383-407, Proc. Sympos. Pure Math., XXXV, Part, Amer. Math. Soc., 
Providence, R.I., 1979. 


© Springer International Publishing Switzerland 2016 25 
M.C. Pereyra et al. (eds.), Harmonic Analysis, Partial Differential Equations, 
Complex Analysis, Banach Spaces, and Operator Theory (Volume 1), Association 
for Women in Mathematics Series 4, DOI 10.1007/978-3-319-30961-3_2 


Cora’s Scholarly Work: Publications According to MathSciNet 


Arocena, Rodrigo; Cotlar, Mischa; Sadosky, Cora, Weighted inequalities in i? 
and lifting properties. Mathematical analysis and applications, Part A, pp. 95- 
128, Adv. in Math. Suppl. Stud., 7a, Academic Press, New York-London, 1981. 
Cotlar, Mischa; Sadosky, Cora, Majorized Toeplitz forms and weighted 
inequalities with general norms. Harmonic analysis (Minneapolis, Minn., 1981), 
pp. 139-168, Lecture Notes in Math., 908, Springer, Berlin-New York, 1982. 
Cotlar, Mischa; Sadosky, Cora, Vector-valued inequalities of Marcinkiewicz- 
Zygmund and Grothendieck type for Toeplitz forms. Harmonic analysis (Cortona, 
1982), 278-308, Lecture Notes in Math., 992, Springer, Berlin, 1983. 

Sadosky, Cora, Some applications of majorized Toeplitz kernels. Topics in 
modern harmonic analysis, Vol. I, Il (Turin/Milan, 1982), 581-626, Ist. Naz Alta 
Mat. Francesco Severi, Rome, 1983. 

Cotlar, Mischa; Sadosky, Cora, Inégalités a poids pour les coefficients lacunaires 
de certaines fonctions analytiques. (French) [Weighted inequalities for lacunary 
coefficients of analytic functions] C. R. Acad. Sci. Paris Sér. I Math. 299 (1984), 
no. 13, 591-594. 

Cotlar, Mischa; Sadosky, Cora, Generalized Toeplitz kernels, stationarity and 
harmonizability. J. Analyse Math. 44 (1984/85), 117-133. 

Sadosky Cora; Wheeden, Richard L. Some weighted norm inequalities for the 
Fourier transform of functions with vanishing moments. Trans. Amer. Math. Soc. 
300 (1987), no. 2, 521-533. 

Cotlar, Mischa; Sadosky, Cora, Prolongements des formes de Hankel gnralises 
en formes de Toeplitz. (French) [Toeplitz extensions of generalized Hankel forms: 
the discrete and continuous cases] C. R. Acad. Sci. Paris Sér. I Math. 305 (1987), 
no. 5, 167-170. 

Cotlar, Mischa; Sadosky, Cora, Toeplitz liftings of Hankel forms. Function spaces 
and applications (Lund, 1986), 22-43, Lecture Notes in Math., 1302, Springer, 
Berlin, 1988. 

Cotlar, Mischa; Sadosky, Cora, Integral representations of bounded Hankel 
forms defined in scattering systems with a multiparametric evolution group. 
Contributions to operator theory and its applications (Mesa, AZ, 1987), 357-375, 
Oper. Theory Adv. Appl., 35, Birkhauser, Basel, 1988. 

Cotlar, Mischa; Sadosky, Cora, Generalized Bochner theorem in algebraic scat- 
tering systems. Analysis at Urbana, Vol. II (Urbana, IL, 1986-1987), 144-169, 
London Math. Soc. Lecture Note Ser., 138, Cambridge Univ. Press, Cambridge, 
1989. 

Cotlar, Mischa; Sadosky, Cora, Nonlinear lifting theorems, integral represen- 
tations and stationary processes in algebraic scattering systems. The Gohberg 
anniversary collection, Vol. II (Calgary AB, 1988), 97-123, Oper. Theory Adv. 
Appl., 41, Birkhauser, Basel, 1989. 

Sadosky, Cora, The mathematical contributions of Mischa Cotlar since 1955. 
Analysis and partial differential equations, 715-742, Lecture Notes in Pure and 
Appl. Math., 122, Dekker, New York, 1990. 


Cora’s Scholarly Work: Publications According to MathSciNet 27 


¢ Cotlar, Mischa; Sadosky, Cora, The Helson-Szegé theorem in L? of the bidimen- 
sional torus. Harmonic analysis and partial differential equations (Boca Raton, 
FL, 1988), 19-37, Contemp. Math., 107, Amer. Math. Soc., Providence, RI, 
1990. 

¢ Cotlar, Mischa; Sadosky, Cora, Two-parameter lifting theorems and double 
Hilbert transforms in commutative and noncommutative settings. J. Math. Anal. 
Appl. 150 (1990), no. 2, 439-480. 

¢ Cotlar, Mischa; Sadosky, Cora, Toeplitz and Hankel forms related to unitary 
representations of the symplectic plane. Colloq. Math. 60/61 (1990), no. 2, 
693-708. 

¢ Cotlar, Mischa; Sadosky, Cora, Toeplitz liftings of Hankel forms bounded by non- 
Toeplitz norms. Integral Equations Operator Theory 14 (1991), no. 4, 501-532. 

¢ Cotlar, Mischa; Sadosky, Cora, Weakly positive matrix measures, generalized 
Toeplitz forms, and their applications to Hankel and Hilbert transform operators. 
Continuous and discrete Fourier transforms, extension problems and Wiener- 
Hopf equations, 93-120, Oper. Theory Adv. Appl., 58, Birkhauser, Basel, 1992. 

¢ Cotlar, Mischa; Sadosky, Cora, Transference of metrics induced by unitary 
couplings, a Sarason theorem for the bidimensional torus, and a Sz.-Nagy-Foias 
theorem for two pairs of dilations. J. Funct. Anal. 111 (1993), no. 2, 473-488. 

¢ Cotlar, Mischa; Sadosky, Cora, Abstract, weighted, and multidimensional 
Adamjan-Arov-Krein theorems, and the singular numbers of Sarason 
commutants. Integral Equations Operator Theory 17 (1993), no. 2, 169-201. 

¢ Cotlar, Mischa; Sadosky, Cora, Nehari and Nevanlinna-Pick problems and 
holomorphic extensions in the polydisk in terms of restricted BMO. J. Funct. 
Anal. 124 (1994), no. 1, 205-210. 

¢ Cotlar, Mischa; Sadosky, Cora, The Adamjan-Arov-Krein theorem in general and 
regular representations of R* and the symplectic plane. Toeplitz operators and 
related topics (Santa Cruz, CA, 1992), 54-78, Oper. Theory Adv. Appl., 71, 
Birkhauser, Basel, 1994. 

¢ Cotlar, Mischa; Sadosky, Cora, Two distinguished subspaces of product BMO 
and Nehari-AAK theory for Hankel operators on the torus. Integral Equations 
Operator Theory 26 (1996), no. 3, 273-304. 

¢ Sadosky, Cora, On issues of immigration and employment for mathematicians. 
Notices Amer. Math. Soc. 44 (1997), no. 11, 1474-1477. 

¢ Cotlar, Mischa; Sadosky, Cora, A polydisk version of Beurling’s characterization 
for invariant subspaces of finite multi-codimension. Operator theory for complex 
and hypercomplex analysis (Mexico City 1994), 51-56, Contemp. Math., 212, 
Amer. Math. Soc., Providence, RI, 1998. 

¢ Sadosky, Cora, Liftings of kernels shift-invariant in scattering systems. Holo- 
morphic spaces (Berkeley CA, 1995), 303-336, Math. Sci. Res. Inst. Publ., 33, 
Cambridge Univ. Press, Cambridge, 1998. 

e Christ, Michael; Kenig, Carlos E.; Sadosky, Cora; Weiss, Guido, Alberto Pedro 
Calderén (19201998). Notices Amer. Math. Soc. 45 (1998), no. 9, 1148-1153. 

e Alpay Daniel; Bolotnikov, Vladimir; Dijksma, Aad; Rovnyak, James; Sadosky, 
Cora, Espaces de Hilbert inclus contractivement dans l’espace de Hardy du 


Cora’s Scholarly Work: Publications According to MathSciNet 


bi-disque. (French) [Hilbert spaces contractively included in the Hardy space of 
the bidisk] C. R. Acad. Sci. Paris Sér. I Math. 326 (1998), no. 12, 1365-1370. 
Christ, Michael; Kenig, Carlos E.; Sadosky, Cora, Introduction. Harmonic 
analysis and partial differential equations (Chicago, IL, 1996), ix—xv, Chicago 
Lectures in Math., Univ. Chicago Press, Chicago, IL, 1999. 

Cotlar, Mischa; Sadosky, Cora, Hankel forms and operators in Hardy spaces with 
two Szeg6 weights. Operator theory and interpolation (Bloomington, IN, 1996), 
145-162, Oper. Theory Adv. Appl., 115, Birkhauser, Basel, 2000. 

Ferguson, Sarah H.; Sadosky, Cora, Characterizations of bounded mean oscilla- 
tion on the polydisk in terms of Hankel operators and Carleson measures. J. Anal. 
Math. 81 (2000), 239-267. 

Sadosky Cora, Look again at Vilnius: “Vilnius between the wars” [Math. 
Intelligencer 22 (2000), no. 4, 47-50; 1796765] by S. Domoradzki and Z. 
Pawlikowska-Brozek. Math. Intelligencer 23 (2001), no. 1, 5-6. 

Pott, Sandra; Sadosky, Cora, Bounded mean oscillation on the bidisk and 
operator BMO J. Funct. Anal. 189 (2002), no. 2, 475-495. 

Ball, Joseph A.; Sadosky, Cora; Vinnikov, Victor, Conservative linear systems, 
unitary colligations and Lax-Phillips scattering: multidimensional generaliza- 
tions. Internat. J. Control 77 (2004), no. 9, 802-811. 

Ball, Joseph A.; Sadosky, Cora; Vinnikov, Victor, Conservative input-state- 
output systems with evolution on a multidimensional integer lattice. Multidimens. 
Syst. Signal Process. 16 (2005), no. 2, 133-198. 

Chang, Der-Chen; Dafni, Galia; Sadosky, Cora, A div-curl lemma in BMO on 
a domain. Harmonic analysis, signal processing, and complexity 55-65, Progr. 
Math., 238, Birkhauser Boston, Boston, MA, 2005. 

Ball, Joseph A.; Sadosky, Cora; Vinnikov, Victor, Scattering systems with several 
evolutions and multidimensional input/state/output systems. Integral Equations 
Operator Theory 52 (2005), no. 3, 323-393. 

Chang, Der-Chen; Sadosky, Cora, Functions of bounded mean oscillation. 
Taiwanese J. Math. 10 (2006), no. 3, 573-601. 

Sadosky Cora, The BMO extended family in product spaces. Harmonic analysis, 
63-78, Contemp. Math., 411, Amer. Math. Soc., Providence, RI, 2006. 

Sadosky Cora, A unified view of disparate results from scattering systems. 
Interpolation theory and applications, 297-311, Contemp. Math., 445, Amer. 
Math. Soc., Providence, RI, 2007. 

Christ, Michael; Kenig, Carlos E.; Sadosky, Cora, Alberto P. Calderén the 
mathematician, his life and works. Selected papers of Alberto P Calderén, xv—xx, 
Amer. Math. Soc., Providence, RI, 2008. 

Sadosky, Cora, On the life and work of Mischa Cotlar. Rev. Un. Mat. Argentina 
49 (2008), no. 2, i-iv. 

Sadosky, Cora, The Hilbert transform and scattering. Rev. Un. Mat. Argentina 
49 (2009), no. 2, 133-142. 


Remembering Cora Sadosky 


© Springer International Publishing Switzerland 2016 

M.C. Pereyra et al. (eds.), Harmonic Analysis, Partial Differential Equations, 
Complex Analysis, Banach Spaces, and Operator Theory (Volume 1), Association 
for Women in Mathematics Series 4, DOI 10.1007/978-3-3 19-3096 1-3_3 


29 


30 


Remembering Cora Sadosky 


Introduction by Georgia Benkart 


It was with deep sadness that AWM learned of the death 
of AWM'’s eleventh president Cora Sadosky on December 3, 
2010. Cora was born in Buenos Aires, Argentina, on May 
23, 1940. As a young child, she accompanied her parents 


while they pursued their mathematical studies in several Eu 


ropean countries. Her mother Cora Ratto de Sadosky was a 


mathematician and political activist who founded La Junta 
de la Victoria (The Victory Union), a women’s organization 
in Argentina of over 50,000 members devoted to furthering 
the anti-Nazi war effort. In 1945, as representative of her or- 
ganization, Cora Ratto was a founding member of the Inter- 
national Women’s Union at its first meeting in Paris. Cora’s 
father Manuel Sadosky was one of Latin America’s first com- 
puter scientists and later served as vice dean of the University 
of Buenos Aires. 

Cora entered the university at the age of fifteen with 
the intention of majoring in physics but switched to math- 


ematics after her first semester. During her undergraduate 


years, she had the great fortune to study with University 


of Chicago professors Alberto Calderén and Antoni Zyg- 


mund when they visited the University of Buenos Aires. 


She received her Licendiada degree in 1960, just two years 


after her mother received her Ph.D, in mathematics from 
the same university. In 1965, Cora earned her Ph.D. from 
the University of Chicago with Calderén as her adviser, but 
also supervised by Zygmund. 

Following graduate school, Cora returned to Argen- 
tina and married Daniel Goldstein, an Argentinean phy- 
sician. She joined the faculty of the University of Bue- 
nos Aires as an assistant professor of mathematics but, like 
many of her fellow faculty members, resigned in protest 
after a brutal assault by the police on the School of Sci- 
ences. After one semester of teaching at the Uruguay 
National University, she was appointed an assistant professor 
at Johns Hopkins University, where Daniel held a postdoc- 
toral position. 

When Cora and Daniel returned to Argentina in 1968, 
there were no academic positions available for Cora, and she 
was forced to abandon mathematics for several years. Their 
daughter Cora Sol was born in 1971. Cora’s thirty-year re- 
search collaboration with Mischa Cotlar began two years 
later. Cotlar had been her mother's Ph.D. adviser and coau- 
thored with Cora Ratto a highly acclaimed and widely used 
text Introduccion al Algebra: Nociones de Algebra Lineal. \n 
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Judy Green, Cora Sadosky, Carol Wood, and Lenore Blum 


1974, Cora, her husband, daughter, and parents, along with 
Mischa Cotlar and his wife Yanny, were forced to flee Ar- 
gentina by social and political unrest, They settled in Cara- 
cas, Venezuela, where Cora joined the faculty of the Math- 
ematics Department at Universidad Central de Venezuela. In 
her tribute to Cotlar (“On the life and work of Mischa Cot- 


lar.” Rev. Un. Mat. Argentina 49 (2008), no. iv) Cora 
remarked, “In Caracas, Mischa and | began to collaborate 
in earnest and together established an ambitious research 


program. Mathematically, our Caracas exile was extraor- 


dinarily productive.” During this time, the seven exiles en- 
joyed the great friendship and hospitality of Concepcion 
Ballester, who had left Argentina in 1966 to accept a faculty 
position in the Mathematics Department at UCV. Balles- 
ter is the mother of University of New Mexico mathemati- 
cian Cristina Pereyra, who is a contributor to this Newsletter 
tribute. In 1980, Cora accepted an appointment as an associ- 
ate professor of mathematics at Howard University in Wash- 
ington, D.C., and she remained on the faculty there until her 
retirement. 

As President of AWM from 1993 to 1995, Cora Sadosky 
organized AWM's move to the University of Maryland. She 
was instrumental in the establishment of the Emmy Noether 
Lecture at the International Congress of Mathematicians, 
which was given for the first time in 1994, In “Affirmative Ac- 
tion: What it is and What Should it Be?” which appears in the 
volume Complexities by Bettye Anne Case and Anne Leggett, 
and which is based on an invited address to the Canadian 
Mathematical Society upon its fiftieth anniversary and on an 
earlier article in the AWM Newsletter 25(5) (1995), 22-24, 


Cora recounts the following episode: 


Years ago, a friendly colleague told me his department 
was considering hiring a junior person in our field and 
asked me for a top candidate. After some thought | 


continued on page 6 
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Cora Sadosky continued from page 5 


mentioned one of the best junior researchers in the 
field. His answer was, “But we already have a woman!” 
and mine to him, “So would you hire a man for the job? 
| assume your faculty already has at least one man!” 


Throughout her career Cora Sadosky remained a strong 
advocate for women in mathematics and an active proponent 
of the greater participation of African Americans in mathe- 
matics. Twice she was elected to the Council of the American 
Mathematical Society, and she was a fellow of the American 
Association for Advancement of Science. 

A reorganization of the AWM business meeting at the 
Joint Mathematics Meetings in New Orleans in January en- 
abled us to devote a portion of that meeting to a remembrance 
of Cora. Daniel Szyld of Temple University spoke about her 
early life in Argentina and her exile in Uruguay and Venezu- 
ela. The text of his talk appears below. Abdul-Aziz Yakubu, 
chair of the Mathematics Department at Howard University, 
recalled Cora’s contributions as a much-treasured colleague 
and friend. James Donaldson, a mathematics colleague of Co- 
ra’s, now Dean of the College of Arts and Sciences at Howard, 
travelled to New Orleans just to attend the remembrance. We 
were very grateful for his presence. Richard Bourgin has kind- 
ly shared his remembrances of Cora, his colleague at Howard, 
and of his thirty-year friendship with Cora and Daniel. Cora 
influenced an entire generation of young Argentinean math- 
ematicians. Their memories of Cora appear below and were 
captured so capably by Reuben Hersh at the ceremony. 

Announcement of Cora’s death precipitated a flurry of 
e-mails among AWM!’s Executive Committee members and 
past officers. Judy Green, AWM treasurer during Cora’s presi- 


Terri Edwards, Cora Sadosky, and Syivia Bozeman 
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Cora Sadosky, Carol Wood, and Jill Mesirov 


dential term, describes below their years of AWM service and 
their enduring friendship. During the business meeting re- 
membrance, Carol Wood echoed words she had shared in an 
earlier e-mails, “One of Cora’s strengths, which I saw firsthand 
repeatedly during her/my terms as AWM presidents, was her 
profound interest in the youngest members of our commu- 
nity. The young women sensed her warmth and caring, and 
were accordingly drawn to her. She came to this role honestly 
through her mother, who influenced the lives and careers of 
budding mathematicians in Argentina. It sometimes felt as if 
Cora wanted to adopt the Schafer Prize winners, every one! 
Cora was an original, and it was a privilege and a delight for 
me to get to know her. Jill [Mesirov] made me cry when she 
mentioned the get-together with photo) of the three of us—my 
presidency was sandwiched between Jill’s and Cora’s, and their 
friendships alone would have made the work worthwhile.” 

Linda Keen shared these thoughts: “I was the nominating 
committee member who convinced Cora to run. She always 
teased me about it saying that I hadn't told her how hard it 
really was. We got to work together during her presidency and 
became friends. Her spunk and her warmth were apparent to 
everyone she encountered.” 

Linda Rothschild wrote, “As I read all your kind mes- 
sages about Cora, I felt that it was unfair that she should die 
so young. | have proudly displayed her graduate text on the 
bookshelf in my office for many years and have referred many 
people to it. Her gentle style has helped many young math- 
ematicians understand the difficult (and sometimes obscure) 
points in the ‘classical’ texts on Fourier analysis. Cora was one 
of a kind, a unique person, and special to AWM.” 

At the remembrance I read a brief quote sent by Chandler 


Davis, a longtime supporter of AWM: “Cora Sadosky was a 
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force of nature. We valued her tempestuous laughter; her inci- 
sive wit; her total impatience with fools, phoneys, and bigots; 
and her total patience in service of mathematics and justice. 
We will miss her but draw strength from her memory.” 

We extend our sympathy to Daniel, to Cora Sol Gold- 
stein and her husband Thomas Johnson, to Cora’s beloved 
granddaughter Sasha, and to all of Cora’s many friends. 


esd 
Judy Green 


Cora Sadosky was an amazing person and I am grateful 
to AWM for having put me in a position that allowed me to 
become aware of just how amazing she was. In 1992 Cora 
and I, both of whom lived in the Washington, D.C., area, 
became president-elect and treasurer of AWM, and the AWM 
office moved to the nearby University of Maryland. Since we 
both were very involved in the move, Cora and I became close 
friends and over the years, together with our husbands, we 
spent many happy times, including holidays and vacations, 
together. 

In the course of our friendship of almost twenty years, I 
learned a lot about Cora and her life. She and her husband, 
Daniel Goldstein, were political exiles. Because of their pro- 
test of a repressive military dictatorship, they were forced to 
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Six AWM presidents at the MSRI twentieth-fifth anniversary 
celebration: Cora Sadosky, Lenore Blum, Bhama Srinivasan, 
Carol Wood, Georgia Benkart, and Cathy Kessel 


flee Argentina to save their lives, leaving all their possessions 
behind. Despite having sacrificed the possibility of a career in 
her native Argentina, Cora was able to maintain an enthusi- 
asm for involving new, young, people in doing what she loved 
so much, mathematics. I think her own words rather than my 
own will better let you see this. Those of you who knew Cora, 
or read her AWM president's reports, will, | hope, find the 
following typical. 

continued on page 8 


CALL FOR NOMINATIONS 
2012 M. Gweneth Humphreys Award 


‘The Executive Committee of the Association for Women in Mathematics has established a prize in memory of M. Gweneth 
Humphreys to recognize outstanding mentorship activities. This prize will be awarded annually to a mathematics teacher (female 
or male) who has encouraged female undergraduate students to pursue mathematical careers and/or the study of mathematics at the 
graduate level. The recipient will receive a cash prize and honorary plaque and will be featured in an article in the AWM Newsletter. 
‘The award is open to all regardless of nationality and citizenship. Nominees must be living at the time of their nomination. 

‘The award is named for M. Gweneth Humphreys (1911-2006). Professor Humphreys graduated with honors in mathematics 
from the University of British Columbia in 1932, earning the prestigious Governor General's Gold Medal at graduation. After re- 
ceiving her master's degree from Smith College in 1933, Humphreys earned her Ph.D. at age 23 from the University of Chicago in 
1935. She taught mathematics to women for her entire career, first at Mount St. Scholastica College, then for several years at Sophie 
Newcomb College, and finally for over thirty years at Randolph Macon Woman's College. This award, funded by contributions 
from her former students and colleagues at Randolph-Macon Woman's College, recognizes her commitment to and her profound 
influence on undergraduate students of mathematics. 

The nomination documents should include: a nomination cover sheet (available at http://sites.google.com/site/awmmath/ 
programs/humphreys-award); a letter of nomination explaining why the nominee qualifies for the award; the nominee's vita; a list of 
female students mentored by the nominee during their undergraduate years, with a brief account of their post-baccalaureate math- 
ematical careers and/or graduate study in the mathematical sciences; supporting letters from colleagues and/or students; at least one 
letter from a current or former student of the candidate must be included. 

Nomination materials for this award should be sent to awm@awm-math.org. Nominations must be received by April 30, 2011 
and will be kept active for three years at the request of the nominator. For more information, phone (703) 934-0163, email awm@ 
awm-math.org or visit www.awm-math.org/humphreysaward. html, 
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Cora Sadosky continued from page 7 


For the July/August 1994 AWM Newsletter (24 no 4: 5) 


she wrote: 


Strange as it may seem at the end of this long report, 
| started out with the impression | had very little to say. That 
impression stemmed from my doing something it may be 
unwise for a current AWM president to do: | plunged into 
mathematics head on for three full weeks. | came out of 
that stint dazed, vaguely guilty and deeply happy. It is very 
clear that | enjoy like crazy doing mathematics! ... | did not 
prove the Riemann Conjecture. My work was modest, but it 
gave me so much pleasure to do it! 


Six months later, at the end of her term as AWM presi- 
dent she wrote (25 no 1: 6-7): 


| had never met so many women mathematicians, so 
many math teachers, so many graduate and undergradu- 
ate math students. How wonderful it has been. The bright- 
est of all: those precious, unique marvels that are the 
Schafer Prize awardees. And all the young people that 
participate in the workshops. And all the people at meet- 
ings, scientific conferences, and funding agencies, who 
collaborate and contribute in so many ways in paving the 
roads for women to travel into mathematics. 


To hear our multiple voices, to perceive our diversity, to 
see it in the flesh and in the papers—what a privilege. 


A couple of days ago | had to answer on our behalf a 
questionnaire on AWM's commitment to minority inclusion 
into mathematics. | was so proud to write that our work 
for the right of women to mathematics is intertwined with 
our total commitment to the struggle for right of all people 
to mathematics. 


As a woman, as a Latin American, as a mathematician, | 
am so proud of our struggle. Much has been gained, it is 
true, and we should be happy about it. What women math- 
ematicians in the U.S. have conquered in our quest for 
equity is unmatched in the world. Still, so much remains 
to be done. Until all deserving people find opportunities 
that correspond to their abilities and their contributions. 


We must not tire. We cannot cease to care. To go to a 
classroom and be in touch with the bright young people 
striving to do mathematics is enough reminder of our duty 
to open doors for them.... 


Contrary to the despicable joke about women mathemati 
cians, Sofia Kovaleskaia and Emmy Noether were both 
women and mathematicians. We cannot be like them by 
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mere will. But we can empower others to be like them. 
And better still. Let's do it. 


As I copied these words, I heard them in Cora's voice and 
knew that both her mathematics and the inspiration she gave 
to young mathematicians will live on. What I hope will also 
live on is that her work was done despite the sacrifices she and 
her husband made for their beliefs. What Cora wrote of her 
mentor and long-time collaborator, Mischa Cotlar, applies to 
her and Daniel as well: 


Mischa’s experiences in a country corrupted by decades. 
of authoritarianism made him a staunch defender of hu- 
man rights and civil liberties... For Mischa, social and 
ethical issues were not marginal problems. (On the Life 
and Work of Mischa Cotlar, Rev. Un. Mat. Argentina 49 
no. 2 (2008): iil). 


Cora, too, remained committed to making the world a better 


place to live for all people. We will miss her. 


Cora and Schafer winners 


Le) 
Richard Bourgin 


Cora and I were friends and colleagues for 30 years. We 
briefly met before classes started in August 1980 at Howard 
University, but I didn’t get much of an impression of her then, 
Some days later her mother (who had been visiting her in 
Washington, D.C., and was also a mathematician and hu- 
man rights activist) died suddenly. Despite that personal trag- 
edy, Cora entered department life fully from the start. Dur- 
ing those first months she made a number of suggestions or 
substantive changes in our undergraduate and graduate pro- 
gram offerings, most of which were later implemented. In the 
faculty discussions concerning curricular matters she argued 
cogently and strongly for her positions. Cora believed that 
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Daniel Goldstein and Cora Sadosky. Photo © Azia Yakubu 


often less is more: students (especially at the undergraduate 
level) should be challenged by studying core ideas without 
obfuscating embellishments, enhanced by a few well chosen, 


easily understood examples. While her dedication to educa- 


tional matters at college and graduate levels was steadfast, at 
times her ideas met strong resistance from some of her col- 
leagues. She handled conflict well, neither seeking nor shying 
away from it. Cora and I saw eye to eye on most professional 
matters (and on many others), but as often as not we found 
ourselves in the minority, sometimes a minority of two. On 


those occasions in which we did prevail, her ability to speak 


clearly and forcefully to the issue at hand was often a key 
tor, She also understood when not to speak, which was just as 
important. 

The lingua franca of many of our colleagues in the de- 
partment is French. Cora matched their preferred language, 
switching seamlessly between French and English, often in 
rapid succession. In fact, she was trilingual and could move 
in and out of Spanish equally as well, She was very warm, 
quick to pick up social cues, urbane, and always civil. At the 
same time, it was important to Cora that people take full re- 
sponsibility for their actions and she didn't care for those who, 
in her view, did not. She could be intense, sometimes domi- 
nating conversations when she felt strongly about what was 
being discussed. 

On the other hand, Cora had great empathy and com- 
passion for people who she believed were being treated 
unfairly. She provided succor and counsel to several such in- 


dividuals, sometimes for an extended period. Over the 


years 
Cora helped a number of graduate students and young fac- 
ulty (at Howard and elsewhere), new to the United States, 
who were products of the French educational system. Sev- 


eral ran into difficulties due to the unspoken differences in 
perceptions and assumptions in these two systems. Cora 
understood both extremely well and was able to guide them 
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through problems of all sorts—from visas to tenure. She work- 


ed with many graduate students, watching over their progress 
with great care, advising and helping them, including giving 
financial help in the form of travel money to conferences 
and summer support. Their continued loyalty to her is no- 
table. In fact, she had a Ph.D. student in the 1980s who still 
considers her his second mother and refers to her that way 
sometimes when we talk. 

Cora and I became friends soon after her arrival at How- 
ard. We socialized both on and off campus, often with her 
husband Daniel. Once Cora helped me pick out something 
for my future wife. As I remember it she was at least as happy 
with the choice as I was. She had wonderful taste and for many 
years thereafter I consulted her when shopping for my wife. 
Dinner at Cora and Daniel's was always delightful. They had 
a tiny kitchen with Daniel its undisputed master. Every meal 
I had there was memorable—the food was magnificent, and 
the conversation good, Before she went off to college we were 
usually joined by their daughter Cora Sol, to whom they were 
devoted. Cora and Daniel had wide ranging interests and ar- 
eas of expertise, including a deep understanding of the causes 
and effects of oppression. One day I made an egregious 
(though innocent) mistake which caused hard feelings among 
some of my graduate students. When I later described to Cora 
what I thought had happened, she invited me to her home 
where she and Daniel placed that event in a much broader 
context. [ finally understood what had really occurred and 
what misunderstandings | needed to address. It was a very 
important moment for me. 

From time to time Cora said in passing that she would 
never see eighty. I always thought she was joking. She was 
so solid, such a presence, I thought she would outlast us all. 
1 join the long list of family, friends and colleagues who will 
always miss her. 


continued on page 10 


Cora Sadosky and Howard students, Photo © Aziz Yakubu 
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Cora Sadosky continued from page 9 
esd 


Daniel B. Szyld, Temple University 


I was asked to say a few words about Cora’s life in Buenos 
Aires. I am honored to be able to do so. 

I would like to start by saying that Cora was a quintes- 
sential Buenos Aires intellectual: widely-read and extremely 
well-informed. She understood politics, and how politics in- 
fluences all areas of our life including education and research. 
She was an activist, and by that I mean a passionate socially 
responsible individual, caring about many issues, including 
of course opportunities for women and African-Americans 
in mathematics. 

Many people are aware that there was a military govern- 
ment in Argentina during the 1976-1983 period, during 
which thousands of people were disappeared, tortured and 
killed. There was also an earlier military government from 
1966 to 1973. In July 1966, barely a month after the Junta had 
taken power, the infamous “Noche de los bastones largos” (or 
night of the long batons) took place. Students and faculty had 
taken over several schools of the Universidad de Buenos Aires 
in protest against the military coup and their stated goal of 
reversing the 1918 law granting the University autonomy, or 
self government. On that night, police assaulted the schools, 
hitting the occupiers with their long batons and destroying 
libraries and laboratories. Four hundred people were detained. 
Later, many professors were fired, and many more resigned 
in protest. Cora was a young assistant professor at that time, 
and she was one of those who resigned. I should note that her 
father and mother also resigned at that time. He was a vice- 
dean, and she was an associate professor. 

After two years teaching in Montevideo and at Johns 
Hopkins, Cora was back in Buenos Aires, still under the dic- 
tatorship. She was unable to have an academic position, and 
she worked for a literary press for a while. Thus, for a few years 
she left mathematics. She told me once that one of the hardest 
things in her life was the process of going back to doing math- 
ematics after that hiatus, But eventually back she was, starting 
her collaboration with Mischa Cotlar, a collaboration which 
would last over thirty years. 

But then the second coup came in 1973, at a time when 
a paramilitary group was active, threatening those who they 
perceived as leftists. The group known as the “triple A” was 
the Argentine Anti-communist Alliance and had threatened 
Cora’s family. If you watched the Argentine movie, The Secret 
in Her Eyes, which won last year's Oscar, you would recog- 
nize this climate of terror. Cora’s parents, Manuel Sadosky 
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and Cora Ratto de Sadosky, were well-known intellectuals 


and political activists. Cora Ratto had been a leader of the stu- 
dent union at the University in the 1930s. Later she created 
a women’s organization devoted to helping the anti-Nazi war 
effort. The group eventually had fifty thousand members. She 
also co-edited a magazine called Columna diez (Column Ten) 
in the 1960s, devoted to the analysis of the impact of science 
and technology on international politics, and in particular it 
brought to light many issues related to the Vietnam War. 
Cora Sadosky, her parents, her husband Daniel Gold- 


stein, and daughter Cora Sol Goldstein, thus left Argenti 


again, this time for exile in Venezuela. Cotlar had taught in 
Venezuela before and had contacts there. Cotlar also went 
into exile at that time, and Cora and he worked together at 
the Universidad Central de Venezuela until Cora left Caracas 
for the U.S. I met her first at the Courant Institute in the late 
1970s when she was at the Institute for Advanced Studies and 
would frequently visit Louis Niremberg at NYU. In 1980 she 
moved to Washington for her job at Howard University. 


Cora’s passion for social issues was only matched by 
her passion for mathematics, and her love of her immediate 
family, including in recent years her granddaughter Sasha 
Malena. Her intellect was rich, her intensity was penetrating. 
She left a big mark on many of us. There is a little bit of Cora 
in many of us. 


es 


Give me your tired, your poor, 


Your huddled masses yearning to breathe free...' 


Cora Sadosky fought many battles and on many fronts. 
She had tremendous convictions against many injustices, 
gender inequality, and discrimination in our society. She of- 
ten took the flag of the underrepresented, underserved, and 
underestimated. She chose to fight many of her battles from 
within the mathematical community, sometimes even risking 
her own mathematical career. She showed a lot of courage in 
this sense and never worried about the consequences for her. 
She was never afraid to express her views. 

We are deeply saddened for her passing, but through her 
teachings we celebrate her life. To remember her we choose 
to focus on personal experiences that are not so well-known, 
particularly about her mentorship role and her unselfish devo- 
tion to help young mathematicians.* 


from The New Colossus by Emma Lazarus, the poem engraved on the 
Statue of Liberty 
*A biographical sketch of Cora Sadosky and some of the historical events 
surrounding her life in different countries can be found for example at 
http://www.agnesscott.edu/Irddie/women/corasadosky.htm. 
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Cora always wanted to help students who were interested 


in following a research career in mathematics. In particular 


she interacted with many students in Venezuela and in Ar- 
gentina. In her years in Caracas, Cora was very influential 
on a group of Venezuelan mathematicians, Maria Dolores 
Morin, Ramén Bruzual, Marisela Dominguez and Stefania 
Marcantognini, among others, and a Uruguayan mathe- 
matician, Rodrigo Arocena, who earned their Ph.D. degrees 
fenezuela (UCV). She also 


aided others to pursue their doctorates in the US, includ- 


at the Universidad Central de 


ing Gustavo Ponce who went to Courant Institute in 1978 
and later Cristina Pereyra who went to Yale University in 
1987. Likewise, during her sabbatical year in Buenos Aires 
in 1984-1985 she helped many Argentinian mathematicians 
come to the US for their doctoral degrees, among them, José 
Zero who went to the University of Pennsylvania, Estela Ga- 
vosto and Rodolfo Torres who went to Washington Univer- 
sity, and Andrea Nahmod and Lucas Monz6n who went to 
Yale University. 

Over the last thirty years Cora conducted her professional 
life in the US, but she continued to be interested in math- 
ematics in Argentina and Venezuela, where she often visited 
Mischa Cotlar. She w: 


always trying to help colleagues and 


students in those countries in any way she could. 


‘Three years ago Cora retired from Howard University 
where she had been a professor since 1980, With her husband, 
Daniel Goldstein, they moved to California to be closer to 


their daughter Cora Sol, son-in-law Tom, and beloved grand- 


daughter Sasha. 
We remember here particular moments and aspects of her 
mentorship. 


Gustavo Ponce: In 1976, the Universidad Central de 
Venezuela started a graduate program in mathematics. At that 
time I was Cora’s TA in a course on Advanced Calculus. She 
convinced me to take two more advanced courses, one with 
Mischa Cotlar in functional analysis and a seminar on har- 


monic 


alysis where Cora and Mischa alternated as lectur- 
ers. These courses shaped my view of mathematics and the 
enthusiasm of both lecturers was as inspiring as the content. 
In retrospect, it is amazing that the topics were and still are so 
fruitful in problems related to my research interests, the field 
of nonlinear partial differential equations. 

Cora suggested that I should pursue a career as a math- 
ematician and recommended that I apply to the Courant 


Institute. She even made a providential call to Louis Niren- 
berg asking for an answer to my application: it turned out 
that it had been lost. This was just one of the many favors for 


which I feel so much in debt to her. She has been a systematic 
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source of inspiration and academic advice and a model of in- 
tellectual integrity since those years at UCV. 


Estela Gavosto and Rodolfo Torres: We met Cora at an 
annual meeting of the Unién Matematica Argentina in the mid 
"80s and often visited her then in Buenos Aires (we were liv- 
ing and studying in Rosario, another city in Argentina). From 
the first time we met she showed a lot of interest in getting to 
know us, mathematically and otherwise, and listening to what 
we wanted to do in our lives, so she could help us maximize 
our options, She never pushed us in any direction, but she was 
the first to suggest that we study in the US. We still remember 
her words when we told her that it would be impossible to get 
fellowships for both of us at the same university. Her almost 
irritated response was one we heard from her many times over 
the years and in many different circumstances: “... and who 
told you that? If you plan and do the things right you can do 
it.” Her attitude remained the same over the years. She was 
always positive and enthusiastic, Nothing ever seemed impos- 
sible to her. With her help we went to do our Ph.D. degrees at 


Washington University in St. Louis. She strongly encouraged 


and a 


us to go there and told us it would be a great place for us 
good match for many of our interests. She was right. Not only 
did we find a great math graduate program but also a terrific 
atmosphere where we met fantastic teachers and other students 
who have become long lasting friends and mathematical col- 


leagues. Several years later, we also thought it would be impos- 


sible to get postdoctoral po: tons at the same place or nearby 
ones, and then impossible to get tenure-track jobs at the same 
university. “And who told you that?” Cora repeated time and 
time again. She was there always ready to give advice and help 
us in what she could. She understood the “two-body problem” 


better than anybody, brought awareness about this common 


issue in our profession, and worked hard to help people in 
this situation. She was tireless in trying to achieve any goal she 
set her mind to and always infected us with her optimism. 
Cora was also concerned with many other aspects of the 
academic life and she often told us to learn about them and 


encouraged us to be proactive. She taught us that for any 


change to take place people really need to get involved. We 
will always be very thankful for all her help, mentorship and 
guiding example. 


Andrea Nahmod: Cora Sadosky was my professor and 


undergraduate advisor in Buenos Aires, She was also a friend. 
In 1984-1985, during the last year of my Licenciatura en 
Matemiaticas (a degree similar to a Master of Science), sev- 


eral research mathematicians living abroad during the military 


continued on page 12 
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Cora Sadosky continued from page 11 


regime returned to the Universidad de Buenos Aires for a year, 
to teach. Cora Sadosky was one of them. | knew of her be- 
fore her arrival in Buenos Aires, where she spent her sabbati- 
cal year, through one of my uncles, Victor E, Nahmod. Vic- 
tor, a biomedical researcher and physician, had been a clinical 
teacher of Daniel Goldstein, Cora's husband, at the Instituto 
de Investigaciones Medicas at the Universidad de Buenos 
Aires. Victor and Daniel then became scientific collabora- 
tors for many years. Of course, Victor knew Cora’s parents 
and Mischa Cotlar. But I first met Cora at the campus of the 
Universidad de Buenos Aires at the beginning of Fall 1984 
and like many others rushed to enroll in her topics course on 
“Singular Integral Operators and the Theory of A, Weights.” 
To say that this course opened up our heads would be an un- 
derstatement. To this date, | marvel at the course notes and 
at how deep and useful was the mathematics she taught us 
back then. It was an easy decision to do my Licenciatura’s 
thesis under her supervision. I recall going one morning to 
her office to discuss it and spending practically the whole 


aa eee % 
women 


at some 


37 


day with her at the blackboard passionately explaining to 
me lots of “hard analysis.” It was exhilarating. For my the- 
sis, we settled on Factorization of operators and the Nikishin- 
Stein theory. Garcia Cuerva and Rubio de Francia were at 
that time writing their celebrated book, and Cora had drafts 
of some of its chapters. I recall leaving her office that day 
late in the afternoon with these, together with a pile of 
papers by Grothendieck, Maurey, Nikishin, Stein, Pisier 
and others. These were the first research papers I read, and I 
learned to do so with Cora. 

When I decided later that year to pursue my Ph.D. in the 
US, Cora did much more than write letters of recommenda- 
tion on my behalf. She truly guided me and helped me each 
step of the way. Alberto Calderén was also in Argentina at 
that time after his first retirement from the University of 
Chicago. He had been my professor in Functional Analy- 
sis, and thanks to Cora he was a member of my Licenciatu- 
ra's thesis committee and after my defense wrote a letter of 
recommendation on my behalf. I graduated in November 
of 1985, and by then Cora had returned to the US. Since 
the earliest I could start graduate school in the US was 


provide full or partial support for travel and subsistence for a meeting or conference in the applicant's field of specialization. 
Mathematics Education Travel Grants. There are a variety of reasons to encourage interaction between mathema- 


ticians and educational researchers. National reports recommend encouraging collaboration between mathematicians and re- 
searchers in education and related fields in order to improve the education of teachers and students. Communication between 
mathematicians and educational researchers is often poor and second-hand accounts of research in education can be misleading. 
Particularly relevant to the AWM is the fact that high-profile panels of mathematicians and educational researchers rarely in- 
clude women mathematicians. The Mathematics Education Research Travel Grants provide full or partial support for travel and 
subsistence for 


* mathematicians attending a research conference in mathematics education or related field. 
* researchers in mathematics education or related field attending a mathematics conference. 


Selection Procedure. All awards will be determined on a competitive basis by a selection panel consisting of distinguished 
mathematicians and mathematics education researchers appointed by the AWM. A maximum of $1500 for domestic travel and 
of $2000 for foreign travel will be funded. For foreign travel, US air carriers must be used (exceptions only per federal grants 
regulations; prior AWM approval required). 

Eligibility and Applications. These travel funds are provided by the Division of Mathematical Sciences (DMS) of the 
National Science Foundation. The conference or the applicant’s research must be in an area supported by DMS. Applicants 
must be women holding a doctorate (or equivalent) and with a work address in the USA (or home address, in the case of un- 
employed applicants). Please see the website (http://www.awm-math.org/travelgrants.htm!) for further details and do not hesitate 
to contact Jennifer Lewis at 703-934-0163, ext. 213 for guidance. 

Deadlines. ‘There are three award periods per year. Applications are due February 1, May 1, and October 1. 
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September 1986, Cora worried about how to, mathematically, 
make the most out of the 10 months in between. She 
thought it was fundamental I continued learning mathematics 
until I started my Ph.D. in the US. She suggested several topics 
and gave me her own copy of J.L. Journé’s book, while asking 
C. Segovia to read it with me and make sure I learned the ma- 
terial inside out in the months ahead. Cora went out of her 


el, re 


way also at a personal le ssuring my parents I was not 


going far away alone, for she and Daniel would take care of me. 


And so they did. My first nwo weeks in the US and ever away 
from home were at her home in Washington, D.C. Cora later 
insisted I call her collect from New Haven often to her home in 
D.C. to tell her about my studies and life at Yale, to let her know 
I was alright. I visited Cora and stayed at her home many times 
afterwards, in Washington, D.C. and while she spent a year at 
MSRI in Berkeley during 198 


for me as a mentor and as a friend throughout my graduate 


—1988, She was always there 


school years in New Haven. 


‘a had an impeccable work ethic and very high stan- 
dards; she was all about being the best you can be, as a mathe- 
matician and as a person. She inspired all of us to work harder 
and be better, each day, every day. Many of us would probably 
not be professional mathematicians had it not been for Cora. 
Our gratitude is infinite, 


Cristina Pereyra: Corita, as we knew her, was a dear friend 
of my mother, Concepcién Ballester, from the time before [ 
was born; so were her parents Cora Ratto and Manuel. All of 
them, my mother included, were mathematicians who grew up 
in the golden era of mathematics in Argentina, the fifties and 


the sixties, a time when Laurent Schwartz and Antoni Zyg- 


mund would visit Buenos Aires because the US and Europe 


were interested in identify 


ying and helping talented budding 


mathematicians. In one of those visits Zygmund recruited Al- 
berto Calderén and Mischa Cotlar to the University of Chi- 
cago. In turn, Calderén and Zygmund would become Corita’s 
advisors at Chicago, where she received her Ph.D. in 1965. 

In 1964, my mother, my older brother and me joined 
my father in the US where he was getting his Ph.D. We never 
returned to Argentina; by 1967 many of my parents’ former 
colleagues in Buenos Aires had been fired or had resigned 
from the university for political reasons. Instead we landed 
in Caracas, where my parents became professors at the Uni- 
versidad Central de Venezuela. Things in Argentina only got 
worse, and in 1974, when Corita, her husband Daniel, young 
daughter Cora Sol and her parents came as political refugees 
to Venezuela, we all lived in the same building (San Bartolo- 
mé; in Caracas every building has a name instead of a num- 


ber). We were in the 12th floor of one tower, Cora Ratto and 
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Manuel on the first floor of the same tower, Corita, Daniel 
and Cora Sol in the 11th floor of the other tower, with mag- 
nificent views to El Avila, the mountain that separates Caracas 
from the Caribbean Sea. This was no coincidence, my mother 
must have arranged things for her dear friends. 

Mischa Codlar also arrived in Venezuela, escaping the as- 
phyxiating political climate in Argentina. Before leaving Bue- 
nos Aires Corita had started her lifelong collaboration with 


Mischa, which spanned more than 30 years, with more than 


30 influential joint papers in harmonic and functional anal) 
sis and in operator theory. After Corita left Venezuela in the 
early '80s, she kept visiting once or twice a year to work with 
Mischa; during those visits she would stay with my mother. 
Cora and Mischa would work like crazy for many hours each 
da 


to enjoy her company. 


, but Cora would return to my mother’s house to relax and 


I was too young to have Cora as my teacher in Caracas, 
when in turn I decided that after all mathematics was my call. 
However Cora was instrumental in helping me choose which 
graduate schools to apply to, and her support was fundamen- 
tal to enter Yale. | remember before arriving in New Haven in 
1987 spending a week in Washington warming up with Cora 
and Daniel, as Andrea Nahmod had done the year before, and 
as Lucas Monzén did the next year when he also came. The 
rest is history: Cora became part of my mathematical family, 
or more precisely, | became part of hers. Cora always was there 
through my professional career to offer support and advice, 

In October 2007, Cora helped me and Wilfredo Urbina 
organize an afternoon in honor of Mischa Cotlar who had 
died that January. She came to Albuquerque and stayed with 
my mother together with Maria Dolores (Lolé6) Moran and 
Stefania Marcantognini who had come from Venezuela. We 
saw Cora last in April 2009 when she came to Albuquerque 
and stayed again with my mother for five days for the 12th 
New Mexico Analysis Seminar; she looked well. It was a shock 
to learn of her passing, hard to accept that such a vital woman 
and life-long dear friend had left us. 


Wilfredo Urbina: | met Cora at the Universidad Central 
de Venezuela where I was doing my undergraduate studies in 
mathematics. Later | was her TA in an Advanced Calculus 
course and then in 1978, when I started my master's degree, 
I had the privilege to take her course Introduction to Har- 
monic Analysis. The notes of that course were the base of her 
famous book Interpolation of Operators and Singular Integrals 
published by Marcel Dekker a year later. It was a very tough 
course for me but I must say that it had a lasting influence on 


my career. Also I attended the analysis seminar that Mischa 


continued on page 12 
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Cora Sadosky continued from page 9 


and Cora organized and that is still running today at UCV. 
Later I went to get my Ph.D. at the University of Minnesota, 
in principle to study probability, but | met Gene Fabes so I 
went back to analysis, and then back to the things that I had 
learned from Mischa and Cora in Caracas. 

Cora was a real enthusiast of mathematics, willing to help 
anyone who showed serious interest in studying it. Her soli- 
darity and support for so many mathematicians from Latin 
America is very well known. Cora's help in the organization 
of an international conference to celebrate Mischa’s 80th 
birthday in Caracas in January 1994 was invaluable, as was 
her help and input when we organized an afternoon in honor 
of Mischa Cotlar in Albuquerque in October 2007. When I 
came back to the States in 2004, due to the political situation 
in Venezuela, Cora was an important reference for me, and I 
got her support in the painful process of looking for jobs. We 
met several times in Albuquerque (in October 2007 and April 
2009) and in Zacatecas during the AMS-SMM Joint Meet- 
ing in July 2007; on every occasion we had a wonderful time 
together, enjoying good mathematics and good food. 


We all met each other through Cora. At a special year 
in harmonic analysis at MSRI in 1987-1988, she introduced 
Andrea, Gustavo, Wilfredo, Estela and Rodolfo to each 
other, and we had a great time together. Cora jump-started 
the beautiful friendships and professional relations we have 
kept among us over the years, Every time we talked to Cora, 
she asked us what we were up to in mathematics, and she 
wanted details! She also wanted to know how what we were 
working on, fitted into the big picture of mathematics. She 
was very critical about mathematics. She once told us that 
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Antoni Zygmund taught her to judge mathematicians by 
their theorems, that when someone spoke highly of a math- 
ematician, Zygmund would always like to see the theorems 
the mathematician had proved. She did the same. If you 
said to her that you like mathematician X she would ask you 
to explain his/her mathematics. Cora was a person who al- 
ways expressed her views in a very direct way. But she never 
let disagreements she might have with a mathematics col- 
league on other issues affect her appreciation of his/her math- 
ematics. When it came to mathematics, Cora indeed judged 
mathematicians by their theorems. 

Cora was a vibrant, strong minded and outspoken 
woman, who fought all her life for human rights, who helped 
uncountable young mathematicians without expecting any- 
thing in return. Cora was a phenomenal mathematician, in a 
time when it was not easy for women, and she championed 
this cause all her life, becoming president of the AWM in the 
early "90s. 

Cora taught all of us by example how to mentor, how 
to help younger mathematicians pursue their dreams. Cora 
touched our lives in many ways but she never wanted to be 
thanked for her good deeds; she believed instead in paying 
it forward to others. Helping students reach their potential 
may be the best way to honor her memory. We will deeply 
miss her. 


Estela A, Gavosto (University of Kansas, Lawrence) 

Andrea R. Nahmod (University of Massachusetts, Amherst) 

Maria Cristina Pereyra (University of New Mexico, 
Albuquerque) 

Gustavo Ponce (University of California, Santa Barbara) 

Rodolfo H. Torres (University of Kansas, Lawrence) 

Wilfredo Urbina (Roosevelt University, Chicago) 
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In Memory of Cora Sadosky 


Steven Krantz, Washington University in St. Louis 


Cora Sadosky was a student of Alberto Calder6n and Antoni Zygmund. And she 
was very closely associated with Mischa Cotlar. It is easy to see that she inherited 
from these wonderful mentors her intense sense of curiosity about everything 
mathematical. Apart from her personal charms, Cora was an intense mathematician 
who wanted to learn about everything. 
This passion also shows in the remarkable array of collaborators that she had. It 
is clear that she loved to develop mathematics, to communicate mathematics, and 
to write mathematics. She wrote mathematics easily and well, and her publication 
record attests to her success at mathematical communication. 
I knew Cora Sadosky for almost my entire career. For me she was a friend, a 
colleague, and a role model. She was the paradigm of what a mathematician 
should be. She was always ready with friendly advice, with sympathy, with ideas, 
or whatever the situation called for. I always looked forward to seeing Cora at 
conferences or other gatherings. 
Cora’s mathematical interests were in harmonic analysis. She kept up with all 
the latest developments, and wrote about many aspects of harmonic analysis 
on Euclidean space. Her papers covered such diverse topics as singular inte- 
grals, moment problems, interpolation of operators Toeplitz operators, weighted 
norm inequalities, lifting theorems, HelsonSzego theorems, Hankel forms, matrix 
measures, functional analysis, operator theory, conservative systems, BMO, and 
scattering theory. Space prevents me from enumerating all the subjects that were 
in her arsenal. She was a talented and diverse mathematician with catholic interests. 
Cora will be missed by her friends in the American Mathematical Society and 
also by her colleagues in the Association for Women in Mathematics. Cora’s 
intense feelings for the role of women in mathematics were well known and much 
appreciated. She was a mentor for woman mathematicians and a role model for all. 
— Steven G. Krantz 
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Cora 


Maria Dolores (Lol6) Moran 


There are people that mark the lives of others, Cora definitely influenced mine. 

I met Cora in 1975. I had started a computer science major and she taught a pre- 
calculus course at the Facultad de Ciencias of the Universidad Central de Venezuela 
that I took. Each and every day to my delight, Cora assigned me a problem. At the 
end of the course, she said, “ I’m here for you, for math, whenever you want.” 

A year later, when I decided to change my major to Mathematics (it was not easy 
in my country), she helped me with all the bureaucracy. 

Cora also taught my first graduate course, Functional Analysis. She had a job 
offer in the US, that fulfilled my dream of working with the first mathematician, 
feminist I had ever met, my mentor. Anyhow, she gave me one of my favorites books, 
Reed-Simon’s Functional Analysis. Her continued generosity helped me also with 
my first publication. 

The last time I saw her was at the Albuquerque meeting in honor of Misha 
Cotlar, I recognized her weariness. She was about to retire, so she would see her 
granddaughter grow. 

Cora, Misha and Rodrigo were crazy southern analysts with a dream: a school of 
mathematics, they succeeded: Venezuela is now a reference in Operator Theory. 
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A Statement About Cora Sadosky 


Iam very happy to write a short note about Cora Sadosky. She was a close friend an 
excellent mathematician who did much to help women mathematicians. I met her 
often and discussed many topics Let me give you more information about us two. 

In the first semester of 1960,' I was invited to give a course at the University 
of Buenos Aires. During a very long period that included this date Argentina was 
“occupied by its own army.” It was badly governed sometimes brutally. There 
were a few brief reprieves, including this period in 1960, when there was a better 
rule There was a surprisingly good group of mathematicians associated with this 
university at this time, including A. P Calderon and Mischa Cotlar This group was 
heavily influenced by A. Zygmund Cora Sadosky was a graduate student in the 
class I taught. She was an excellent student and she and I became good friends 
during this course. The notes I wrote for this course were published in the series 
“Cursos y seminarios de matematica” Volume 9 “Analisis Armonico en Varias 
Variables, teoria de los Espacios H’” Alberto Calderon who had just accepted a 
position at the University of Chicago, worked in an area very close to this one and 
I encouraged Cora to pursue a PhD under his direction. At about the same time, I 
accepted a position at Washington University in St Louis. I visited the University of 
Chicago often and our friendship continued After completing her PhD, Cora made 
many attempts to find a position for herself and her husband, Daniel Goldstein, in 
Argentina. Unable to do that, Cora ultimately took a faculty position at Howard 
University in Washington D.C At that time I had to attend several committee 
meetings in Washington and reconnected with her. By then, we had established a 
long-lasting friendship which included not only mathematics, but long discussions 
about politics and the place of women in mathematics. She became a leading activist 
and presided the Association for Women in Mathematics from 1993 to 1995. By this 
time she exuded enormous energy, confidence and warmth I was one of her strongest 
supporters. 


August 28, 2015 


Guido L. Weiss 
Elinor Anheuser Professor 
of Mathematics 


‘Washington University in St. Louis, Campus Box 1146, One Brookings Drive, St. Louis, MO 
63130-4899 (314) 9356711, Fax: (314) 935-6839, Email: guido@math.wustl.edu. 
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Michael Wilson’s Remembrance 


I first met Cora in Montreal in 1987, at a workshop on weighted norm inequalities. 
Doug Kurtz had flown in. His luggage didn’t make it. 
After the 24 (or 48?) hour period passed and it still hadn’t arrived, he went out to 
get new luggage and clothes at the airline’s expense. A bunch of us traipsed along 
with him. 
“What is it with shopping?” Cora asked “I don’t understand this fascination with 
just... shopping.” 
“Me neither,” I said. “Except for books” 
“Oh, books!” she said “Completely different!” 
Clearly, she knew what was important. 

Mike Wilson 
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From left to right: Weissman, Cora, Manuel Sadosky, Rome 1948 
Photo Courtesy of Cora Sol Goldstein, photographer unknown 


Graduation Photo: Cora 
Sadosky, PhD University of 
Chicago, 1965 

Photo Courtesy of Cora Sol 
Goldstein, photographer 
unknown 
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From left to right: [unknown], Zygmund, Cora Sadosky, Chicago, 1981 
Photo Courtesy of Cora Sol Goldstein, photographer unknown 
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Group photo, taken in Caracas in January 1994, on the occasion of Mischa Cotlar’s 
conference celebrating his 80th birthday. 

Front row: Concepcioén Ballester (in a blue dress); to the right, Laurent Schwartz (in a black tie); 
Mischa Cotlar (with a black shirt and beige jacket); Cora Sadosky (in a black dress), her arm on 
Stefania Marcantognini’s shoulder. Behind Laurent Schwartz to the left is Steve Hoffman; behind 
Schwartz to the right, Eli Stein. Between Stein and Cotlar is Fernando Soria (with a beard). 

Photo reproduced with the kind permission of Ramon Bruzual 
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Attendees of the Cotlar Conference. 


1) Heana Iribarren, 2) Aline Bonami, 3) Zeljko Cuckovic 5) Concepcién Ballester 6) Laurent 
Schwartz 7) Mischa Cotlar 8) Stefania Marcantognini 9) Cora Sadosky 10) Damir Arov 11) Ilya 
Spitkovskiy 12) Israel Gohberg 13) Marisela Dominguez 14) Alfredo Octavio 16) Richard Gundy 
17) Gustavo Ponce 18) Wilfredo Urbina Romero 21) Dmitry Yakubovich 24) Vadim Adamjan 28) 
Gerardo Mendoza 29) James Rovnyak 34) Michael Dritschel 37) Steve Hoffman 40) Elias Stein 
44) Fernando Soria 56) Mario Milman 59) Javier Duoandikoetxea 63) Norberto Salinas 64) Victor 
Vinnikov 67) Vladimir Peller 70) Daniel Alpay 72) Nikolai Vasilevski 75) Gustavo Corach 76) 
Pedro Alegria 77) Victor Padrén 80) Lazaro Recht 81) Carlos Segovia 82) Ventura Echandia 84) 
José Andrés 87) Cristina Cerruti [unknown attendees unlisted] 
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1996 University of Chicago Conference in honor of Calixto Calderén’s 75" Birthday: Front 
row, seated (left to right): M. Christ, C. Sadosky, A.P. Calderon, M.A. Muschietti. First row, 
standing (left to right): C.E. Kenig, J. Alvarez Alonso, C. Gutierrez, E. Berkson, J. Neuwirth. 
Second row, standing (left to right): A. Torchinsky, J. Polking, S. Vagi, R.R. Reitano, E. Gatto, R. 
Seeley. 

(The editors would like to thank Carlos Kenig for help identifying most of the people appearing 
in the photo, to Mike Christ who help trying to identify the missing character, and pointed us in 
the direction of Cristian Gutierrez, who identified Reitano as well as Jerome Neuwirth. Thanks, 
Cristian!) Photo courtesy of Cora Sol Goldstein, photographer unknown 
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Family photo: From left to right, Daniel Goldstein, Cora Sol Goldstein & Cora Sadosky, on the 
day of Cora Sol’s PhD Graduation from University of Chicago in 2002. 

Photo reproduced with the kind permission of Thomas Johnson. Photo courtesy of Cora Sol 
Goldstein 
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The next generation: Cora Sadosky and her newborn granddaughter, Sasha Malena, in 2006. 
Photo reproduced with the kind permission of Thomas Johnson. Photo Courtesy of Cora Sol 
Goldstein 


Photo Courtesy of Cora Sol Goldstein, photographer unknown 
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Barry Mazur, Cathy O’Neil and Cora Sadosky: Cathy O’Neil being embraced and supported 
by Cora Sadosky on one side and Barry Mazur on the other. This picture was taken in 1993 in 
Vancouver, where O’Neil received the Alice T. Schafer prize. In O’Neil’s words, “It was a critical 
moment for me, and both of those people have influenced me profoundly. Barry became my thesis 
advisor; part of the reason I went into number theory was to become his student [. . .] Cora became 
my mathematical role model and spiritual mother. [...] Well, Cora, whom I met when I was 21, 
was the person that made me realize there is a community of women mathematicians, and that I 
was also welcome to that world.” Accessed June 29, 2011 at http://mathbabe.org/201 1/06/29/cora- 
sadosky/ 

Photo reproduced with the kind permission of Aaron Abrams (Photo courtesy of Cathy O’Neil) 


Author: George Bergman, Source: Archives of the Mathematishes Forchungsinstitute Oberwalfach 
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Mischa Cotlar, Cora 
Sadosky’s mentor and long 
time friend and collaborator. 
Author: Ramon Bruzual. 
Photo reproduced with the 
kind permission of Ramon 
Bruzual 


Part II 

Harmonic and Complex Analysis, 
Banach and Metric Spaces, and Partial 
Differential Equations 


Higher-Order Elliptic Equations in Non-Smooth 
Domains: a Partial Survey 


Ariel Barton and Svitlana Mayboroda 


Abstract Recent years have brought significant advances in the theory of higher- 
order elliptic equations in non-smooth domains. Sharp pointwise estimates on 
derivatives of polyharmonic functions in arbitrary domains were established, fol- 
lowed by the higher-order Wiener test. Certain boundary value problems for 
higher-order operators with variable non-smooth coefficients were addressed, both 
in divergence form and in composition form, the latter being adapted to the 
context of Lipschitz domains. These developments brought new estimates on the 
fundamental solutions and the Green function, allowing for the lack of smoothness 
of the boundary or of the coefficients of the equation. Building on our earlier 
account of history of the subject (published in Concrete operators, spectral theory, 
operators in harmonic analysis and approximation). Operator Theory: Advances 
and Applications, vol. 236, Birkhauser/Springer, Basel, 2014, pp. 53-93), this 
survey presents the current state of the art, emphasizing the most recent results and 
emerging open problems. 


1991 Mathematics Subject Classification: Primary 35-02; Secondary 35B50, 
35B65, 35J40, 35J55 


Introduction 


The theory of boundary value problems for second-order elliptic operators on 
Lipschitz domains is a well-developed subject. It has received a great deal of study in 
the past decades and while some important open questions remain, well-posedness 
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of the Dirichlet, Neumann, and regularity problems in LZ? and other function spaces 
has been extensively studied in the full generality of divergence-form operators 
— div AV with bounded measurable coefficients. 

The corresponding theory for elliptic equations of order greater than two is much 
less well developed. Such equations are common in physics and in engineering 
design, with applications ranging from standard models of elasticity [101] to 
cutting-edge research of Bose-Einstein condensation in graphene and similar 
materials [124]. They naturally appear in many areas of mathematics too, including 
conformal geometry (Paneitz operator and Q-curvature [30, 31]), free boundary 
problems [1], and nonlinear elasticity [9, 32, 133]. 

It was realized very early in the study of higher-order equations that most of the 
methods developed for the second-order scenario break down. Further investigation 
brought challenging hypotheses and surprising counterexamples, and few general 
positive results. For instance, Hadamard’s 1908 conjecture regarding positivity of 
the biharmonic Green function [56] was actually refuted in 1949 (see [46, 54, 127]), 
and later on the weak maximum principle was proved to fail as well, at least in high 
dimensions [96, 119]. Another curious feature is a paradox of passage to the limit 
for solutions under approximation of a smooth domain by polygons [19, 92]. 

For the sake of concreteness, we will mention that the prototypical example of 
a higher-order elliptic operator, well known from the theory of elasticity, is the 
bilaplacian A? = A(A); a more general example is the polyharmonic operator A”, 
m > 2. The biharmonic problem in a domain Q C R” with Dirichlet boundary data 
consists, roughly speaking, of finding a function u such that for given /, g, h, 


A*u = hin Q, Ula =f, dU a6 = §; (1) 


subject to appropriate estimates on u in terms of the data. To make it precise, as 
usual, one needs to properly interpret restriction of solution to the boundary u| 96) 
and its normal derivative d,u|,.., as well as specify the desired estimates. 

This survey concentrates on three directions in the study of the higher-order 
elliptic problems. First, we discuss the fundamental a priori estimates on solutions 
to biharmonic and other higher-order differential equations in arbitrary bounded 
domains. For the Laplacian, these properties are described by the maximum 
principle and by the 1924 Wiener criterion. The case of the polyharmonic operator 
has been only settled in 2014-2015 [83, 84], and is one of the main subjects 
of the present review. Then we turn to the known well-posedness results for 
higher-order boundary problems on Lipschitz domains with data in L’, still largely 
restricted to the constant-coefficient operators and, in particular, to the polyharmonic 
case. Finally, we present some advancements of the past several years in the 
theory of variable-coefficient higher-order equations. In contrast to the second- 
order operators, here the discussion splits according to several forms of underlying 
operators. Let us now outline some details. 
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On smooth domains the study of higher-order differential equations went hand- 
in-hand with the second-order theory; in particular, the weak maximum principle 
was established in 1960 ([6]; see also [102, 103]). Roughly speaking, for a solution 
u to the equation Lu = 0 in Q, where L is a differential operator of order 2m and 
(2 Cc R" is smooth, the maximum principle guarantees 


max ||d%ul|;oo() < Cmax ||A*ul| cog), (2) 
|a|<m-1 [Blsm-1 


with the usual convention that the zeroth-order derivative of u is simply uw itself. 
For the Laplacian (m = 1), this formula is a slightly weakened formulation of the 
maximum principle. In striking contrast with the case of harmonic functions, the 
maximum principle for an elliptic operator of order 2m > 4 may fail, even in a 
Lipschitz domain. To be precise, in general, the derivatives of order (m — 1) of 
a solution to an elliptic equation of order 2m need not be bounded. However, in 
the special case of three dimensions, (2) was proven for the m-Laplacian (— A)” in 
domains with Lipschitz boundary ({117, 119]; see also [38, 116, 128, 130] for related 
work), and, by different methods, in three-dimensional domains diffeomorphic to a 
polyhedron [72, 96]. 

Quite recently, in 2014, the boundedness of the (m — 1)st derivatives of a 
solution to the polyharmonic equation (—A)”u = 0 was established in arbitrary 
three-dimensional domains [84]. Moreover, the authors derived sharp bounds on 
the k-th derivatives of solutions in higher dimensions, with &k strictly less than 
m — 1 when the dimension is bigger than 3. These results were accompanied by 
pointwise estimates on the polyharmonic Green function, also optimal in the class 
of arbitrary domains. Furthermore, introducing the new notion of polyharmonic 
capacity, in [83] the authors established an analogue of the Wiener test. In parallel 
with the celebrated 1924 Wiener criterion for the Laplacian, the higher-order Wiener 
test describes necessary and sufficient capacitory conditions on the geometry of 
the domain corresponding to continuity of the derivatives of the solutions. Some 
earlier results were also available for boundedness and continuity of the solutions 
themselves (see, e.g., [86, 88, 90]). 

We shall extensively describe all these developments and their historical context 
in section “Boundedness and Continuity of Derivatives of Solutions.” 

Going further, in sections “Boundary Value Problems with Constant Coeffi- 
cients” and “Boundary Value Problems with Variable Coefficients” we consider 
boundary value problems in irregular media. Irregularity can manifest itself through 
lack of smoothness of the boundary of the domain and/or lack of smoothness of 
the coefficients of the underlying equation. Section “Boundary Value Problems 
with Constant Coefficients” largely concentrates on constant-coefficient higher- 
order operators, in particular, the polyharmonic equation, in domains with Lipschitz 
boundaries. Large parts of this section are taken verbatim from our earlier survey 
[24]; we have added some recent results of I. Mitrea and M. Mitrea. We have chosen 
to keep our description of the older results, for completeness, and also to provide 
background and motivation for study of the boundary problems for operators 
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with variable coefficients—the subject of section “Boundary Value Problems with 
Variable Coefficients.” 
The simplest example is the L?-Dirichlet problem for the bilaplacian 


Au=0 inQ, =feWw (dQ), dul, = g € LP(aQ), (3) 
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in which case the expected sharp estimate on the solution is 


INV) |I>aay < Cll Vf lla) + Cllalle~ay: (4) 


where N denotes the nontangential maximal function and we (dQ) is the Sobolev 
space of functions with one tangential derivative in L’ (cf. section “Higher-Order 
Operators: Divergence Form and Composition Form” for precise definitions). In 
sections “The Dirichlet Problem: Definitions, Layer Potentials, and Some Well— 
Posedness Results’”—“The Maximum Principle in Lipschitz Domains” we discuss (3) 
and (4), and more general higher-order homogeneous Dirichlet and regularity 
“Boundary Value Problems with Constant Coefficients” with boundary data in L?. 
Section “Biharmonic Functions in Convex Domains” describes the specific case of 
convex domains. The Neumann problem for the bilaplacian is addressed in section 
“The Neumann Problem for the Biharmonic Equation.” In section “Inhomogeneous 
Problems for the Biharmonic Equation,” we discuss inhomogeneous boundary value 
problems (such as problem (1), with h # 0); for such problems it is natural to 
consider boundary data f, g in Besov spaces, which, in a sense, are intermediate 
between those with Dirichlet and regularity data. 

Finally, in section “Boundary Value Problems with Variable Coefficients” we 
discuss higher-order operators with non-smooth coefficients. The results are still 
very scarce, but the developments of past several years promise to lay a foundation 
for a general theory. 

To begin, let us mention that contrary to the second-order scenario, there 
are several natural generalizations of higher-order differential equations to the 
variable-coefficient context. Recall that the prototypical higher-order operator is 
the biharmonic operator A’; there are two natural ways of writing the biharmonic 
operator, either as a composition A?u = A(Au) or in higher-order divergence form 


Au = > >. 0j0.(0j0,u) = ~ oor, 


j=l k=l |a|=2 


If we regard A? as a composition of two copies of the Laplacian, then one 
generalization to variable coefficients is to replace each copy by a more general 
second-order variable-coefficient operator L) = — div AV for some matrix A; this 
yields operators in composition form 


Lu(X) = div B(X)V(a(X) div A(X)Vu(X)) (5) 


Higher-Order Elliptic Equations 59 


for some scalar-valued function a and two matrices A and B. Conversely, if we 
regard A? as a divergence-form operator, we may generalize to a variable-coefficient 
operator in divergence form 


Lu(X) = (-1)" divm AQQV™U(X) = (-1)" — S> (aug (X)0u(X)). 6) 


|o|=|Bl=m 


Both classes of operators will be defined more precisely in section “Higher-Order 
Operators: Divergence Form and Composition Form’; we will see that the composi- 
tion form is closely connected to changes of variables, while operators in divergence 
form are directly associated with positive bilinear forms. 

Sections “The Kato Problem and the Riesz Transforms” and “The Dirichlet Prob- 
lem for Operators in Divergence Form” discuss higher-order operators in divergence 
form (6): these sections discuss, respectively, the Kato problem and the known 
well-posedness results for higher-order operators, all of which at present require 
boundary data in fractional smoothness spaces (cf. section “Inhomogeneous Prob- 
lems for the Biharmonic Equation”). Section “The Dirichlet Problem for Operators 
in Composition Form” addresses well-posedness of the Dirichlet boundary value 
problem for a fourth-order operator in a composition form (5) with data in L’, p = 2, 
in particular, generalizing the corresponding results for the biharmonic problem (3). 
To date, this is the only result addressing well-posedness with L’? boundary data 
for higher-order elliptic operators with bounded measurable coefficients, and its 
extensions to more general operators, other values of p, and other types of boundary 
data are still open. Returning to divergence-form operators (6), one is bound to 
start with the very foundations of the theory—the estimates on the fundamental 
solutions. This is a subject of section “The Fundamental Solution,” and the emerging 
results are new even in the second-order case. Having those at hand, and relying on 
the Kato problem solution [16], we plan to pass to the study of the corresponding 
layer potentials and eventually, to the well-posedness of boundary value problems 
with data in L’. In this context, an interesting new challenge, unparalleled in the 
second-order case, is a proper definition of “natural” Neumann boundary data. For 
higher-order equations the choice of Neumann data is not unique. Depending on 
peculiarities of the Neumann operator, one can be led to well-posed and ill-posed 
problems even for the bilaplacian, and more general operators give rise to new 
issues related to the coercivity of the underlying form. We extensively discuss these 
issues in the body of the paper and present a certain functional analytic approach to 
definitions in section “Formulation of Neumann Boundary Data.” Finally, section 
“Open Questions and Preliminary Results” lays out open questions and some 
preliminary results. 

To finish the introduction, let us point out a few directions of analysis of 
higher-order operators on non-smooth domains not covered in this survey. First, 
an excellent expository paper [89] by Vladimir Maz’ya on the topic of the Wiener 
criterion and pointwise estimates details the state of the art near the end of the 
previous century and provides a considerably more extended discussion of the 
questions we raised in section “Boundedness and Continuity of Derivatives of 
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Solutions,’ surrounding results and open problems. Here, we have concentrated 
on recent developments for the polyharmonic equation and their historical context. 
Secondly, we do not touch upon the methods and results of the part of elliptic theory 
studying the behavior of solutions in the domains with isolated singularities, conical 
points, cuspidal points, etc. For a good first exposure to that theory, one can consult, 
e.g., [72] and references therein. Instead, we have intentionally concentrated on 
the case of Lipschitz domains, which can display accumulating singularities—a 
feature drastically affecting both the available techniques and the actual properties 
of solutions. 


Higher-Order Operators: Divergence Form 
and Composition Form 


AS we pointed out in the introduction, the prototypical higher-order elliptic equation 
is the biharmonic equation A?u = 0, or, more generally, the polyharmonic equation 
A™u = 0 for some integer m > 2. It naturally arises in numerous applications in 
physics and in engineering, and in mathematics it is a basic model for a higher-order 
partial differential equation. For second-order differential equations, the natural 
generalization of the Laplacian is a divergence-form elliptic operator. However, 
it turns out that even defining a suitable general higher-order elliptic operator 
with variable coefficients is already a challenging problem with multiple different 
solutions, each of them important in its own right. 

Recall that there are two important features possessed by the polyharmonic 
operator. First, it is a “divergence form” operator in the sense that there is an 
associated positive bilinear form, and this positive bilinear form can be used in a 
number of ways; in particular, it allows us to define weak solutions in appropriate 
Sobolev space. Secondly, it is a “composition operator,’ that is, it is defined 
by composition of several copies of the Laplacian. Moreover, if one considers 
the differential equation obtained from the polyharmonic equation by change of 
variables, the result would again be a composition of second-order operators. Hence, 
both generalizations are interesting and important for applications, albeit leading to 
different higher-order differential equations. 

Let us discuss the details. To start, a general constant-coefficient elliptic operator 
is defined as follows. 


Definition 2.1. Let L be an operator acting on functions u : R” + C°. Suppose 
that we may write 


£ 
i;=>> > dali uy (7) 


k=1 |a|=|B|=m 
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for some coefficients ds defined for all 1 < j,k < €, and all multiindices a, 6 
of length n with |a| = “ip | = m. Then we say that L is a differential operator of 
order 2m. 

Suppose the coefficients a ap are constant and satisfy the Legendre-Hadamard 
ellipticity condition 


£ 
Rey SD) ahereh ee > AlEPmel? (8) 


j.k=1 a|=|6|=m 


for all € € R” and all € € C°, where A > 0 is a real constant. Then we say that L is 
an elliptic operator of order 2m. 

If £ = 1, we say that L is a scalar operator and refer to the equation Lu = 0 as 
an elliptic equation; if £ > 1, we refer to Lu = 0 as an elliptic system. If ak = ii, 
then we say the operator L is symmetric. If di B is real for all a, 6, j, and k, we say 
that L has real coefficients. 


Here if @ is a multiindex of length n, then 0% = df! ... 0%". 
Now let us discuss the case of variable Soaificients: A divergence-form higher- 
order elliptic operator is given by 


£ 
(Li(X) = > S> a8 (ai, (X) 0? u(X)). (9) 


k=1 |a|=|B|=m 


If the coefficients aig : R”’ —> Care sufficiently smooth, we may rewrite (9) in 
nondivergence form 


£ 
(Lu)(X) = S> S> abk(X)d% U(X). (10) 


k=1 |a|<2m 


This form is particularly convenient when we allow equations with lower-order 
terms [note their appearance in (10)]. 

A simple criterion for ellipticity of the operators L of (10) is the condition that (8) 
holds with a g teplaced by aii (X) for any X € R", that is, that 


L 
Re Y) Do ah xyes = MEP "EL? (11) 


JK=1 |a|=2m 


for any fixed X € R” and for all € € R", € € C?. This means in particular that 
ellipticity is only a property of the highest-order terms of (10); the value of a , for 
|a| < m, is not considered. 
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Returning to divergence-form operators (9), notice that in this case we have a 
notion of weak solution; we say that Lu = h weakly if 


> fan = > re 1" f areal OP ug (12) 


|e|=|Bl|=mjk=1 


for any function gy : Q +> C° smooth and compactly supported. The right-hand 
side (gy, Lu) may be regarded as a bilinear form A[g, uJ]. If L satisfies the ellipticity 
condition (11), then this bilinear form is positive definite. A more general ellipticity 
condition available in the divergence case is simply that (yg, Lg) > AV" ell. for 
all appropriate test functions g (see formula (108) below); this condition is precisely 
that the form A[g, u] be positive definite. 

As mentioned above, there is another important form of higher-order operators. 
Observe that second-order divergence-form equations arise from a change of 
variables as follows. If Au = h, and u = uo p for some change of variables p, 
then 


adivAVi = h, 


where a(X) is a real number and A(X) is a real symmetric matrix (both depending 
only on p; see Fig. 1). In particular, if u is harmonic, then u satisfies the divergence- 
form equation 


S> d (dap(X) 0°iu(X)) = 0 
|a|=|8|=1 


and so the study of divergence-form equations in simple domains (such as the upper 
half-space) encompasses the study of harmonic functions in more complicated, not 
necessarily smooth, domains (such as the domain above a Lipschitz graph). 


- 


Au=h : : 
| Jp| div Fy a J, )Vi 


Fig. 1 The behavior of Laplace’s equation after change of variables. Here u = u 0 p and J, is the 
Jacobean matrix for the change of variables p 
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If A?u = 0, however, then after a change of variables # does not satisfy a 
divergence-form equation [that is, an equation of the form (9)]. Instead, u satisfies 
an equation of the following composition form: 


divAV(adivAViu) = 0. (13) 


In section “The Dirichlet Problem for Operators in Composition Form” we shall 
discuss some new results pertaining to such operators. 

Finally, let us mention that throughout we let C and ¢ denote positive constants 
whose value may change from line to line. We let f denote the average integral, that 
is, de fd = ri iF pf dt. The only measures we will consider are the Lebesgue 
measure dX (on R” or on domains in R”) or the surface measure do (on the 
boundaries of domains). 


Boundedness and Continuity of Derivatives of Solutions 


Miranda-Agmon Maximum Principle and Related Geometric 
restrictions on the boundary 


The maximum principle for harmonic functions is one of the fundamental results 
in the theory of elliptic equations. It holds in arbitrary domains and guarantees that 
every solution to the Dirichlet problem for the Laplace equation, with bounded data, 
is bounded. Moreover, it remains valid for all second-order divergence-form elliptic 
equations with real coefficients. 

In the case of equations of higher order, the maximum principle has been 
established only in relatively nice domains. It was proven to hold for operators 
with smooth coefficients in smooth domains of dimension two in [102, 103], and of 
arbitrary dimension in [6]. In the early 1990s, it was extended to three-dimensional 
domains diffeomorphic to a polyhedron [72, 96] or having a Lipschitz boundary 
[117, 119]. However, in general domains, no direct analog of the maximum principle 
exist (see Problem 4.3, p. 275, in Neéas’s book [113]). The increase of the order 
leads to the failure of the methods which work for second-order equations, and the 
properties of the solutions themselves become more involved. 

To be more specific, the following theorem was proved by Agmon. 


Theorem 3.1 ([6, Theorem 1]). Let m > 1 be an integer. Suppose that Q is domain 
with C2" boundary. Let 


L= So ag(x)a" 


|a|<2m 
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be a scalar operator of order 2m, where dy € C'*|(Q). Suppose that L is elliptic in 
the sense of (11). Suppose further that solutions to the Dirichlet problem for L are 
unique. 

Then, for every u € C™!(Q) N C?"(Q) that satisfies Lu = 0 in Q, we have 


max ||8%ullco,o, < C max |[dF ull,cocy. 14 
heey lea S \Bl<m—I ||" wll (aa) (14) 


We remark that the requirement that the Dirichlet problem have unique solutions 
is not automatically satisfied for elliptic equations with lower-order terms; for 
example, if A is an eigenvalue of the Laplacian, then solutions to the Dirichlet 
problem for Au — Au are not unique. 

Equation (14) is called the Agmon—Miranda maximum principle. In [123], Sul’ ce 
generalized this to systems of the form (10), elliptic in the sense of (11), that satisfy 
a positivity condition (strong enough to imply Agmon’s requirement that solutions 
to the Dirichlet problem be unique). 

Thus the Agmon—Miranda maximum principle holds for sufficiently smooth 
operators and domains. Moreover, for some operators, the maximum principle is 
valid even in domains with Lipschitz boundary, provided the dimension is small 
enough. We postpone a more detailed discussion of the Lipschitz case to section 
“The Maximum Principle in Lipschitz Domains”; here we simply state the main 
results. In [117, 119], Pipher and Verchota showed that the maximum principle 
holds for the biharmonic operator A?, and more generally for the polyharmonic 
operator A”, in bounded Lipschitz domains in R? or R?. In [140, Sect. 8], Verchota 
extended this to symmetric, strongly elliptic systems with real constant coefficients 
in three-dimensional Lipschitz domains. 

For Laplace’s equation and more general second-order elliptic operators, the 
maximum principle continues to hold in arbitrary bounded domains. In contrast, 
the maximum principle for higher-order operators in rough domains generally fails. 

In [98], Maz’ ya et al. studied the Dirichlet problem (with zero boundary data) for 
constant-coefficient elliptic systems in cones. Counterexamples to (14) for systems 
of order 2m in dimension n > 2m + 1 immediately follow from their results. 
(See [98, formulas (1.3), (1.18), and (1.28)].) Furthermore, Pipher and Verchota 
constructed counterexamples to (14) for the biharmonic operator A? in dimension 
n = 4in[116, Sect. 10], and for the polyharmonic equation A’”u = 0 in dimension 
n,4<n < 2m-+ 1,in[119, Theorem 2.1]. Independently Maz’ ya and Rossmann 
showed that (14) fails in the exterior of a sufficiently thin cone in dimension n, 
n => 4, where L is any constant-coefficient elliptic scalar operator of order 2m > 4 
(without lower-order terms). See [97, Theorem 8 and Remark 3]. 

Moreover, with the exception of [97, Theorem 8], the aforementioned counterex- 
amples actually provide a stronger negative result than simply the failure of the 
maximum principle: they show that the left-hand side of (14) may be infinite even if 
the data of the elliptic problem is as nice as possible, that is, smooth and compactly 
supported. 
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The counterexamples, however, pertain to high dimensions. This phenomenon 
raises two fundamental questions: whether the boundedness of the (m — 1)st 
derivatives remains valid in dimensions n < 3, and whether there are some other, 
possibly lower-order, estimates that characterize the solutions when n > 4. This 
issue has been completely settled in [82, 84] for the polyharmonic equation in 
arbitrary domains. 


Sharp Pointwise Estimates on the Derivatives of Solutions 
in Arbitrary Domains 


The main results addressing pointwise bounds for solutions to the polyharmonic 
equation in arbitrary domains are as follows. 


Theorem 3.2 ({84]). Let Q be a bounded domain in R", 2 < n < 2m + 1, and 


(-Ay"u=finQ, fece(Q), we W? 


m 


(92). (5) 
Then the solution to the boundary value problem (15) satisfies 


vn/2+1/2y € L(Q) when n is odd, V"™"/2u € L®(Q) when n is even. 
(16) 


In particular, 
V" ln € L©(Q) whenn = 2,3. (17) 


Here the space W2(Q) is, as usual, a completion of C§° (<2) in the norm given by 


lll g2(0) — Vu] 22a): We note that W2(Q) embeds into CK(Q) only when k is 
strictly smaller than m — a? n < 2m. Thus, whether the dimension is even or odd, 
Theorem 3.2 gains one derivative over the outcome of Sobolev embedding. 

The results of Theorem 3.2 are sharp, in the sense that the solutions do not exhibit 
higher smoothness than warranted by (16)-(17) in general domains. Indeed, assume 
that n € [3,2m + 1] NN is odd and let Q C R” be the punctured unit ball B, \ {O}, 
where B, = {x € R”: |x| <r}. Consider a function 7 € C>°(B1/2) such that n = 1 
on By /4. Then let 


u(x) = n(x) ar 22x"), x By \ {0}, (18) 


where 0, stands for a derivative in the direction of x; for some i = 1,...,n. It is 
straightforward to check that u € W2(Q) and (—A)"u € CS°(Q). While Vr sy 


is bounded, the derivatives of order m — 3 + ; are not, and moreover, V"~2+2u 
is not continuous at the origin. Therefore, the estimates (16)-(17) are optimal in 
general domains. 
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As for the case when n is even, the results in [72, Sect. 10.4] demonstrate that in 
the exterior of a ray there is an m-harmonic function behaving as [xm 342, Thus, 
upon truncation by the aforementioned cut-off 7, one obtains a solution to (15) in 
Bi \{x1 = 0,...,%n-1 = 0,0 < Xn < 1}, whose derivatives of order m—5+ 1 are not 
bounded. More delicate examples can be obtained from our results for the Wiener 
test to be discussed in section “The Wiener Test: Continuity of Solutions.’ Those 
show that the derivatives of order m— 5 need not be continuous in even dimensions. 
Therefore, in even dimensions (16) is a sharp property as well. 

It is worth noting that the results above address also boundedness of solutions 
(rather than their derivatives) corresponding to the case when m— 5 + 5 = 0 in odd 
dimensions, or, respectively, m — > = 0 in the even case. In this respect, we would 
also like to mention higher dimensional results following from the Green function 
estimates in [89]. As will be discussed in the next section, one can show that, in 
addition to our results above, if  C R” is bounded for n < 2m + 2, and if uisa 
solution to the polyharmonic equation (15), then wu € L°(). This result also holds 
if Q C R’ andm = 2. 

If Q Cc R" is bounded and n > 2m + 3, or if m = 2 and n > 8, then the question 
of whether solutions u to (15) are bounded is open. In particular, it is not known 


whether solutions u to 
u=hinQ, ue W2(Q) 


are bounded if 2 C R” forn > 8. However, there exist another fourth-order operator 
whose solutions are not bounded in higher dimensional domains. In [93], Maz’ya 
and Nazarov showed that if n > 8 and if a > 0 is large enough, then there exists an 
open cone K C R" and a function h € CS°(K \ {0}) such that the solution u to 


A?u+adtu=hinK, ue W2(K) (19) 


is unbounded near the origin. 


Green Function Estimates 


Theorem 3.2 has several quantitative manifestations, providing specific estimates 
on the solutions to (15). Most importantly, the authors established sharp pointwise 
estimates on Green’s function of the polyharmonic operator and its derivatives, once 
again without any restrictions on the geometry of the domain. 

To start, let us recall the definition of the fundamental solution for the polyhar- 
monic equation (see, e.g., [10]). A fundamental solution for the m-Laplacian is a 
linear combination of the characteristic singular solution (defined below) and any 
m-harmonic function in R”. The characteristic singular solution is 
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Cals. if n is odd, or if n is even with n > 2m + 2, (20) 
Cin.n|x/?"—" log |x|, if n is even with n < 2m. (21) 


The exact expressions for constants C,,,, can be found in [10], p. 8. Hereafter we 
will use the fundamental solution given by 


|x/2"—", if nis odd, 


P(x) = Cnn 4 |x|?" log S2@2 if n is even and n < 2m, (22) 


Il? 


|x/""—", if nis even andn > 2m + 2. 


As is customary, we denote the Green’s function for the polyharmonic equation 
by G(x, y), x, y € Q, and its regular part by S(x,y), that is, S(x,y) = G(x, y) — 
I'(x — y). By definition, for every fixed y € Q the function G(-, y) satisfies 


(—A,)”"G(x, y) = 6(x—y), xEQ, (23) 


in the space W2(Q). Here A, stands for the Laplacian in the x variable. Similarly, 
we use the notation A,, V,, V, for the Laplacian and gradient in y, and gradient in 
x, respectively. By d(x) we denote the distance from x € Q to dQ. 


Theorem 3.3. Let Q C R" be an arbitrary bounded domain, m € N,n € [2,2m + 
1] NN, and let 


m—n/2+1/2  whenn is odd, 
A= (24) 


m—n/2 when n is even. 


Fix any number N = 25. Then there exist a constant C depending only on m, n, N 
such that for every x,y € Q the following estimates hold. 
TIfn € [3,2m + 1] NN is odd, then 


dy 


igi ee! 72 
IV. ViG(, y)| = C |x _ y|Ate—2mti 2 


when |x—y|>Ndiy), O<ij <A, 


and 


a d A-i 
(26) 
Next, 
|ViVIG@x,y)| < (27) 


|x —_ ylaamtit i : 
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when |x —y| < N~! max{d(x),d(y)}, andi+j => 2m—n, 0 < i,j < m—n/24+ 1/2, 
and 


|ViV/G(x,y)| < Cmin{d(x), dQ)", (28) 


when |x —y| < N~! max{d(x), d(y)}, andi+j < 2m—n, 0 < i,j < m—n/24+ 1/2. 
Finally, 


Cc 
min{d(x), d(y), |x — y[$e-2m tii 


C 
~ max{d(x), d(y), |x — y[je-2m tA 


[ViViG(x.y)| < (29) 


when N! d(x) < |x —y| < Nd(x) and N d(y) < |x—y| < NdQ), 0 < i,j <4. 
Furthermore, if n € [3,2m + 1] NN is odd, the estimates on the regular part of 
the Green function S are as follows: 


a Cc 
[V,ViS@—y)| < [x — yomtiti when |x — y| = Nmin{d(x),d(y)}, O<ij <4. 
) x—y 
(30) 
Next, 
_ C 
IV, ViS(x, y)| < (1) 


max{d(x), d(y)}r-2mt iti , 


when |x —y| < N~! max{d(x), d(y)}, andi+j => 2m—n, 0 < i,j < m—n/2+4+ 1/2, 
and 


|V.VjS(x,y)| < Cmin{d(a), dy", (32) 


when |x —y| < N~! max{d(x), d(y)}, andi+j < 2m—n, 0 < i,j < m—n/24+ 1/2. 
Finally, 


a3 C 
V'VS(x, < sj 
| xy (x y)| = min{d(x), d(y), |x — y|}e-2mtiti 


C 
~ max{d(x), d(y), |x — y|}P2m ti” 


(33) 


when N~! d(x) < |x — y| < Nd(x) and N“'d(y) < |x—y| < NdWy), 0 < ij < 
m—n/2+ 1/2. 
Ifn € [2, 2m] ON is even, then (25)-(26) and (29) are valid with 4 = m— +, and 


min{d(x), oon) (34) 


|ViV/G(x, y)] < Cmin{d(x), dQ) yr" 7 G he = 
) x—y 


when |x — y| < N~! max{d(x), d(y)} and 0 < i,j < m—n/2. 
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Furthermore, if n € [2,2m] 1 N is even, the estimates on the regular part of the 
Green function S are as follows: 


(35) 


‘fon i, di Q 
[Vivis(e—y)] < Clx— yl ete (c + log —) 


Ix —y| 
when |x — y| > Nmin{d(x),d(y)}, 0 < i,j < m—n/2. Next, 
[V.V/S(x, y)| < Cmin{d(x), dy)" "7 (c + log ean) , (36) 
max{d(x), d(y)} 
when |x — y| < N~! max{d(x), d(y)}, 0 < i,j < m—n/2. Finally, 


|ViV/S(x,y)| < Cminfd(x), dy), |x — yl" x 


x (C' +10 Say, (37) 
© max{d(x), dQ), le — yy" 


when N7! d(x) < |x — y| < Nd(x) and N~'d(y) < |x —y| < Nd(y), 0 < i, 
j<m-—n/2. 
We would like to highlight the most important case of the estimates above, 


pertaining to the highest-order derivatives. 


Corollary 3.4. Let Q C R” be an arbitrary bounded domain. Ifn € [3, 2m+1]NN 
is odd, then for all x, y € Q, 


m—24+1 oo m—t+t C 
Vx 2 2V Dh 2: G : _T _ 2 . a 
y (Gi, y) (x »»| ~ max{d(x), d(y), |x — y|} (38) 
and, in particular, 
m—2 +1 m—t+l C 
y: 2+ 2y etn) ae (39) 
Ix—yI 


Ifn € [2,2m] NN is even, then for all x, y € Q, 


vi tvs" #(G@,9) -P@—-y)| 


<Cl (1+ a ) (40) 
=% t08 max{d(x), d(y), |x —y|} J’ 


and 


n 
m 3 


v" Vy" ?G@, 9) < Clog (1 4 


as (41) 


|x — y| 
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The constant C in (38)-(41) depends on m and n only. In particular, it does not 
depend on the size or the geometry of the domain Q. 


We mention that the pointwise bounds on the absolute value of Green’s function 
itself have been treated previously in dimensions 2m + | and 2m + 2 for m > 2 and 
dimensions 5, 6,7 for m = 2 in [89, Sect. 10] (see also [86]). In particular, in [89, 
Sect. 10], Maz’ ya showed that the Green’s function G,,(x, y) for A” in an arbitrary 
bounded domain Q C R" satisfies 


C(n) 


Gin (x, y)| = \. yn—2m (2) 
|x—y| 


ifn = 2m+ 1 orn = 2m+ 2. If m = 2, then (42) also holds in dimension n = 7 = 
2m -+ 3 (cf. [86]). Whether (42) holds in dimension n > 8 (form = 2) orn > 2m+3 
(for m > 2) is an open problem; see [89, Problem 2]. Also, similarly to the case of 
general solutions discussed above, there exist results for Green functions in smooth 
domains [44, 73, 134, 135], in conical domains [72, 94], and in polyhedra [96]. 

Furthermore, using standard techniques, the Green’s function estimates can be 
employed to establish the bounds on the solution to (15) for general classes of data 
f, such as L? for a certain range of p, Lorentz spaces, etc. A sample statement to this 
effect is as follows. 


Proposition 3.5. Let Q C R" be an arbitrary bounded domain, m € N,n € 
[2,2m + 1] NN, and let i retain the significance of (24). Consider the boundary 
value problem 


(-AY"u = \* cafe, ue W2(Q). (43) 


Ja|<A 


Then the solution satisfies the following estimates. 
TIfn € [3,2m + 1] NN is odd, then for all x € Q, 


- d(yy™—3+27Ial 
vu Can Sf old, 
|a|<m— B45 


whenever the integrals on the right-hand side of (44) are finite. In particular, 


a pl 
|v" 2+2 ul| ,00(Q) 


n 


<Cnaa > Idyll), p>——. (45) 


la|<m—5+ 5 ! 


provided that the norms on the right-hand side of (45) are finite. 
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TIfn € [2,2m] NN is even, then for all x € Q, 
|v" u(a)| 


ote. y A d(yy 24! bog (1+ 2) lfa(y)| dy, (46) 


a|<m— 
whenever the integrals on the right-hand side of (46) are finite. In particular, 


VF alley < Cnn Yd, ld"? "Falla, p> 1, (47) 


la|<m—$ 


provided that the norms on the right-hand side of (47) are finite. 
The constants Cy» above depend on m and n only, while the constants denoted 
by Cnn. depend on m, n, and the diameter of the domain Q. 


By the same token, if (42) holds, then solutions to (15) satisfy 
Ile llzco(ay < C(m,n, p) diam(2)?"""? If Il pay 


provided p > n/2m (see, e.g., [89, Sect. 2]). Thus, e.g., if Q C R” is bounded for 
n = 2m+2, and if u satisfies (15) for a reasonably nice function f, then u € L®(Q2). 
This result also holds if Q C R’ and m = 2. This complements the results in 
Theorem 3.2, as discussed in section “Sharp Pointwise Estimates on the Derivatives 
of Solutions in Arbitrary Domains.” 

To conclude our discussion of Green’s functions, we mention two results from 
[106]; these results are restricted to relatively well-behaved domains. In [106], 
D. Mitrea and I. Mitrea showed that, if Q is a bounded Lipschitz domain in R?, 
and G denotes the Green’s function for the bilaplacian A2, then the estimates 


V?G(x, -) € (Q),  dist(-, 82)-* VG(x, -) € L/* 


hold, uniformly in x € Q, for allO <a@ <1. 

Moreover, they considered more general elliptic systems. Suppose that L is an 
arbitrary elliptic operator of order 2m with constant coefficients, as defined by 
Definition 2.1, and that G denotes the Green’s function for L. Suppose that Q C R", 
for n > m, is a Lipschitz domain, and that the unit outward normal v to Q lies in the 
Sarason space VMO(0Q) of functions of vanishing mean oscillations on dQ. Then 
the estimates 


V"G(x, -) € Limm(Q), (48) 
dist(-, 92)~*V""!G(x, +) € LT (QQ) 


hold, uniformly in x € Q, for anyO <a <1. 
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The Wiener Test: Continuity of Solutions 


In this section, we discuss conditions that ensure that solutions (or appropriate 
gradients of solutions) are continuous up to the boundary. These conditions parallel 
the famous result of Wiener, who in 1924 formulated a criterion that ensured 
continuity of harmonic functions at boundary points [143]. Wiener’s criterion 
has been extended to a variety of second-order elliptic and parabolic equations 
([3, 41, 47, 50, 51, 74, 76, 78, 137]; see also the review papers [2, 87]). However, 
as with the maximum principle, extending this criterion to higher-order elliptic 
equations is a subtle matter, and many open questions remain. 

We begin by stating the classical Wiener criterion for the Laplacian. If Q C R” 
is adomain and Q € 0Q, then Q is called regular for the Laplacian if every solution 
u to 


Au=hinQ, we W(Q) 


for h € C9°(Q) satisfies limy_,g u(X) = 0. According to Wiener’s theorem [143], 
the boundary point Q € dQ is regular if and only if the equation 


1 
[ rsB@I\ 2s!" as = 00 (49) 
0 
holds, where 
cap,(K) = inf Ill72 + || Vullzoqny : 4 € CH (R"), w > Lon Kt. (50) 


For example, suppose Q satisfies the exterior cone condition at Q. That is, 
suppose there is some open cone K with vertex at Q and some ¢ > O such that 
KN B(Q,e) C Q°. It is elementary to show that cap,(B(Q, s) \ 2) > C(K)s”"~? 
for all 0 < s < e, and so (49) holds and @Q is regular. Regularity of such points 
was known prior to Wiener (see [75, 120, 144]) and provided inspiration for the 
formulation of the Wiener test. 

By [76], if L = —div AV is a second-order divergence-form operator, where the 
matrix A(X) is bounded, measurable, real, symmetric, and elliptic, then Q € dQ is 
regular for L if and only if Q and Q satisfy (49). In other words, Q € dQ is regular 
for the Laplacian if and only if it is regular for all such operators. Similar results 
hold for some other classes of second-order equations; see, for example, [41, 50], or 
[47]. 

One would like to consider the Wiener criterion for higher-order elliptic equa- 
tions, and that immediately gives rise to the question of natural generalization of 
the concept of a regular point. The Wiener criterion for the second-order PDEs 


fe} 
ensures, in particular, that weak Wr solutions are classical. That is, the solution 
approaches its boundary values in the pointwise sense (continuously). From that 
point of view, one would extend the concept of regularity of a boundary point as 
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continuity of derivatives of order m — 1 of the solution to an equation of order 2m 
up to the boundary. On the other hand, as we discussed in the previous section, even 
the boundedness of solutions cannot be guaranteed in general, and thus, in some 
dimensions the study of the continuity up to the boundary for solutions themselves 
is also very natural. We begin with the latter question, as it is better understood. 
Let us first define a regular point for an arbitrary differential operator L of order 
2m analogously to the case of the Laplacian, by requiring that every solution u to 


lu=hinQ, ue W2(Q) (51) 


m 


for h € C§°(&2) satisfies limy_.g u(X) = 0. Note that by the Sobolev embedding 


theorem, if Q C R” forn < 2m— 1, then every u € W2(Q) is Hélder continuous 
on Q and so satisfies limy,9 u(X) = 0 at every point Q € 9Q. Thus, we are only 
interested in continuity of the solutions at the boundary when n > 2m. 

In this context, the appropriate concept of capacity is the potential-theoretic Riesz 
capacity of order 2m, given by 


Cap», (K) = inf x || ull 72 aan) :u€ Co? (R"), u>1on KI. (52) 


O<|a|<m 


The following is known. If m > 3, and if Q C R” forn = 2m, 2m+ 1, or 2m+2, 
or if m = 2 andn = 4, 5, 6, or 7, then Q € 0Q is regular for A” if and only if 


1 
| cap,,,(B(Q, s) \ 2)s”""""! ds = oo. (53) 
0 


The biharmonic case was treated in [85, 86], and the polyharmonic case for m > 3 
in [88, 91]. 

Let us briefly discuss the method of the proof in order to explain the restrictions 
on the dimension. Let L be an arbitrary elliptic operator, and let F be the fundamental 
solution for L in R” with pole at Q. We say that L is positive with weight F if, for 
all u € Co°(R” \ {Q}), we have that 


J Lu(X) - u(X) F(X) dx>cy- [ [Vk u(X)||X|2e" dX. (54) 
Re k= 7 


The biharmonic operator is positive with weight F in dimension n if 4 < n < 7, 
and the polyharmonic operator A”, m > 3, is positive with weight F in dimension 
2m <n < 2m + 2. (The Laplacian A is positive with weight F in any dimension.) 
The biharmonic operator A? is not positive with weight F in dimensions n > 8, and 
A” is not positive with weight F in dimension n > 2m + 3. See [88, Propositions | 
and 2]. 
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The proof of the Wiener criterion for the polyharmonic operator required 
positivity with weight F. In fact, it turns out that positivity with weight F suffices 
to provide a Wiener criterion for an arbitrary scalar elliptic operator with constant 
coefficients. 


Theorem 3.6 ((90, Theorems 1 and 2]). Suppose Q C R" and that L is a 
scalar elliptic operator of order 2m with constant real coefficients, as defined by 
Definition 2.1. 

Ifn = 2m, then Q € 0Q is regular for L if and only if (53) holds. 

Ifn > 2m + 1, and if the condition (54) holds, then again Q € 0QQ is regular for 
L if and only if (53) holds. 


This theorem is also valid for certain variable-coefficient operators in divergence 
form; see the remark at the end of [88, Sect. 5]. 

Similar results have been proven for some second-order elliptic systems. In 
particular, for the Lamé system Lu = Au + a graddivu, a > —1, positivity with 
weight F and Wiener criterion have been established for a range of a close to zero, 
that is, when the underlying operator is close to the Laplacian [77]. It was also 
shown that positivity with weight F may in general fail for the Lamé system. Since 
the present review is restricted to the higher-order operators, we shall not elaborate 
on this point and instead refer the reader to [77] for more detailed discussion. 

In the absence of the positivity condition (54), the situation is much more 
involved. Let us point out first that the condition (54) is not necessary for regularity 
of a boundary point, that is, the continuity of the solutions. There exist fourth-order 
elliptic operators that are not positive with weight F whose solutions exhibit nice 
behavior near the boundary; there exist other such operators whose solutions exhibit 
very bad behavior near the boundary. 

Specifically, recall that (54) fails for L = A? in dimension n > 8. Nonetheless, 
solutions to A?u = h are often well-behaved near the boundary. By [95], the vertex 
of a cone is regular for the bilaplacian in any dimension. Furthermore, if the capacity 
condition (53) holds with m = 2, then by [90, Sect. 10], any solution u to 


Au=hinQ, ue W3(Q) 


for h € C§°(&2) satisfies limy+g u(X) = 0 provided the limit is taken along a 
nontangential direction. 

Conversely, ifn > 8 and L = A? + ads, then by [93], there exists a cone K anda 
function h € CS°(K \ {0}) such that the solution wu to (19) is not only discontinuous 
but unbounded near the vertex of the cone. We remark that a careful examination 
of the proof in [93] implies that solutions to (19) are unbounded even along some 
nontangential directions. 

Thus, conical points in dimension eight are regular for the bilaplacian and 
irregular for the operator A? + a 04. Hence, a relevant Wiener condition must use 
different capacities for these two operators. This is a striking contrast with the 
second-order case, where the same capacity condition implies regularity for all 
divergence-form operators, even with variable coefficients. 
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This concludes the discussion of regularity in terms of continuity of the solution. 
We now turn to regularity in terms of continuity of the (m — 1)st derivatives. 
Unfortunately, much less is known in this case. 


The Higher-Order Wiener Test: Continuity of Derivatives 
of Polyharmonic Functions 


The most natural generalization of the Wiener test to the higher-order scenario 
concerns the continuity of the derivatives of the solutions, rather than solutions 
themselves, as derivatives constitute part of the boundary data. However, a necessary 
prerequisite for such results is boundedness of the corresponding derivatives of 
the solutions—an extremely delicate matter in its own right as detailed in section 
“Sharp Pointwise Estimates on the Derivatives of Solutions in Arbitrary Domains.” 
In the context of the polyharmonic equation, Theorem 3.2 has set the stage for an 
extensive investigation of the Wiener criterion and, following earlier results in [81], 
the second author of this paper and Maz’ya have recently obtained a full extension of 
the Wiener test to the polyharmonic context in [83]. One of the most intricate issues 
is the proper definition of the polyharmonic capacity, and we start by addressing it. 

At this point Theorem 3.2 finally sets the stage for a discussion of the Wiener test 
for continuity of the corresponding derivatives of the solution, which brings us to 
the main results of the present paper. 

Assume that m € N andn € [2,2m+ 1] NN. Let us denote by Z the following 
set of indices: 


Z ={0,1,...,m—n/2+ 1/2} if nis odd, (55) 
Z ={-n/2+2,-—n/24+4,...,m—n/2—2,m—n/2}N (NU {0}) (56) 
if n is even, m is even, 
Z ={-—n/2+ 1,-n/2 + 3,...,m—n/2—2,m—n/2}N (NU {0}) (57) 
if n is even, m is odd. 
Now let IT be the space of linear combinations of spherical harmonics 
Pp 
P(x) = 92 Do by ¥P@/Ix1), pr ER, x € R" \ {0}, (58) 
peZ l=—p 
with the norm 


1 
2 


Pp 
Fin= | Se, and I, :={PeM1: |Pllp = 1}. (59) 


peZ l=—p 
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Then, given P € IT, an open set D in R” such that O € R” \ D, and acompactum 
K in D, we define 


Capp (K, D) 


:= inf i |V"'u(x)|? dx: u€ W2(D), u=P in aneighborhood of K$, (60) 
D 


with 


Cap (K, D) := cs Capp (K, D). (61) 


In the context of the Wiener test, we will be working extensively with the capacity 
of the complement of a domain Q C R’” in the balls B,-;, 7 ¢ N, and even more 
so, in dyadic annuli, Cy-; »-j+2, 7 € N, where Cyas := {x € R": s < |x| < as}, s, 
a > 0. As is customary, we will drop the reference to the “ambient” set 


Capp (Cy1, 2-142 \ 2) := Capp (Cpa 2-42 \ 2, Cyj-2 pits), FEN, (62) 
and will drop the similar reference for Cap. In fact, it will be proven below that there 


are several equivalent definitions of capacity, in particular, for any n € [2,2m + 1] 
and for any s > 0,a > 0, K C Cyas, we have 


Capp(K, Cs/2,2a5) 
[Véu(x)|? i 
ap > fer |x|2"- “| y|2m—2k- dx: we w2(R \{O}), 
u = P inaneighborhood of K> . (63) 


In the case when the dimension is odd, also 
Capp (Cy,as \ Q ’ Cs/2,2a5) x Capp (Cs.as \ Q ’ R" ‘ {O}). 


Thus, either of the above can be used in (62), as convenient. 

Let Q be a domain in R", n > 2. The point Q € dQ is k-regular with respect 
to the domain Q and the operator (—A)”, m € N, if the solution to the boundary 
problem 


(-Ay"u=finQ, fecr(Q), we W2(Q), (64) 


m 
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satisfies the condition 
Viu(x) > Oasx > O,xEQ, (65) 


that is, all partial derivatives of u of order k are continuous. Otherwise, we say that 
Q € 0Q is k-irregular. 


Theorem 3.7 ((81, 83]).. Let Q be an arbitrary open set in R", m € N,2 <n < 
2m + 1. Let A be given by 


m—n/2+1/2  whenn is odd, 


A= (66) 
m—n/2 when n is even. 
If 
CO 
ge) inf Capp (Cy 242 \ 2) = +00, when nis odd, (67) 
ell; 
j=0 
and 
Co 
i gan Ant Capp (C=) 9-42 \ Q) = +00, when n is even, (68) 
ell 
j=0 


then the point O is \-regular with respect to the domain Q and the operator (—A)". 
Conversely, if the point O € 0Q is A-regular with respect to the domain Q2 and 
the operator (—A)”, then 


[o.e) 
int aiee2 Capp (C= 9-42 \ Q) = +00, when n is odd, (69) 
ell; “— 
and 
[o,@} 
pint je Capp (Cy-. 2-742 \ 2) = +00, when nis even. (70) 
ell; 
j=0 


Here, as before, Cy-j >-i+2 is the annulus {x € R" : 27 < |x| < 27+}, j e NU{O}. 


Let us now discuss the results of Theorem 3.7 in more detail. This was the first 
treatment of the continuity of derivatives of an elliptic equation of order m > 2 
at the boundary, and the first time the capacity (60) appeared in the literature. 
When applied to the case m = 1, n = 3, it yields the classical Wiener criterion 
for continuity of a harmonic function [cf. (49)]. Furthermore, as discussed in the 
previous section, continuity of the solution itself (rather than its derivatives) has 
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been previously treated for the polyharmonic equation, and for (—A)” the resulting 
criterion also follows from Theorem 3.7, in particular, when m = 2n, the new notion 
of capacity (55)—(59) coincides with the potential-theoretical Bessel capacity used 
in [90]. In the case A = 0, covering both of the above, necessary and sufficient 
condition in Theorem 3.7 are trivially the same, as P = 1 when n = 2m in even 
dimensions and n = 2m + | in odd ones. For lower dimensions n the discrepancy is 
not artificial, for, e.g., (67) may fail to be necessary as was shown in [81]. 

It is not difficult to verify that we also recover known bounds in Lipschitz 
and in smooth domains, as the capacity of a cone, and hence capacity of an 
intersection with a complement of a Lipschitz domain, assures divergence of 
the series in (67)-(68). On the other hand, given Theorem 3.7 and following 
considerations traditional in this context (choosing sufficiently small balls in the 
consecutive annuli to constitute a complement of the domain), we can build a set 
with a convergent capacitory integral and, respectively, an irregular solution with 
discontinuous derivatives of order A at the point O. Note that this yields further 
sharpness of the results of Theorem 3.2. In particular, in even dimensions, it is a 
stronger counterexample than that of a continuum (not only m—n/2-+ 1 derivatives 
are not bounded, but m — n/2 derivatives might be discontinuous). We refer the 
reader back to section “Sharp Pointwise Estimates on the Derivatives of Solutions 
in Arbitrary Domains” for more details. 

One of the most difficult aspects of proof of Theorem 3.7 is finding a correct 
notion of polyharmonic capacity and understanding its key properties. A peculiar 
choice of linear combinations of spherical harmonics [see (55)—(57) and (58)] is 
crucial at several stages of the argument, specific to the problem at hand, and no 
alterations would lead to reasonable necessary and sufficient conditions. At the same 
time, the new capacity and the notion of higher-order regularity sometimes exhibit 
surprising properties, such as sensitivity to the affine changes of coordinates [81], 
or the aforementioned fact that in sharp contrast with the second-order case [76], 
one does not expect the same geometric conditions to be responsible for regularity 
of solutions to all higher-order elliptic equations. 

It is interesting to point out that despite fairly involved definitions, capacitory 
conditions may reduce to a simple and concise criterion, e.g., in a case of a graph. 
To be precise, let Q C R? be a domain whose boundary is the graph of a function 9, 
and let w be its modulus of continuity. If 


' dt 
| oO =o, (71) 


then every solution to the biharmonic equation satisfies Vu € C(Q). Conversely, 
for every w such that the integral in (71) is convergent, there exists a C’® domain 
and a solution u of the biharmonic equation such that Vu ¢ C(Q). In particular, as 
expected, the gradient of a solution to the biharmonic equation is always bounded 
in Lipschitz domains and is not necessarily bounded in a Hélder domain. Moreover, 
one can deduce from (71) that the gradient of a solution is always bounded, e.g., ina 
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domain with w(t) ~ tlog!/ ? t, which is not Lipschitz, and might fail to be bounded 
in a domain with w(t) ~ tlogt. More properties of the new capacity and examples 
can be found in [81, 83]. 


Boundary Value Problems in Lipschitz Domains for Elliptic 
Operators with Constant Coefficients 


The maximum principle (14) provides estimates on solutions whose boundary data 
lies in L®. Recall that for second-order partial differential equations with real 
coefficients, the maximum principle is valid in arbitrary bounded domains. The 
corresponding sharp estimates for boundary data in L’, 1 < p < ov, are much 
more delicate. They are not valid in arbitrary domains, even for harmonic functions, 
and they depend in a delicate way on the geometry of the boundary. At present, 
boundary value problems for the Laplacian and for general real symmetric elliptic 
operators of the second order are fairly well understood on Lipschitz domains. See, 
in particular, [65]. 

We consider biharmonic functions and more general higher-order elliptic equa- 
tions. The question of estimates on biharmonic functions with data in L’? was raised 
by Riviére in the 1970s [28], and later Kenig redirected it towards Lipschitz domains 
in [64, 65]. The sharp range of well-posedness in L’, even for biharmonic functions, 
remains an open problem (see [65, Problem 3.2.30]). In this section we shall review 
the current state of the art in the subject, the main techniques that have been 
successfully implemented, and their limitations in the higher-order case. 

Most of the results we will discuss are valid in Lipschitz domains, defined as 
follows. 


Definition 4.1. A domain Q C R” is called a Lipschitz domain if, for every 
Q € 0Q, there is a number r > 0, a Lipschitz function g : R’™! & R with 
|V@|l poo < M, and a rectangular coordinate system for IR” such that 


B(O,r)NQ = {(x,s):x € R" 1, s ER, |(x,s) —Q)| <7, ands > g(x)}. 


If we may take the functions y to be C* (that is, to possess k continuous 
derivatives), we say that Q is a Cé domain. 

The outward normal vector to 2 will be denoted v. The surface measure will be 
denoted o, and the tangential derivative along 0Q2 will be denoted V,. 


In this paper, we will assume that all domains under consideration have con- 
nected boundary. Furthermore, if dQ is unbounded, we assume that there is a single 
Lipschitz function g and coordinate system that satisfies the conditions given above; 
that is, we assume that Q is the domain above (in some coordinate system) the graph 
of a Lipschitz function. 
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In order to properly state boundary value problems on Lipschitz domains, we will 
need the notions of nontangential convergence and nontangential maximal function. 

In this and subsequent sections we say that u| 99 = f iff is the nontangential 
limit of u, that is, if 


u(X) = f(Q) 


lim 
X40, XET(Q) 
for almost every (da) Q € 0Q, where I'(Q) is the nontangential cone 
TQ) = {¥ €Q: dist(Y, dQ) < (1 + a)|X — Y]}. (72) 


Here a > 0 is a positive parameter; the exact value of a is usually irrelevant to 
applications. The nontangential maximal function is given by 


NF(Q) = supt|F(X)| : X € P(Q)}. (73) 


The normal derivative of u of order m is defined as 


! 
ayu(Q) = D> v(Q)"—9u(Q). 


ja|=m 


where 0°u(Q) is taken in the sense of nontangential limits as usual. 


The Dirichlet Problem: Definitions, Layer Potentials, 
and Some Well-Posedness Results 


We say that the L?-Dirichlet problem for the biharmonic operator A? in a domain Q 
is well-posed if there exist a constant C > 0 such that, for every f € Wi (dQ) and 
every g € L?(0Q), there exist a unique function u that satisfies 


A*u =0 in Q, 
u=f on dQ, 
(74) 
Oyu = g on dQ, 


INV) Ilpaay S Cll8il~@ay + Cll Vf lrg): 


The L?-Dirichlet problem for the polyharmonic operator A” is somewhat more 
involved, because the notion of boundary data is necessarily more subtle. We say 
that the L?-Dirichlet problem for A” in a domain Q is well-posed if there exist a 
constant C > 0 such that, for every g € L?(0Q) and every f in the Whitney-Sobolev 


space WA? _, (dQ), there exist a unique function u that satisfies 
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A™u=0 in Q, 
dul ao = fa for all 0 < Ja| <m—2, 
alu = g on dQ, (75) 
IN(V"'w) logy S Cllgllo~a + C y. acl 
|a|=m—2 


The space WAP (dQ) is defined as follows. 


Definition 4.2. Suppose that 2 C R” is a Lipschitz domain, and consider arrays 
of functions f = {f, : |a| < m— 1} indexed by multiindices w of length n, where 
Ja 1 OQ +> C. We let WA? (dQ) be the completion of the set of arrays w= {d%y: 
|| < m— 1}, for w € C§°(R"), under the norm 


Y> l8Vllve@ay + D> 19 ¥ lea): (76) 


ja|<m-1 |a|=m-—1 


If we prescribe 0%u = fy on dQ for some f € WA? (dQ), then we are prescribing 
the values of u, Vu,...,V’”~!u on 0Q, and requiring that (the prescribed part of) 
VP ul ss lie in L? (dQ). 

The study of these problems began with biharmonic functions in C! domains. 
In [125], Selvaggi and Sisto proved that, if (2 is the domain above the graph of 
a compactly supported C! function g, with || V@||,;.0 small enough, then solutions 
to the Dirichlet problem exist provided 1 < p < oo. Their method used certain 
biharmonic layer potentials composed with the Riesz transforms. 

In [33], Cohen and Gosselin proved that, if Q is a bounded, simply connected C! 
domain contained in the plane R?, then the Z’-Dirichlet problem is well-posed in Q 
for any | < p < oo. In [34], they extended this result to the complements of such 
domains. Their proof used multiple layer potentials introduced by Agmon in [5] in 
order to solve the Dirichlet problem with continuous boundary data. The general 
outline of their proof paralleled that of the proof of the corresponding result [49] 
for Laplace’s equation. We remark that by [109, Theorem 6.30], we may weaken 
the condition that Q be C! to the condition that the unit outward normal v to Q lies 
in VMO(0Q2). (Recall that this condition has been used in [106]; see formula (48) 
above and preceding remarks. This condition was also used in [100]; see section 
“The Dirichlet Problem for Operators in Divergence Form.”) 

As in the case of Laplace’s equation, a result in Lipschitz domains soon followed. 
In [39], Dahlberg et al. showed that the L’?-Dirichlet problem for the biharmonic 
equation is well-posed in any bounded simply connected Lipschitz domain Q C R’, 
provided 2— ¢« <p < 2+ « for some ¢ > 0 depending on the domain Q. 

In [138], Verchota used the construction of [39] to extend Cohen and Gosselin’s 
results from planar C! domains to C! domains of arbitrary dimension. Thus, the 
L?-Dirichlet problem for the bilaplacian is well-posed for 1 < p < oo in C! 
domains. 
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In [139], Verchota showed that the L’-Dirichlet problem for the polyharmonic 
operator A” could be solved for 2—«¢ < p < 2+ ¢ in starlike Lipschitz domains by 
induction on the exponent m. He simultaneously proved results for the L?-regularity 
problem in the same range; we will thus delay discussion of his methods to section 
“The Regularity Problem and the L?-Dirichlet Problem.” 

All three of the papers [33, 39, 125] constructed biharmonic functions as 
potentials. However, the potentials used differ. Selvaggi and Sisto [125] constructed 
their solutions as 


n—-1 


u(X) = | : a2F(X — Y)f(Y)do(¥) + )~ | : d:0nF(X —Y)Rig(Y)do(Y) (77) 
i=1 


where R; are the Riesz transforms. Here F(X) is the fundamental solution to the 
biharmonic equation; thus, u is biharmonic in R” \ dQ. As in the case of Laplace’s 
equation, well-posedness of the Dirichlet problem follows from the boundedness 
relation ||N(Vu)|lp(aa) < Cliflle(aay + Cll8ll@q) and from invertibility of the 
mapping (f, g) Gat. d,u) on L?(AQ) x LP(AQ) + Wi (AQ) x LP(AQ). 

The multiple layer potential of [33] is an operator of the form 


LHP) = pw. | _ L(P, Qv(Q) 400) (78) 


where £(P, Q) is a 3 x 3 matrix of kernels, also composed of derivatives of the 
fundamental solution to the biharmonic equation, and j = (f. fc. fy) is a “compatible 
triple” of boundary data, that is, an element of W?! (dQ) x L?(0Q) x L?(dQ) that 
satisfies 0,f = f,t, + f,ty. Thus, the input is essentially a function and its gradient, 
rather than two functions, and the Riesz transforms are not involved. 

The method of [39] is to compose two potentials. First, the function f € L?(dQ) 
is mapped to its Poisson extension v. Next, u is taken to be the solution of the 
inhomogeneous equation Au(Y) = (n + 2Y- V)v(Y) with u = 0 on 0Q. If G(X, Y) 
is the Green’s function for A in Q and k” is the harmonic measure density at Y, we 
may write the map f b> u as 


u(X) = fe G(X, Y)(n+ 2Y¥-V) | : k* (Q) f(Q) do(Q) dY. (79) 


Since (n + 2Y - V)u(Y) is harmonic, u is biharmonic, and so u solves the Dirichlet 
problem. 
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The L?-Dirichlet Problem: The Summary of Known Results 
on Well-Posedness and Ill-Posedness 


Recall that by [139], the Z?-Dirichlet problem is well-posed in Lipschitz domains 
provided 2 — ¢ < p < 2+ 6. As in the case of Laplace’s equation (see [48]), the 
range p > 2—e is sharp. That is, for any p < 2 and any integers m > 2,n > 2, there 
exist a bounded Lipschitz domain Q C R” such that the L’-Dirichlet problem for 
A” is ill-posed in Q. See [39, Sect. 5] for the case of the biharmonic operator A?, 
and the proof of Theorem 2.1 in [119] for the polyharmonic operator A”. 

The range p < 2+ « is not sharp and has been studied extensively. Proving 
or disproving well-posedness of the L’-Dirichlet problem for p > 2 in general 
Lipschitz domains has been an open question since [39], and was formally stated 
as such in [65, Problem 3.2.30]. (Earlier in [28, Question 7], the authors had posed 
the more general question of what classes of boundary data give existence and 
uniqueness of solutions.) 

In [116, Theorem 10.7], Pipher and Verchota constructed Lipschitz domains 
Q such that the Z?-Dirichlet problem for A? was ill-posed in Q, for any given 
p > 6 (in four dimensions) or any given p > 4 (in five or more dimensions). 
Their counterexamples built on the study of solutions near a singular point, in 
particular upon [95, 98]. In [119], they provided other counterexamples to show 
that the L?-Dirichlet problem for A” is ill-posed, provided p > 2(n — 1)/(n — 3) 
and 4 < n < 2m-+ 1. They remarked that if n > 2m + 1, then ill-posedness follows 
from the results of [98] provided p > 2m/(m— 1). 

The endpoint result at p = oo is the Agmon—Miranda maximum principle (14) 
discussed above. We remark that if 2 < po < ov, and the L’°-Dirichlet problem is 
well-posed (or (14) holds) then by interpolation, the L’-Dirichlet problem is well- 
posed for any 2 < p < po. 

We shall adopt the following definition (justified by the discussion above). 


Definition 4.3. Suppose that m > 2 andn > 4. Then pm», is defined to be the 
extended real number that satisfies the following properties. If 2 < p < pm», then 
the L?-Dirichlet problem for A” is well-posed in any bounded Lipschitz domain 
Q Cc R". Conversely, if p > Pmn, then there exist a bounded Lipschitz domain 
QC R" such that the L’-Dirichlet problem for A” is ill-posed in Q. Here, well- 
posedness for 1 < p < oo is meant in the sense of (75), and well-posedness for 
p = © is meant in the sense of the maximum principle (see (91) below). 


As in [39], we expect the range of solvability for any particular Lipschitz domain 
Q to be 2—€ < p < Pm» + for some ¢ depending on the Lipschitz character of Q. 

Let us summarize here the results currently known for py,,,. More details will 
follow in section “The Regularity Problem and the L’-Dirichlet Problem.” 

For any m > 2, we have that 


¢ Ifn = 2 orn = 3, then the L’-Dirichlet problem for A” is well-posed in any 
Lipschitz domain Q for any 2 < p < oo [116, 119]. 
© If4<n< 2m+1, then pny» = 2(n — 1)/(n— 3) [119, 130]. 
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° Ifn = 2m + 2, then pan = 2m/(m— 1) = 2(n— 2)/(n— 4) [98, 128]. 
° Ifn > 2m + 3, then 2(n— 1)/(n — 3) < Pprnn < 2m/(m — 1) [98, 130]. 


The value of py», for n => 2m + 3, is open. 
In the special case of biharmonic functions (m = 2), more is known. 


° pr4 = 6, prs = 4, poo = 4, and po7 = 4 [128, 130]. 
¢ Ifn> 8, then 


2 + < P2n < 4 
n—An 
where 
— n+ 10+ 2,/2(n* —n+ 2) 
\( 7 . 
[129] 


* If Q is a C! or convex domain of arbitrary dimension, then the L?-Dirichlet 
problem for A? is well-posed in Q for any 1 < p < 00 [70, 129, 139]. 


We comment on the nature of ill-posedness. The counterexamples of [39, 119] 
for p < 2 are failures of uniqueness. That is, those counterexamples are non-zero 
functions u, satisfying A”u = 0 in Q, such that Ok u = 0on0Q for0<k<m-—l, 
and such that N(V”—!u) € LP(dQ). 

Observe that if Q is bounded and p > 2, then L?(dQ) C L7(dQ). Because the 
L?-Dirichlet problem is well-posed, the failure of well-posedness for p > 2 can only 
be a failure of the optimal estimate N(V”"!u) € L?(AQ). That is, if the L?-Dirichlet 
problem for A’ is ill-posed in Q, then for some Whitney array f € WA? _,(Q) and 
some g € L?(0Q), the unique function u that satisfies A"u = 0 in Q, 0%u = fo, 
aly = g and N(V"—!u) € L7(9Q) does not satisfy N(V"~!u) € LP(dQ). 


The Regularity Problem and the L?-Dirichlet Problem 


In this section we elaborate on some of the methods used to prove the Dirichlet 
well-posedness results listed above, as well as their historical context. This naturally 
brings up a consideration of a different boundary value problem, the L1-regularity 
problem for higher-order operators. 

Recall that for second-order equations the regularity problem corresponds to 
finding a solution with prescribed tangential gradient along the boundary. In 
analogy, we say that the L?-regularity problem for A” is well-posed in Q if there 
exist a constant C > 0 such that, whenever f € WA‘ (dQ), there exist a unique 
function u that satisfies 
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A™u=0 inQ, 
Muls =fa forall < |a| <m—1, 


IN(V"u)Ilrvaay SC D> WVefalleaany: 


a|=m—-1 


(80) 


There is an important endpoint formulation at g = 1 for the regularity problem. 
We say that the H!-regularity problem is well-posed if there exist a constant C > 0 
such that, whenever f lies in the Whitney-Hardy space H} (dQ), there exist a unique 
function u that satisfies 


A™u=0 inQ, 


BF itl ses =f y forall0 <|a|<m-—1, 


INV" ulin) SC D> WVefallzi@g)- 


ja|=m-1 


The space H} (dQ) is defined as follows. 


Definition 4.4. We say that @ € WA%(dQ) is a H},(0Q)-L4 atom if a is supported 
in a ball B(Q, r) N OQ and if 


Y > [Vedallevaay < 7(B(Q.7) 1 AQ, 
ja|=m—-1 


If,f € WA! (dQ) and there are H!\-L? atoms c and constants A, € C such that 


m 


CO 
Vefa =) AgVr (ak)a for all || = m—1 
k=1 


and such that }*|A,| < 00, we say that f ¢ H/(dQ), with IF llaiaay being the 
smallest }~ |A;| among all such representations. 


In [139], Verchota proved well-posedness of the L?-Dirichlet problem and the 
L?-regularity problem for the polyharmonic operator A” in any bounded starlike 
Lipschitz domain by simultaneous induction. 

The base case m = | is valid in all bounded Lipschitz domains by [35, 62]. The 
inductive step is to show that well-posedness for the Dirichlet problem for A”! fol- 
lows from well-posedness of the lower-order problems. In particular, solutions with 
0° u = fy may be constructed using the regularity problem for A”, and the boundary 
term 0’u=g, missing from the regularity data, may be attained using the inho- 
mogeneous Dirichlet problem for A’. On the other hand, it was shown that the 
well-posedness for the regularity problem for A’”’*! follows from well-posedness of 
the lower-order problems and from the Dirichlet problem for A”’*', in some sense, 
by realizing the solution to the regularity problem as an integral of the solution to 
the Dirichlet problem. 


86 A. Barton and S. Mayboroda 


As regards a broader range of p and q, Pipher and Verchota showed in [116] that 
the L?-Dirichlet and L?-regularity problems for A? are well-posed in all bounded 
Lipschitz domains Q C R’, provided 2 < p < oo and 1 < gq < 2. Their method 
relied on duality. Using potentials similar to those of [39], they constructed solutions 
to the L?-Dirichlet problem in domains above Lipschitz graphs. The core of their 
proof was the invertibility on L?(0Q) of a certain potential operator T. They were 
able to show that the invertibility of its adjoint T* on L*(0Q) implies that the L?- 
regularity problem for A? is well-posed. Then, using the atomic decomposition of 
Hardy spaces, they analyzed the H!-regularity problem. Applying interpolation and 
duality for T* once again, now in the reverse regularity-to-Dirichlet direction, the 
full range for both regularity and Dirichlet problems was recovered in domains 
above graphs. Localization arguments then completed the argument in bounded 
Lipschitz domains. 

In four or more dimensions, further progress relied on the following theorem of 
Shen. 


Theorem 4.5 ([128]). Suppose that Q C R" is a Lipschitz domain. The following 
conditions are equivalent. 


¢ The L?-Dirichlet problem for L is well-posed, where L is a symmetric elliptic 
system of order 2m with real constant coefficients. 
¢ There exists some constant C > 0 and some p > 2 such that 


1/p 1/2 
( f N(V™ | uy? ac) <C ( f N(V™ 1 uy? ac) (81) 
B(Q,r)NIQ B(Q.2r)NIQ 


holds whenever u is a solution to the L?-Dirichlet problem for L in Q, with 
Vu = 00n B(Q, 3r) N AQ. 


For the polyharmonic operator A”, this theorem was essentially proven in 
[130]. Furthermore, the reverse Hélder estimate (81) with p = 2(n — 1)/(n — 3) 
was shown to follow from well-posedness of the L?-regularity problem. Thus 
the L?-Dirichlet problem is well-posed in bounded Lipschitz domains in R” for 
p = 2(n— 1)/(n — 3). By interpolation, and because reverse Holder estimates have 
self-improving properties, well-posedness in the range 2 < p < 2(n—1)/(n—3) +e 
for any particular Lipschitz domain follows automatically. 

Using regularity estimates and square-function estimates, Shen was able to 
further improve this range of p. He showed that with p = 2+4/(n—A),0 <A <n, 
the reverse Holder estimate (81) is true, provided that 


d 
| hae < c(<) i hv layl (82) 
B(Q,r)NQ R/ J BQ,R)Na 


holds whenever u is a solution to the L?-Dirichlet problem in Q with N(V"—!u) € 
L?(8Q) and V'u| 5.6 ag = 0 for allO <k <m—1. 
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It is illuminating to observe that the estimates arising in connection with the 
pointwise bounds on the solutions in arbitrary domains (cf. section “Miranda—Ag- 
mon Maximum Principle and Related Geometric restrictions on the boundary”) 
and the Wiener test (cf. section “The Wiener Test: Continuity of Solutions”) take 
essentially the form (82). Thus, Theorem 4.5 and its relation to (82) provide a direct 
way to transform results regarding local boundary regularity of solutions, obtained 
via the methods underlined in sections “Miranda-Agmon Maximum Principle and 
Related Geometric restrictions on the boundary” and “The Wiener Test: Continuity 
of Solutions,” into well-posedness of the L?-Dirichlet problem. 

In particular, consider [90, Lemma 5]. If u is a solution to A"™u = O in 
B(Q, R) N Q, where Q is a Lipschitz domain, then by [90, Lemma 5] there is some 
constant A, > 0 such that 


do C 
sup _|ul? < (=) = / Ju(X)? ax (83) 
B(Q.n)NQ R/ R" Jg@rne 


provided that r/R is small enough, that u has zero boundary data on B(Q, R) N 0Q, 
and where Q C R” has dimension n = 2m+ 1 orn = 2m-+ 2, or where m = 2 and 
n = 7 = 2m + 3. (The bound on dimension comes from the requirement that A” 
be positive with weight F; see Eq. (54).) 

It is not difficult to see (cf., e.g., [128, Theorem 2.6]) that (83) implies (82) for 
some A > n—2m + 2, and thus implies well-posedness of the L?-Dirichlet problem 
for a certain range of p. This provides an improvement on the results of [130] in the 
case m = 2 andn = 6 orn = 7, and in the case m > 3 andn = 2m + 2. Shen has 
stated this improvement in [128, Theorems 1.4 and 1.5]: the Z?-Dirichlet problem 
for A? is well-posed for 2 < p < 4+ ¢ in dimensions n = 6 orn = 7, and the 
L?-Dirichlet problem for A” is well-posed if 2 < p < 2m/(m—1)-+ ¢ in dimension 
n=2m+2. 

The method of weighted integral identities, related to positivity with weight F 
[cf. (54)], can be further finessed in a particular case of the biharmonic equation. 
Shen [129] uses this method (extending the ideas from [86]) to show that if n > 8, 
then (82) is valid for solutions to A? with A = 1,,, where 


1 2.,/2(n2 — 2 
(Pe as fa ee (84) 


We now return to the L’-regularity problem. Recall that in [116], Pipher and 
Verchota showed that if 2 < p < oo and 1/p+1/q <_ 1, then the L’- 
Dirichlet problem and the L‘-regularity problem for A? are both well-posed in 
three-dimensional Lipschitz domains. They proved this by showing that, in the 
special case of a domain above a Lipschitz graph, there is duality between the 
I?-Dirichlet and L‘-regularity problems. Such duality results are common. See 
[67, 68, 131] for duality results in the second-order case; although even in that case, 
duality is not always guaranteed. (See [79].) Many of the known results concerning 
the regularity problem for the polyharmonic operator A” are results relating the 
L?-Dirichlet problem to the Z4-regularity problem. 
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In [105], I. Mitrea and M. Mitrea showed that if 1 < p < co and1/p+1/q=1, 
and if the L?-regularity problem for A? and the L-regularity problem for A 
were both well-posed in a particular bounded Lipschitz domain (2, then the 
LP-Dirichlet problem for A? was also well-posed in Q. They proved this result 
(in arbitrary dimensions) using layer potentials and a Green representation formula 
for biharmonic equations. Observe that the extra requirement of well-posedness for 
the Laplacian is extremely unfortunate, since in bad domains it essentially restricts 
consideration to p < 2 + e and thus does not shed new light on well-posedness in 
the general class of Lipschitz domains. As will be discussed below, later Kilty and 
Shen established an optimal duality result for biharmonic Dirichlet and regularity 
problems. 

Recall that the formula (81) provides a necessary and sufficient condition for 
well-posedness of the L’-Dirichlet problem. In [71], Kilty and Shen provided a 
similar condition for the regularity problem. To be precise, they demonstrated that 
if g > 2 and L is a symmetric elliptic system of order 2m with real constant 
coefficients, then the L’-regularity problem for L is well-posed if and only if the 
estimate 


1/q 1/2 
(f N(V™u)! ac) ae, (f N(V™u)? ac) (85) 
B(O.r)NQ B(Q,2r)NQ 


holds for all points Q € dQ, all r > 0 small enough, and all solutions u to the 
L?-regularity problem with Vane = 0 for 0 < k < m—1. Observe that (85) 
is identical to (81) with p replaced by g and m — 1 replaced by m. 

As a consequence, well-posedness of the L4-regularity problem in Q for certain 
values of g implies well-posedness of the L?-Dirichlet problem for some values of p. 
Specifically, arguments using interior regularity and fractional integral estimates 
(given in [71, Sect. 5]) show that (85) implies (81) with 1/p = 1/q—1/(n—1). But 
recall from [128] that (81) holds if and only if the L?-Dirichlet problem for L is well- 
posed in Q. Thus, if 2 < g < n—1, and if the L?-regularity problem for a symmetric 
elliptic system is well-posed in a Lipschitz domain Q, then the L’-Dirichlet problem 
for the same system and domain is also well-posed, provided 2 < p < po + € where 
1/po = 1/q—1/(— 1). 

For the bilaplacian, a full duality result is known. In [70], Kilty and Shen showed 
that, if 1 < p < oo and 1/p + 1/q = 1, then well-posedness of the L?-Dirichlet 
problem for A? in a Lipschitz domain Q and well-posedness of the L’-regularity 
problem for A? in Q were both equivalent to the bilinear estimate 


i Au Av 
Q 


<C(IVe Vf lle HQ OP UVF lp LIQ Ulin) (86) 


x (IIVallus + 82 glia) 
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for all f, g € C§°(R”), where uv and v are solutions of the L?-regularity problem with 
boundary data 0%u = 0°%f and 0%v = d%g. Thus, if Q C R" is a bounded Lipschitz 
domain, and if 1/p + 1/q = 1, then the L?-Dirichlet problem is well-posed in Q if 
and only if the L4-regularity problem is well-posed in Q. 

All in all, we see that the L?-regularity problem for A? is well-posed in 
Q Cc Rif 


* QisC! or convex, and 1 < p < oo. 

* n=2orn=3andl1<p<2+e. 

* n=4and6/5-—e<p<2+e. 

¢ n=5,6,or7,and4/3-e<p<2+¢e. 

* n> 8,and2— = <p <2+6, where A, is given by (84). The above ranges 
of p are sharp, but this range is still open. 


Higher-Order Elliptic Systems 


The polyharmonic operator A” is part of a larger class of elliptic higher-order 
operators. Some study has been made of boundary value problems for such operators 
and systems. 

The L?-Dirichlet problem for a strongly elliptic system L of order 2m, as defined 
in Definition 2.1, is well-posed in Q if there exist a constant C such that, for every 
rie: WAP _, (OQ C*) and every g € L?(0Q + C°), there exist a unique vector- 
valued function 7 : Q +> C° such that 


£ 
(Lis => OH akyahuy =0 in for each 1 <j <l, 


k=1 |a|=|B|=m 
Ou = fu on 0Q for |a| < m—2, (87) 
a a= 38 on dQ, 
IN(V""W)Ilzacaay <C >, lV fallzaaay + Cll8ll-~aa- 
|a|=m—2 


The L1-regularity problem is well-posed in Q if there is some constant C such that, 
for every f € WAP (dQ b> C‘), there exist a unique u such that 


£ 
(Li => D2 Fahy =0 in foreach 1 <j < ¢, 
k=1 |a|=|B|=m 


du = fy on dQ for |a| <m—1, (88) 


IN(V"u)Ilevaay SC D> WVefalleaasy- 


|a|=m-1 
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In [118], Pipher and Verchota showed that the L’-Dirichlet and L’-regularity 
problems were well-posed for 2 —¢ < p < 2+ ¢, for any higher-order elliptic 
partial differential equation with real constant coefficients, in Lipschitz domains of 
arbitrary dimension. This was extended to symmetric elliptic systems in [140]. A 
key ingredient of the proof was the boundary Garding inequality 


Xr 
a / |V"u|(—v,) do 
4 Jag 


£ 
Cae ne 2 
aD 2s [. alpatu(—v,)do+C [IV ‘g,u| do 


Jk=1 |a|=|B|=m 


valid if u € C&(R"), if L = dal 0° is a symmetric elliptic system with real 
constant coefficients, and if Q is the domain above the graph of a Lipschitz function. 
We observe that in this case, (—v,) is a positive number bounded from below. Pipher 
and Verchota then used this Garding inequality and a Green’s formula to construct 
the nontangential maximal estimate. See [119] and [140, Sects. 4 and 6]. 

As in the case of the polyharmonic operator A”, this first result concerned the 
I? -Dirichlet problem and L‘-regularity problem only for 2 — ¢ < p < 2+ € and for 
2—e<q<2-+e. The polyharmonic operator A” is an elliptic system, and so we 
cannot in general improve upon the requirement that 2 — ¢ < p for well-posedness 
of the L?-Dirichlet problem. 

However, we can improve on the requirement p < 2+ e. Recall that Theorem 4.5 
from [128] and its equivalence to (82) were proven in the general case of strongly 
elliptic systems with real symmetric constant coefficients. As in the case of the 
polyharmonic operator A’, (81) follows from well-posedness of the L?-regularity 
problem provided p = 2(n—1)/(n—3), and so if Lis such a system, the L’-Dirichlet 
problem for L is well-posed in Q provided 2 — ¢ < p < 2(n— 1)/(n— 3) + €. This 
is [128, Corollary 1.3]. Again, by the counterexamples of [119], this range cannot 
be improved if m > 2 and 4 < n < 2m + 1; the question of whether this range can 
be improved for general operators L if n > 2m + 2 is still open. 

Little is known concerning the regularity problem in a broader range of p. Recall 
that (85) from [71] was proven in the general case of strongly elliptic systems with 
real symmetric constant coefficients. Thus, we known that for such systems, well- 
posedness of the L’-regularity problem for 2 < g < n— 1 implies well-posedness 
of the L’-Dirichlet problem for appropriate p. The question of whether the reverse 
implication holds, or whether this result can be extended to a broader range of g, is 
open. 
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One of major tools in the theory of second-order elliptic differential equations is 
the Lusin area integral, defined as follows. If w lies in Wr toc(2) for some domain 
Q Cc R", then the area integral (or square function) of w is defined for Q € dQ as 


1/2 
Sw(Q) = ( if |Vw(X)|* dist(X, 30)"ax) ; 


In [36], Dahlberg showed that if u is harmonic in a bounded Lipschitz domain Q, if 
Po € Q and u(Po) = 0, then for any 0 < p < on, 


2 / (Su)? do < | (Nu)? do < C | (Su)? do (89) 
C Jaa aa aa 


for some constants C depending only on p, Q, and Po. Thus, the Lusin area 
integral bears deep connections to the L’-Dirichlet problem. In [38], Dahlberg 
et al. generalized this result to solutions to second-order divergence-form elliptic 
equations with real coefficients for which the L’-Dirichlet problem is well-posed for 
at least one r. 

If Lis an operator of order 2m, then the appropriate estimate is 


1 
= | N(Vu""'!)? do < / S(Vu" |! do <C / N(Vu""') do. (90) 
C Jag aa aQ 


Before discussing their validity for particular operators, let us point out that such 
square-function estimates are very useful in the study of higher-order equations. In 
[128], Shen used (90) to prove the equivalence of (82) and (81), above. In [70], 
Kilty and Shen used (90) to prove that well-posedness of the L’-Dirichlet problem 
for A? implies the bilinear estimate (86). The proof of the maximum principle (14) 
in [140, Sect. 8] (to be discussed in section “The Maximum Principle in Lipschitz 
Domains’) also exploited (90). Estimates on square functions can be used to derive 
estimates on Besov space norms; see [4, Proposition S]. 

In [115], Pipher and Verchota proved that (90) (with m = 2) holds for solutions u 
to A*u = 0, provided Q is a bounded Lipschitz domain, 0 < p < 00, and Vu(Ppo) = 
0 for some fixed Py € QQ. Their proof was an adaptation of Dahlberg’s proof [36] 
of the corresponding result for harmonic functions. They used the L?-theory for the 
biharmonic operator [39], the representation formula (79), and the L?-theory for 
harmonic functions to prove good-A inequalities, which, in turn, imply L? estimates 
forO<p<o. 

In [40], Dahlberg et al. proved that (90) held for solutions u to Lu = 0, for a 
symmetric elliptic system L of order 2m with real constant coefficients, provided 
as usual that Q is a bounded Lipschitz domain, 0 < p < ov, and V"—!u(Po) = 0 
for some fixed Py € Q. The argument is necessarily considerably more involved 
than the argument of [115] or [36]. In particular, the bound |S(V"'w) |I2@) = 
C\||N(V" uv) Il2(aa) Was proven in three steps. 
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The first step was to reduce from the elliptic system L of order 2m to the scalar 
elliptic operator M = det L of order 2£m, where £ is as in formula (7). The second 
step was to reduce to elliptic equations of the form Linen dy0°“u = 0, where 
|aq| > O for all |w| = m. Finally, it was shown that for operators of this form 


~ - dy 9° u(X)* dist(X, IQ) dX < C i N(V""'u) do. 
Q dQ 


|a|=m 


The passage to 0 < p < oo in (90) was done, as usual, using good-A inequalities. We 
remark that these arguments used the result of [118] that the L?-Dirichlet problem 
is well-posed for such operators L in Lipschitz domains. 

It is quite interesting that for second-order elliptic systems, the only currently 
known approach to the square-function estimate (89) is this reduction to a higher- 
order operator. 


The Maximum Principle in Lipschitz Domains 


We are now in a position to discuss the maximum principle (14) for higher-order 
equations in Lipschitz domains. 

We say that the maximum principle for an operator L of order 2m holds in the 
bounded Lipschitz domain Q if there exist a constant C > 0 such that, whenever 
f € WA%_(8Q) C WA?_, (dQ) and g € L©(dQ) C L?(IQ), the solution u to the 


Dirichlet problem (87) with boundary data f and g satisfies 


|V"Tullzco S Cligtizco@ay tC DY) [Vefall sag: ve 


|a|=m—2 


The maximum principle (91) was proven to hold in three-dimensional Lipschitz 
domains by Pipher and Verchota in [117] (for biharmonic functions), in [119] 
(for polyharmonic functions), and by Verchota in [140, Sect. 8] (for solutions to 
symmetric systems with real constant coefficients). Pipher and Verchota also proved 
in [117] that the maximum principle was valid for biharmonic functions in C! 
domains of arbitrary dimension. In [70, Theorem 1.5], Kilty and Shen observed 
that the same technique gives validity of the maximum principle for biharmonic 
functions in convex domains of arbitrary dimension. 

The proof of [117] uses the L?-regularity problem in the domain Q to construct 
the Green’s function G(X, Y) for A? in Q. Then if u is biharmonic in Q with 
N(Vu) € L?(0Q), we have that 


i= j 0) ®, AG(X.Q) dav) + : _ulQ) AGX,Q)do(Q)_—_ (92) 
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where all derivatives of G are taken in the second variable Q. If the H!-regularity 
problem is well-posed in appropriate subdomains of Q, then V?VyG(X, -) is in 
L'(dQ) with L' norm independent of X, and so the second integral is at most 
C9, u|| ,20(aqy- By taking Riesz transforms, the normal derivative 0, AG(X, Q) may 
be transformed to tangential derivatives V; AG(X, Q); integrating by parts transfers 
these derivatives to u. The square-function estimate (90) implies that the Riesz 
transforms of Vy AgG(X, Q) are bounded on L!(dQ). This completes the proof of 
the maximum principle. 

Similar arguments show that the maximum principle is valid for more general 
operators. See [119] for the polyharmonic operator, or [140, Sect. 8] for arbitrary 
symmetric operators with real constant coefficients. 

An important transitional step is the well-posedness of the H!-regularity prob- 
lem. It was established in three-dimensional (or C!) domains in [117, Theorem 4.2] 
and [119, Theorem 1.2] and discussed in [140, Sect. 7]. In each case, well-posedness 
was proven by analyzing solutions with atomic data f using a technique from [37]. 
A crucial ingredient in this technique is the well-posedness of the L’-Dirichlet 
problem for some p < (n — 1)/(n — 2); the latter is valid if n = 3 by [39], and (for 
A’) in C! and convex domains by [70, 139], but fails in general Lipschitz domains 
forn > 4. 


Biharmonic Functions in Convex Domains 


We say that a domain Q is convex if, whenever X, Y € Q, the line segment 
connecting X and Y lies in &. Observe that all convex domains are necessarily 
Lipschitz domains but the converse does not hold. Moreover, while convex domains 
are in general no smoother than Lipschitz domains, the extra geometrical structure 
often allows for considerably stronger results. 

Recall that in [81], the second author of this paper and Maz’ya showed that 
the gradient of a biharmonic function is bounded in a three-dimensional domain. 
This is a sharp property in dimension three, and in higher dimensional domains 
the solutions can be even less regular (cf. section “Miranda-Agmon Maximum 
Principle and Related Geometric restrictions on the boundary”). However, using 
some intricate linear combination of weighted integrals, the same authors showed in 
[80] that second derivatives to biharmonic functions were locally bounded when the 
domain was convex. To be precise, they showed that if Q is convex, and u € W2(Q) 
is a solution to A?u = h for some h € CP (2 \ B(Q, 10R)), R > 0, O € AQ, then 


C 1/2 
sup |Vul < (f W) (93) 
B(Q,R/5)NQ R QNB(Q,5R)\B(Q,R/2) 


In particular, not only are all boundary points of convex domains 1|-regular, but the 
gradient Vu is Lipschitz continuous near such points. 
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Kilty and Shen noted in [70] that (93) implies that (85) holds in convex domains 
for any q; thus, the L?-regularity problem for the bilaplacian is well-posed for any 
2 <q < & ina convex domain. Well-posedness of the L’-Dirichlet problem for 
2 < p < oo has been established by Shen in [129]. By the duality result (86), 
again from [70], this implies that both the L’-Dirichlet and L’-regularity problems 
are well-posed, for any 1 < p < oo and any | < q < o, ina convex domain of 
arbitrary dimension. They also observed that, by the techniques of [117] (discussed 
in section “The Maximum Principle in Lipschitz Domains” above), the maximum 
principle (91) is valid in arbitrary convex domains. 

It is interesting to note how, once again, the methods and results related to 
pointwise estimates, the Wiener criterion, and local regularity estimates near the 
boundary are intertwined with the well-posedness of boundary problems in L?’. 


The Neumann Problem for the Biharmonic Equation 


So far we have only discussed the Dirichlet and regularity problems for higher- 
order operators. Another common and important boundary value problem that arises 
in applications is the Neumann problem. Indeed, the principal physical motivation 
for the inhomogeneous biharmonic equation A*u = h is that it describes the 
equilibrium position of a thin elastic plate subject to a vertical force h. The Dirichlet 
problem ul 99 = J> Vu 9Q = & describes an elastic plate whose edges are clamped, 
that is, held at a fixed position in a fixed orientation. The Neumann problem, on the 
other hand, corresponds to the case of a free boundary. Guido Sweers has written 
an excellent short paper [136] discussing the boundary conditions that correspond 
to these and other physical situations. 

More precisely, if a thin two-dimensional plate is subject to a force h and the 
edges are free to move, then its displacement u satisfies the boundary value problem 


Au=h ind, 
pAu+(1—p)du=0 ondQ, 
d,Aut (1— p)dcu=0 ondQ. 


Here p is a physical constant, called the Poisson ratio. This formulation goes back 
to Kirchhoff and is well known in the theory of elasticity; see, for example, Sect. 3.1 
and Chap. 8 of the classic engineering text [112]. We remark that by [112, formula 
(8-10)], 


d,Au + (1 — p)dcrpu = 0, Au+ (1 — p)d; (Opru). 


This suggests the following homogeneous boundary value problem in a Lipschitz 
domain Q of arbitrary dimension. We say that the L’-Neumann problem is 
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well-posed if there exist a constant C > 0 such that, for every fo € L?(0Q) and 
Ao € We ,(0Q), there exist a function u such that 


Au =0 inQ, 


M,u:= ae on 0Q, 


(94) 
K,u:= 0,Au+ (1— p)= oC v4) = Ao on dQ, 


IN(V7u) lla < Cllfollwe (aay + Cll Aollwe., (aay: 


Here tj = v,;e; — v;e; is a vector orthogonal to the outward normal v and lying in 
the x;x;-plane. 

In addition to the connection to the theory of elasticity, this problem is of interest 
because it is in some sense adjoint to the Dirichlet problem (74). That is, if A?u = 
A2w = 0in Q, then Jog 9vWMpu —wK,udo = J,. 0,uM,w — uK,wdo, where 
M, and K,, are as in (94); this follows from the more general formula 


: wA?u = | (pAu Aw + (1 — p)djxu djew) + / w Kpu — 0,wM,udo 
Q Q ag 
(95) 


valid for arbitrary smooth functions. This formula is analogous to the classical 
Green’s identity for the Laplacian 


[wau=- | vuvws | wv-Vudo. (96) 
Q Q IQ 


Observe that, contrary to the Laplacian or more general second-order operators, 
there is a family of relevant Neumann data for the biharmonic equation. Moreover, 
different values (or, rather, ranges) of p correspond to different natural physical 
situations. We refer the reader to [141] for a detailed discussion. 

In [34], Cohen and Gosselin showed that the L’-Neumann problem (94) was 
well-posed in C! domains contained in R* for 1 < p < 00, provided in addition 
that p = —1. The method of proof was as follows. Recall from (78) that Cohen 
and Gosselin showed that the Z?-Dirichlet problem was well-posed by constructing 
a multiple layer potential Lf with boundary values (I + K)f, and showing that 
I+ XK is invertible. We remark that because Cohen and Gosselin preferred to work 
with Dirichlet boundary data of the form (u, 0,u, dy) | a6 rather than of the form 
(u, 0,u) | yq> the notation of [34] is somewhat different from that of the present paper. 
In the notation of the present paper, the method of proof of [34] was to observe that 
(I+K)*6 is equivalent to (K_, v8, M_,v6) 9c, where v is another biharmonic layer 
potential and (J + K)* is the adjoint to (J + K). Well-posedness of the Neumann 
problem then follows from invertibility of J + K on QS. 


96 A. Barton and S. Mayboroda 


In [141], Verchota investigated the Neumann problem (94) in full generality. He 
considered Lipschitz domains with compact, connected boundary contained in R”, 
n > 2. He showed that if —1/(n — 1) < p < 1, then the Neumann problem is well- 
posed provided 2 — ¢ < p < 2+ ¢. That is, the solutions exist, satisfy the desired 
estimates, and are unique either modulo functions of an appropriate class or (in 
the case where Q is unbounded) when subject to an appropriate growth condition. 
See [141, Theorems 13.2 and 15.4]. Verchota’s proof also used boundedness and 
invertibility of certain potentials on L’(0Q); a crucial step was a coercivity estimate 
|V7ullz2~aa) < CIlK pull 2, (aa) + C\|Mpull;2(9q)- This estimate is valid provided u 
is biharmonic and satisfies some mean-value hypotheses; see [141, Theorem 7.6]). 

More recently, in [132], Shen improved upon Verchota’s results by extending the 
range on p (in bounded simply connected Lipschitz domains) to 2(n— 1)/(n+ 1) — 
e<p<2+eifn>4,and|1<p<2+eifn =2 orn =3. This result again was 
proven by inverting layer potentials. Observe that the L’-regularity problem is also 
known to be well-posed for p in this range, and (if n > 6) in a broader range of p; 
see section “The Regularity Problem and the L’-Dirichlet Problem.” The question of 
the sharp range of p for which the L’-Neumann problem is well-posed in a Lipschitz 
domain is still open. 

Finally, in [109, Sect. 6.5], I. Mitrea and M. Mitrea showed that if Q C R” is 
a simply connected domain whose unit outward normal v lies in VMO(0Q) (for 
example, if Q is a C! domain), then the acceptable range of p is 1 < p < ©; 
this may be seen as a generalization of the result of Cohen and Gosselin to higher 
dimensions, to other values of p, and to slightly rougher domains. 

It turns out that extending the well-posedness results for the Neumann problem 
beyond the case of the bilaplacian is an excruciatingly difficult problem, even if 
one considers only fourth-order operators with constant coefficients. Even defining 
Neumann boundary values for more general operators is a difficult problem (see 
section “Formulation of Neumann Boundary Data’), and while some progress has 
been made (see [7, 20, 25, 109], or section “Formulation of Neumann Boundary 
Data” below), at present there are no well-posedness results for the Neumann 
problem with LZ? boundary data. 

In analogy to (95) and (96), one can write 


| w Lu = Alu, w] + / w Kau — 0,w Maudo, (97) 
Q aQ 


where A[u,w] = lel=181=2 dt bes D’u D*w is an energy form associated with 
the operator L = lee Bl=2 dgpD* DF. Note that in the context of fourth-order 
operators, the pair (w, 0,w) constitutes the Dirichlet data for w on the boundary, 
and so one can say that the operators K4u and M,u define the Neumann data for u. 
One immediately faces the problem that the same higher-order operator L can be 
rewritten in many different ways and gives rise to different energy forms. The 
corresponding Neumann data will be different. (This is the reason why there is a 
family of Neumann data for the biharmonic operator.) 
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Furthermore, whatever the choice of the form, in order to establish well- 
posedness of the Neumann problem, one needs to be able to estimate all second 
derivatives of a solution on the boundary in terms of the Neumann data. In the 
analogous second-order case, such an estimate is provided by the Rellich identity, 
which shows that the tangential derivatives are equivalent to the normal derivative 
in L’ for solutions of elliptic PDEs. In the higher-order scenario, such a result calls 
for certain coercivity estimates which are still rather poorly understood. We refer 
the reader to [142] for a detailed discussion of related results and problems. 


Inhomogeneous Problems and Other Classes of Boundary Data 


In [4], Adolfsson and Pipher investigated the inhomogeneous Dirichlet problem 
for the biharmonic equation with data in Besov and Sobolev spaces. While 
resting on the results for homogeneous boundary value problems discussed in 
sections “The Dirichlet Problem: Definitions, Layer Potentials, and Some Well— 
Posedness Results” and “The Regularity Problem and the L’-Dirichlet Problem,” 
such a framework presents a completely new setting, allowing for the inhomoge- 
neous problem and for consideration of classes of boundary data which are, in some 
sense, intermediate between the Dirichlet and the regularity problems. 

They showed that if f € WA’, (0) and h € L? + 1/p-3(&), then there exist a 
unique function u that satisfies 


Au=h in, 
(98) 
Trd°u = fy, for0<|a| <1 
subject to the estimate 
ele yey S CMAlle yea) + Cl llwar, cae) (99) 


provided 2—¢ < p< 2+ eand0 < s < 1. Here Trw denotes the trace of w in 
the sense of Sobolev spaces; that these may be extended to functions u € sb 141 /p? 
s > 0, was proven in [4, Theorem 1.12]. 

In Lipschitz domains contained in IR, they proved these results for a broader 
range of p and s, namely for 0 < s < | and for 


2 oO, S<6&, 
max { 1, —————_ ] < p< 100 
( =a) . y eee< 1, 


Finally, in C! domains, they proved these results for any p and s with 1 < p < oo 
andOQ<s<l. 
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In [107], Mitrea et al. extended the three-dimensional results to p = oo (for 
0<s<e)or2/(s+1+e) <p <1(forl—e<-s <1). They also extended these 
results to data h and f in more general Besov or Triebel—Lizorkin spaces. 

In [108], I. Mitrea and M. Mitrea extended the results of [4] to higher dimensions. 
That is, they showed that if & C R” is a Lipschitz domain and n > 4, then there 
is a unique solution to the problem (98) subject to the estimate (99) provided that 
0 <s < 1 and that 


( n—1 ) . (n—3)/2+5<e, 
max | | <p< 


, =z -1 
s+(n—1)/2+¢6 Gaipee €SS<1. 


As in [107], their results extend to more general function spaces. 
I. Mitrea and M. Mitrea also showed that, for the same values of p and s, there 
exist unique solutions to the inhomogeneous Neumann problem 


NVu=h inQ, 
M,u=f ondQ, 
K,pu= A ondQ 


where M, and K, are as in section “The Neumann Problem for the Biharmonic 
Equation,” subject to the estimate 


ele yey S CMAller, cay + Cll lar (aay + CIA lave, cae): (101) 


Finally, in [109, Sect. 6.4], I. Mitrea and M. Mitrea proved similar results for 
more general constant-coefficient elliptic operators. That is, if L is an operator given 
by formula (7) whose coefficients satisfy the ellipticity condition (8), and if 2 C R” 
is a bounded Lipschitz domain, then there exist a unique solution to the Dirichlet 
problem 


lu=h inQ, 
(102) 
Tro°u= fo, for0 <|a| <1 
subject to the estimate 
lat pf) s Cllrllars 1) 3 Cll ll wars, , (a2) (103) 


provided 2-—e<p<2+6,2-e<q<2+e,and1/2—e<s < 1/2+6. 
Furthermore, with a slightly stronger ellipticity condition 


£ rs 
Re Doo ag tpte = Ale? 


le|=[B|=mj.k=1 
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they established well-posedness of the inhomogeneous Neumann problem for 
arbitrary constant-coefficient operators. See section “Formulation of Neumann 
Boundary Data” below for a formulation of Neumann boundary data in the case of 
arbitrary operators. Finally, if L is self-adjoint and n > 2m, and if the unit outward 
normal v to dQ lies in VMUO(0Q), then the Dirichlet problem (102) has a unique 
solution satisfying the estimate (103) for any 0 < s < 1 and any 1 < p < ~, 
l1<q<ow. 

Let us define the function spaces appearing above. L/(R") is defined to be {g : 
(I — A)*?g € LP(R")}; we say g € Lh(Q) if g = Al, for some h € 1) (R"). If k 
is a nonnegative integer, then L? = Wy. If m is an integer and 0 < s < 1, then the 
Whitney—Besov space WA?_,,, = WAP? . or WAP" is defined analogously 
to WA? (see Definition 4.2), except that we take the completion with respect to the 
Whitney—Besov norm 


YS 8°Vlloe@ay + D> Na Wilaesaay (104) 


ja|<m-1 ja|=m-1 


rather than the Whitney—Sobolev norm 


Yd l%Vllee@ay + DS 1V28"Vllvea)- 


la|<m—1 a|=m-1 


In [4], the general problem (98) for A? was first reduced to the case h = 0 
(that is, to a homogeneous problem) by means of trace/extension theorems, that is, 
subtracting w(X) = fy, F(X, Y)h(Y)dY, and showing that if h ¢ Ley t/p-3(Q) 
then (Trw,TrVw) € WA‘ 4;(0Q). Next, the well-posedness of Dirichlet and 
regularity problems discussed in sections “The Dirichlet Problem: Definitions, 
Layer Potentials, and Some Well-Posedness Results” and “The Regularity Problem 
and the L?-Dirichlet Problem” provide the endpoint cases s = 0 ands = 1, 
respectively. The core of the matter is to show that, if u is biharmonic, k is an integer, 
and 0 <a <1, thenu € Ly,,(Q) if and only if 


| [VF u(x)? dist(xX, QPP + |VAu(X))” + |u(X)|? dX < 00, (105) 
Q 


(cf. [4, Proposition S]). With this at hand, one can use square-function estimates 
to justify the aforementioned endpoint results. Indeed, observe that for p = 2 
the first integral on the left-hand side of (105) is exactly the L? norm of S(V*u). 
The latter, by [115] (discussed in section “The Area Integral”), is equivalent to 
the L* norm of the corresponding nontangential maximal function, connecting the 
estimate (99) to the nontangential estimates in the Dirichlet problem (74) and the 
regularity problem (80). Finally, one can build an interpolation-type scheme to pass 
to well-posedness in intermediate Besov and Sobolev spaces. 
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The solution in [109] to the problem (102), at least in the case of general 
Lipschitz domains, was constructed in the opposite way, by first reducing to the 
case where the boundary data f = 0. Using duality it is straightforward to establish 
well-posedness in the case p = q = 2, s = 1/2; perturbative results then suffice to 
extend to p, g near 2 and s near 1/2. 


Boundary Value Problems with Variable Coefficients 


Results for higher-order differential equations with variable coefficients are very 
scarce. As we discussed in section “Higher-Order Operators: Divergence Form 
and Composition Form,” there are two natural manifestations of higher-order 
operators with variable coefficients. Operators in divergence form arise via the weak 
formulation framework. Conversely, operators in composition form generalize the 
bilaplacian under a pull-back of a Lipschitz domain to the upper half-space. 

Both classes of operators have been investigated. However, operators in diver- 
gence form have received somewhat more study; thus, we begin this section by 
reviewing the definition of divergence-form operator. A divergence-form operator 
L, acting on We toc(& +> C*), may be defined weakly via (12); we say that Lu = h 
if 


£ £ 
> [ gh =-D"> YS / 0% Gj ai, OP uy (106) 
j= 12 Q 


Jk=1 |a|=|B|=m 


for all g smooth and compactly supported in Q. 


The Kato Problem and the Riesz Transforms 


We begin with the Kato problem and the properties of the Riesz transform; this is an 
important topic in elliptic theory, which formally stands somewhat apart from the 
well-posedness issues. 

Suppose that L is a variable-coefficient operator in divergence form, that is, an 
operator defined by (106). Suppose that L satisfies the bound 


£ 
YD [toh es 


|al=|B|=mj.k=1 


<CIV"flee lV" sle@ (107) 
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for all f and g in w2 (R"), and the ellipticity estimate 


: £ 
Red [an 00 0°) aX = AD ae la gl? (108) 


|a|=|6|=mj.k=1 |a|=m k=1 


for all functions g € C#°(Q bh C‘). Notice that this is a weaker requirement than 
the pointwise ellipticity condition (11). 
Auscher et al. [16] proved that under these conditions, the Kato estimate 


1 
GllV"flzgy S IV Zflli2ce S CIV Flli2cery (109) 


is valid for some constant C. They also proved similar results for operators with 
lower-order terms. 

It was later observed in [11] that by the methods of [15], if 1 < n < 2m, 
then the bound on the Riesz transform V”L7~!/? in L? [that is, the first inequality 
in formula (109)] extends to the range 1 < p < 2+ ¢, and the reverse Riesz 
transform bound [that is, the second inequality in formula (109)] extends to the 
range | < p < ov. This also holds if the Schwartz kernel W,(X, Y) of the operator 
e~" satisfies certain pointwise bounds (e.g., if L is second order and the coefficients 
of A are real). 

In the case where n > 2m, the inequality || V"L7~!/2f|| porn) < Cllfll aan) holds 
for 2n/(n + 2m) — © < p < 2; see [11, 26]. The reverse inequality holds for 
max(2n/(n + 4m) — &,1) < p < 2 by [11, Theorem 18], and for 2 < p < 
2n/(n — 2m) + é by duality (see [12, Sect. 7.2]). 

In the case of second-order operators, the Kato estimate implies well-posedness 
of boundary value problems with L? data in the upper half-space for certain 
coefficients in a special (“block”) form. We conjecture that the same is true in 
the case of higher-order operators; see section “Open Questions and Preliminary 
Results.” 


The Dirichlet Problem for Operators in Divergence Form 


In this section we discuss boundary value problems for divergence-form operators 
with variable coefficients. At the moment, well-posedness results for such operators 
are restricted in that the boundary problems treated fall strictly between the range 
of L?-Dirichlet and L’-regularity, in the sense of section “Inhomogeneous Problems 
for the Biharmonic Equation.” That is, there are at present no well-posedness results 
for the L’-Dirichlet, regularity, and Neumann problems on Lipschitz domains with 
the usual sharp estimates in terms of the nontangential maximal function for these 
divergence-form operators. (Such problems are now being considered; see section 
“Open Questions and Preliminary Results.”) 
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To be more precise, recall from the discussion in section “Inhomogeneous 
Problems for the Biharmonic Equation” that the classical Dirichlet and regularity 
problems, with boundary data in L’, can be viewed as the s = 0, | endpoints of the 
boundary problem studied in [4, 107, 108] 


Aru =hinQ, d%u|,9 = fe for all |a| < 1 


with f lying in an intermediate smoothness space WA’, (02), 0 < s < 1. In the 
context of divergence-form higher-order operators with variable coefficients, essen- 
tially the known results pertain only to boundary data of intermediate smoothness. 

In [7], Agranovich investigated the inhomogeneous Dirichlet problem, in Lips- 
chitz domains, for such operators L that are elliptic [in the pointwise sense of (11), 
and not the more general condition (108)] and whose coefficients a's are Lipschitz 
continuous in Q. 

He showed that if h € PP -t+t/pts(2) and f € WA? _,, (dQ), for some 
0 <s < 1, and if |p — 2| is small enough, then the Dirichlet problem 


lu=h inQ, 
(110) 
Tro°u=f, forall0 < ja|<m-1 
has a unique solution u that satisfies the estimate 
Vela yp) = CMe? tip ts(@) + Cllfllwar_,,,(@9)- CTT) 


Agranovich also considered the Neumann problem for such operators. As we 
discussed in section “The Neumann Problem for the Biharmonic Equation,” defining 
the Neumann problem is a delicate matter. In the context of zero boundary data, the 
situation is a little simpler as one can take a formal functional analytic point of view 
and avoid to some extent the discussion of estimates at the boundary. We say that u 
solves the Neumann problem for LZ, with homogeneous boundary data, if Eq. (106) 
in the weak formulation of L is valid for all test functions g compactly supported 
in R” (but not necessarily in Q). Agranovich showed that, if h € id paige 4, (2), 
then there exist a unique function u € L? (QQ) that solves this Neumann 


: m—1+1/p+s ie 
problem with homogeneous boundary data, under the same conditions on p, s, L 


as for his results for the Dirichlet problem. Here h € rs (Q) ifh = Sle for some 
g € L2(R") that in addition is supported in Q. 

In [100], Maz’ya et al. considered the Dirichlet problem, again with boundary 
data in intermediate Besov spaces, for much rougher coefficients. They showed that 
if f € WA? _,. (dQ), for some 0 < s < 1 and some 1 < p < on, if h lies in an 
appropriate space, and if L is a divergence-form operator of order 2m [as defined 
by (106)], then under some conditions, there is a unique function wu that satisfies the 
Dirichlet problem (110) subject to the estimate 


m1—s—1/p 


1/p 
lel ye = o> | aru(xyP dist xX, ay"! dx) <oo. (112) 


la|<m 
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See [100, Theorem 8.1]. The inhomogeneous data h is required to lie in the space 


VP nd—s—1/p(S2)> the dual space to vie ,(Q), where 
\/p 
IIwll ve, = (= iu |9% u(X)|? dist(X, AQ)P2telel—pm ax) ; (113) 
lal<m 


Notice that w € VP, and 0*w = 0 on 02 for all 
0 <|a|<m-1. 

The conditions are that the coefficients di B satisfy the weak ellipticity condi- 
tion (108) considered in the theory of the Kato problem, that Q be a Lipschitz 
domain whose normal vector v lies in VMO(0Q), and that the coefficients ai 
lie in L°°(R") and in VMO(R"). Recall that this condition on Q has also arisen 
n [106] [it ensures the validity of formula (48)]. Notice that the L° bound on the 
coefficients is a stronger condition than the bound (107) of [16], and the requirement 
that the coefficients lie in VMO(R") is a regularity requirement that is weaker than 
the requirement of [7] that the coefficients be Lipschitz continuous. 

In fact, [100] provides a more intricate result, allowing one to deduce a 
well- “posedness range of s and p, given information about the oscillation of the 
coefficients ds and the normal to the domain v. In the extreme case, when the 
oscillations for both are vanishing, the allowable range expands to 0 < s < 1, 
1 < p < ov, as stated above. 

The construction of solutions to the Dirichlet problem may be simplified using 
trace and extension theorems. In [100, Proposition 7.3], the authors showed that if 
fe WA’ _,,,(0Q), then there exist a function F € W? , such that 0*F = f, on 


mya 
dQ. It is easy to see that if F € W® ,, and the coefficients a's of L are bounded 


pointwise, then LF € V_,,1-s—1/p. Thus, the Dirichlet problem 


if and only if w <¢ W? 


m,a 


Lu=hinQ, 
dut| 30 = fy, for all |a| <m—1, 


S [lAllv + Ulla 


lu ull we —m,1—s—1/p 


m,l—s—1/p (082) 


m—|+s 


may be solved by solving the Dirichlet problem with homogeneous boundary data 


Lw=h-LFinQ, 


Iw 50 = 0 for all Ja| <m—1, 
lwilwe l/p < Wally af LF ll ve —m,1—s—1/p 


for some extension F and then letting u = w+ F. 

We comment on the estimate (112). First, by [4, Proposition S] [listed above 
as formula (105)], if uw is biharmonic, then the estimate (ts) is equivalent to the 
estimate (111) of [7]. Second, by (90), if the coefficients as are constant, one 
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can draw connections between (112) for s = 0, 1 and the nontangential maximal 
estimates of the Dirichlet or regularity problems (87) or (88). However, as we 
pointed out earlier, this endpoint case, corresponding to the true L?-Dirichlet and 
regularity problems, has not been achieved. 


The Dirichlet Problem for Operators in Composition Form 


Let us now discuss variable-coefficient fourth-order operators in composition form. 
Recall that this particular form arises naturally when considering the transformation 
of the bilaplacian under a pull-back from a Lipschitz domain [cf. (13)]. The 
authors of the present paper have shown the well-posedness, for a class of such 
operators, of the Dirichlet problem with boundary data in L’, thus establishing 
the first results concerning the L’-Dirichlet problem for variable-coefficient higher- 
order operators. 
Consider the Dirichlet problem 


L* (aLu) = 0 in Q, 

u=f on 0Q, 
(114) 

v-AVu=g on dQ, 

IN(Vu) ll 12a) <= Cll Vfll2@a) + Cllgllzz aa): 
Here L is a second-order divergence-form differential operator L = — divA(X)V, 
and ais a scalar-valued function. (For rough coefficients A, the exact weak definition 
of L*(aLu) = 0 is somewhat delicate, and so we refer the reader to [23].) The 


domain Q is taken to be the domain above a Lipschitz graph, that is, Q = {(x, 1): 
x € R"!, t > g(x} for some function g with Vo € L®(R""!). As pointed out 
above, the class of equations L*(aLu) = 0 is preserved by a change of variables, 
and so well-posedness of the Dirichlet problem (114) in such domains follows from 
well-posedness in upper half-spaces IR”. Hence, in the remainder of this section, 
Q=R. 

The appropriate ellipticity condition is then 


A<a(X)< A, — Alnf <ReAA(X)n, [A(X] <A (115) 


for all X ¢ R" and all 7 € C”, for some constants A > A > 0. The modified 
nontangential maximal function N(Vu), defined by 


1/2 
i(Vu)(Q) = sup (f Ivul?) ; 
xer(Q) \/ B(x dist(X,92)/2) 


is taken from [67] and is fairly common in the study of variable-coefficient elliptic 
operators. 


Higher-Order Elliptic Equations 105 
In this case, we say that ills =fandv-AVu= gif 


lim ||u(- + te) — = 0, 
here ee ) Fllw2aa) 


lim ||v-AVu(- + te) — gllr~aa) = 0 

tot 

where e = e,, is the unit vector in the vertical direction. Notice that by the restriction 
on the domain Q, e is transverse to the boundary at all points. We usually refer to 
the vertical direction as the t-direction, and if some function depends only on the 
first n — 1 coordinates, we say that function is t-independent. 

In [23], the authors of the present paper have shown that if n > 3, and if a 
and A satisfy (115) and are t-independent, then for every f € W7(0Q) and every 
ge L?(0Q), there exist a wu that satisfies (114), provided that the second-order 
operator L = div AV is good from the point of view of the second-order theory. 

Without going into the details, we mention that there are certain restrictions on 
the coefficients A necessary to ensure the well-posedness even of the corresponding 
second-order boundary value problems; see [27]. The key issues are good behavior 
in the direction transverse to the boundary, and symmetry. See [61, 67] for 
results for symmetric f-independent coefficients, [58, 59, 68, 69, 122] for well- 
posedness results and important counterexamples for non-symmetric coefficients, 
and [8, 17, 18] for perturbation results for t-independent coefficients. 

In particular, using the results of [8, 17, 18], we have established that the 
L?-Dirichlet problem (114) in the upper half-space is well-posed, provided the 
coefficients a and A satisfy (115) and are t-independent, if in addition one of 
the following conditions holds: 


1. The matrix A is real and symmetric, 

2. The matrix A is constant, 

3. The matrix A is in block form (see section “Open Questions and Preliminary 
Results”) and the Schwartz kernel W,(X, Y) of the operator e~ satisfies certain 
pointwise bounds, or 

4. There is some matrix Ao, satisfying (1), (2), or (3), that again satisfies(1 15) and is 
t-independent, such that ||A — Ao|| poo qgn—1) is small enough (depending only on 
the constants A, A in (115)). 


The solutions to (114) take the following form. Inspired by formula (79) (taken 
from [39]), and a similar representation in [116], we let 


1 


Eh= i F(X,Y) 0°S,h(Y) dY (116) 
Q a(Y) 


for h defined on 0Q, where S, is the (second-order) single layer potential associated 
with L* and F is the fundamental solution associated with L. Then a(X) L(Eh)(X) = 
02S, (X) in Q (and is zero in its complement); if A* is t-independent, then 
L*(0?S4h) = 07L*(S,h) = 0. Thus u = w + Eh is a solution to (114), for any 
solution w to Lw = 0. The estimate IN(VEA) || 22,49) < ||All2@q) must then be 
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established. In the case of biharmonic functions (considered in [116]), this estimate 
follows from the boundedness of the Cauchy integral; in the case of (114), this is 
the most delicate part of the construction, as the operators involved are far from 
being Calder6én—Zygmund kernels. Once this estimate has been established, it can 
be shown, by an argument that precisely parallels that of [116], that there exists a w 
and h such that Lw = 0 and u = w + Eh solves (114). 


The Fundamental Solution 


A set of important tools, and interesting objects of study in their own right, 
are the fundamental solutions and Green’s functions of differential operators in 
various domains. To mention some applications presented in this survey, recall from 
sections “Sharp Pointwise Estimates on the Derivatives of Solutions in Arbitrary 
Domains” and “Green Function Estimates” that bounds on Green’s functions G 
are closely tied to maximum principle estimates, and from sections “The Wiener 
Test: Continuity of Solutions” and “The Higher-Order Wiener Test: Continuity of 
Derivatives of Polyharmonic Functions” that the fundamental solution F' is used 
to establish regularity of boundary points (that is, the Wiener criterion). See in 
particular Theorem 3.6. 

Furthermore, fundamental solutions and Green’s functions are often crucial 
elements of the construction of solutions to boundary value problems. In the 
case of boundary value problems in divergence form, the fundamental solution or 
Green’s function for the corresponding higher-order operators is often useful; see 
the constructions in [33, 100, 118, 119, 125, 140], or in formulas (77) and (78) 
above. In the case of operators in composition form, it is often more appropriate 
to use the fundamental solution for the lower-order components; see, for example, 
formulas (79), (92), and (116), or the paper [139], which makes extensive use of the 
Green’s function for (—A)” to solve boundary value problems for (—A)"*!. 

We now discuss some constructions of the fundamental solution. In the case of 
the biharmonic equation, and more generally in the case of constant-coefficient 
equations, the fundamental solution may be found in a fairly straightforward 
fashion, for example, by use of the Fourier transform; see, for example, formu- 
las (20) and (21) above, [60, 63, 110, 114, 126] (the relevant results of which 
are summarized as [109, Theorem 4.2]), or [42, 43]. In the case of variable- 
coefficient second-order operators, the fundamental solution has been constructed 
in [45, 53, 55, 57, 66, 76, 121] under progressively weaker assumptions on the 
operators. The most recent of these papers, [121], constructs the fundamental 
solution F for a second-order operator L under the assumption that if Lu = 0 in 
some ball B(X, r), then we have the local boundedness estimate 


1 1/2 
|u(X)| < (= Hw) (117) 
Vr" JB(X,r) 
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for some constant C depending only on L and not on u, X, or r. This assumption is 
true if L is a scalar second-order operator with real coefficients (see [111]) but is not 
necessarily true for more general elliptic operators (see [52]). 

If Lu = O in B(X,r) for some elliptic operator of order 2m, where 2m > n, 
then the local boundedness estimate (117) follows from the Poincaré inequality, the 
Caccioppoli inequality 


C 
i |V"ul? < = |u|? (118) 
B(X,r/2) re™ TB) 


and Morrey’s inequality 


N 1/2 
|u(X)| < cye(s f val’) whenever V/2 > n. 
j=0 r JB(X,r/2) 

Weaker versions of the Caccioppoli inequality (118) (that is, bounds with higher- 
order derivatives appearing on the right-hand side) were established in [14, 29]. 
In [21], the first author of the present paper established the full Caccioppoli 
inequality (118), thus establishing that if 2m > n then solutions to Lu = 0 satisfy the 
estimate (117). (Compare the results of section “Sharp Pointwise Estimates on the 
Derivatives of Solutions in Arbitrary Domains,” in which solutions to (—A)""u = f 
are shown to be pointwise bounded only if 2m > n — 2; as observed in that section, 
Morrey’s inequality yields one fewer degree of smoothness but was still adequate 
for the purpose of [21].) 

Working much as in the second-order papers listed above, Barton then con- 
structed the fundamental solution for divergence-form differential operators L with 
order 2m > n and with bounded coefficients satisfying the ellipticity condition (108). 
In the case of operators L with 2m < n, she then constructed an auxiliary operator 
L with 2m > n and used the fundamental solution for L to construct the fundamental 
solution for L; this technique was also used in [16] to pass from operators of 
high order to operators of arbitrary order, and for similar reasons (i.e., to exploit 
pointwise bounds present only in the case of operators of very high order). 

This technique allowed the proof of the following theorem, the main result 
of [21]. 


Theorem 5.1. Let L be a divergence-form operator of order 2m, acting on functions 
defined on R", that satisfies the ellipticity condition (108) and whose coefficients A 
are pointwise bounded. Then there exist an array of functions F(x, y) with the 
following properties. 

Let q and s be two integers that satisfy q + s < n and the bounds 0 < q < 
min(m,n/2), 0 < s < min(m,n/2). 
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Then there is some ¢ > 0 such that if x) € R", if0 < 4r < R, if A(x, R) = 
B(xo, 2R) \ B(xo, R), and if q < n/2 then 


vrsyn-d FL (xy)? dedy < CrIR®( =) . (119) 
Ne y ty 
YEB(x0,r) J x€A(x0.8) 5 R 


If q = n/2, then we instead have the bound 


6 
R 
ic / Deere? cae yy? dx dy < C(8) pare (*) (120) 
yEB(xo,r) J xEA(x0,R) r 


for all 5 > 0 and some constant C(5) depending on 6. 
We also have the symmetry property 


OY FI, (x,y) = 0 OSFE; (yx) (121) 


as locally L? functions, for all multiindices y, 6 with |y| = m— q and |6| =m—s. 
If in addition q + s > 0, then for all p with 1 < p < 2and p <n/(n—(q+5)), 
we have that 


: | MeN ey) dedy Ss Cy rey (122) 
B(xo,r) ¥ B(xo,r) 


for all xo € R" and all r > 0. 

Finally, there is some ¢ > 0 such that if 2 —« < p < 2+ then V'" TI" extends 
to a bounded operator L? (IR") +> L?(R"). If y satisfies m—n/p < |y| < m-—1 for 
some such p, then 


N 
ax TA(x) = > Pa A dX OPFE (x,y) hk.p(y) dy for ae. x €R" (123) 
k=1 |p|=m 


for all h € LP(R") that are also locally in L?(R"), for some P > n/(m— |y|). In the 
case of \a| = m, we still have that 


N 
eh) = >> So i ; OOP FE (x.y) hp(y) dy forae.x¢supph — (124) 
k=1 |Bl=m 


for all h € L?(R") whose support is not all of R". 
Here, if h € L?(R"), then I1“h is the unique function in W2(R”) that satisfies 


£ £ 
LO fae he= Co" Lf awa, Pai, 


j=1 |a|=m Jk=1 |a|=|B|=m 
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for all g € W2(R"). That is, u = II‘ is the solution to Lu = div,,h. The 
formulas (123) and (124) represent the statement that F” is the fundamental solution 
for L, that is, that L,F“(x, y) = 6,(x) in some sense. 

Thus, [21] contains a construction of the fundamental solution for divergence- 
form operators L of arbitrary order, with no smoothness assumptions on the 
coefficients of L or on solutions to Lu = 0 beyond boundedness, measurability, 
and ellipticity. These results are new even in the second-order case, as there exist 
second-order operators L = —divAV whose solutions do not satisfy the local 
boundedness estimate (117) (see [52, 99]) and thus whose fundamental solution 
cannot be constructed as in [121]. 


Formulation of Neumann Boundary Data 


Recall from section “The Neumann Problem for the Biharmonic Equation” that 
even defining the Neumann problem is a delicate matter. In the case of higher-order 
divergence-form operators with variable coefficients, the Neumann problem has thus 
received little study. 

As discussed in section “The Dirichlet Problem for Operators in Divergence 
Form,” Agranovich has established some well-posedness results for the inhomo- 
geneous problem Lu = h with homogeneous Neumann boundary data. He has 
also provided a formulation of inhomogeneous Neumann boundary values; see [7, 
Sect. 5.2]. 

This formulation is as follows. Observe that if the test function g does not have 
zero boundary data, then formula (106) becomes 


£ £ 
»~ i (Lig =(-D" DDE [eee a0 0 na) ax (125) 
j=l 


i.K=1 |a|=|B|=m 


m—-1 € 


+ a as Bi jl I Qj do 


i=0 j=1 


where B,u is an appropriate linear combination of the functions 0%u where |a| = 
m +i. The expressions Bju may then be regarded as the Neumann data for u. Notice 
that if L is a fourth-order constant-coefficient scalar operator, then By) = —M, 
and B, = Ky, where Ky, My are given by (97). Agranovich provided some brief 
discussion of the conditions needed to resolve the Neumann problem with this 
notion of inhomogeneous boundary data. Essentially the same notion of Neumann 
boundary data was used in [109] (a book considering only the case of constant 
coefficients); an explicit formula for Bju in this case may be found in [109, 
Proposition 4.3]. 
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However, there are several major problems with this notion of Neumann bound- 
ary data. These difficulties arise from the fact that the different components Bju may 
have different degrees of smoothness. For example, in the case of the biharmonic 
L?-Neumann problem of section “The Neumann Problem for the Biharmonic 
Equation,” the term M,u = —Bou is taken in the space L?(0Q), while the term 
K,u = B,wis taken in the negative smoothness space W? , (dQ). 

If Q is a Lipschitz domain, then the space W/(d) of functions with one degree 
of smoothness on the boundary is meaningful, and so we may define W’ , (dQ), 
1/p + 1/q = 1, as its dual space. However, higher degrees of smoothness on the 
boundary and thus more negative smoothness spaces W’ ,(Q) are not meaningful, 
and so this notion of boundary data is difficult to formulate on Lipschitz domains. 
(This difficulty may in some sense be circumvented by viewing the Neumann 
boundary data as lying in the dual space to WA? _, 45(9Q); see [108, 109]. However, 
this approach has some limits; for example, there is a rich theory of boundary value 
problems with boundary data in Hardy or Besov spaces which do not arise as dual 
spaces (i.e., with p < 1) and which is thus unavailable in this context.) 

Furthermore, observe that as we discussed in section “Boundary Value Problems 
with Constant Coefficients,’ a core result needed to approach Neumann and 
regularity problems is a Rellich identity-type estimate, that is, an equivalence of 
norms of the Neumann and regularity boundary data of a solution; in the second- 
order case this may be stated as 


| Veullr2(aa) x ||v -AVulli2aq) 


whenever divAVu = 0O in , for at least some domains Q and classes of 
coefficients A. In section “Open Questions and Preliminary Results,” we will 
discuss some possible approaches and preliminary results concerning higher-order 
boundary value problems, in which a higher-order generalization of the Rellich 
identity is crucial; thus, it will be highly convenient to have notions of regularity 
and Neumann boundary values that can both be reasonably expected to lie in the 
space L?, 

Thus, it is often convenient to formulate Neumann boundary values in the 
following way. Observe that, if Lu = 0 in Q, and dQ is connected, then for all 
nice test functions @, the quantity 


L 
~ >d [avi Ou 


i.k=1 |a|=|B|=m? @ 


depends only on the values of V’”"~!g on 0Q; thus, there exist functions Mu such 
that 


£ £ 
yo [ rods fue. oe , Mi” ud" gj do. (126) 
Q dQ 


Jk=1 |a|=|B|=m lyl=m—1 j=l 
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We may then consider the array of functions M4u to be the Neumann boundary val- 
ues of u. This formulation only requires dealing with a single order of smoothness, 
but is somewhat less intuitive as there is no explicit formula for M,4u(X) in terms of 
the derivatives of u evaluated at X. 

Also observe that, if we adopt this notion of Neumann boundary data, it is more 
natural to view the Dirichlet boundary values of u as the array {87 ul,0 > |yl = 
m — 1}, and not {0’u|., : |y| < m— 1}, as was done in sections “Boundary Value 
Problems with Constant Coefficients” and “The Dirichlet Problem for Operators 
in Divergence Form.’ The natural notion of regularity boundary values is then 
{V,0” u| 9q : \Y| = m—1}; again, all components conveniently may then be expected 
to have the same degree of smoothness. 


Open Questions and Preliminary Results 


The well-posedness results of section “The Dirichlet Problem for Operators in 
Divergence Form” cover only a few classes of elliptic differential operators and 
some special boundary value problems; the theory of boundary value problems for 
higher-order divergence-form operators currently contains many open questions. 
Some efforts are underway to investigate these questions. Using the Lax— 
Milgram theorem, it is straightforward to establish that the Poisson problems 


Lu=hin®, OP til = 0, Ill we 


m,1—s—1/p 


< CllAllye (127) 


—m,1—s—1/p 


Lu=hinQ, Myu=0, [uel we < Chl ye (128) 


1.1—s—1/p — —m1—s—1/p" 
are well-posed for p = 2 and s = 1/2. It is possible to show that these problems 
are well-posed whenever |p — 2| and |s — 1/2] are small enough; recall from [109] 
that if L has constant coefficients then the Dirichlet problem (102) and a similar 
Neumann problem are well-posed for this range of p and s. 

Turning to a broader range of exponents p and s, we observe that perturbative 
results for the Poisson problems (127) and (128) are often fairly straightforward 
to establish. That is, with some modifications to the relevant function spaces, it is 
possible to show that if (127) or (128) is well-posed in some bounded domain Q, 
for some operator Lo and for some | < p < oo, 0 < s < 1, and certain technical 
assumptions are satisfied, then the same problem must also be well-posed for any 
operator L; whose coefficients are sufficiently close to those of Lo (in the L° norm). 

Recall from section “The Dirichlet Problem for Operators in Divergence Form” 
that for any | < p < oc and 0 < ss < 1, the Dirichlet problem 


Iu=0inQ, — 8uljg = far Valle, <Cllfllwae_,(aa) (129) 


—s—l/p 
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for boundary data f in the fractional smoothness space WA? _, 4,(0Q) can be 
reduced to well-posedness of the Poisson problem (127). (Some results are also 
available at the endpoint p = oo and in the case p < 1; the integer smoothness 
endpoints s = 0 and s = 1 generally must be studied using entirely different 
approaches.) A similar argument shows that well-posedness of the Neumann 
problem 


Lu =0inQ, MP a= gs, llellwe < Cllallowas_, , (aa) (130) 
follows from well-posedness of the Poisson problem (128) for 1 < p < oo. (In the 
case of the Neumann problem results for p < 1 are somewhat more involved.) A 
paper [20] containing these perturbative results was recently submitted by the first 
author of the present paper. 

A key component in the construction of solutions of [20] are appropriate 
layer potentials, specifically, the Newton potential and the double and single layer 
potentials given by 


L 
(A= > >" i OS Fi (x,y) Akay) dy, 


k=1 |a|=m 


£ 
(DEPiM=laeWMAi~- YOY rs SFE Y) dip 0) OFC) dy, 


|a|=|p|=mj.k=I 


L 
(SOO = YO [MFG yoo) 


k=1 |y|=m-1 


where F“ denotes the fundamental solution discussed in section “The Fundamental 
Solution” and where f is any function that satisfies OV fi = fey on dQ. We remark 
that these are very natural generalizations of layer potentials in the second-order 
case, and also of various potential operators used in the theory of constant- 
coefficient higher-order differential equations; see in particular [104, 109]. 

In particular, to solve the Dirichlet or Neumann problems (129) or (130), it was 
necessary to establish the bounds on layer potentials 


ID&fllwe,, <Clifllwae_,,aa» — WS8Sllwe 


i: SS CM8llax.s-1@2) 


s—I/p 
In [20], these bounds are derived from the bound 


|All ye < Cllhll we 


m1—s—1/p 0,1—s—1/p , 


This bound is the technical assumption mentioned above; we remark that it is stable 
under perturbation and is always valid if p = 2 and s = 1/2. 
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Analogy with the second-order case suggests that, in order to establish well- 
posedness of the L?-Dirichlet, L’-Neumann, and L?-regularity problems, a good first 
step would be to establish the estimates 


IPaflle <Cllfll@ay, IPSflly < CVA laze)» Sally S Callao) 


for some spaces X and ). (We remark that the corresponding bounds for constant- 
coefficient operators are Theorem 4.7 and Proposition 5.2 in [109], and therein were 
used to establish well-posedness results.) In the paper, the recently submitted paper 
[25], Steve Hofmann together with the authors of the present paper has established 
the bounds 


CO 
a : 2 : 
Jf iomastaee oP tata < Clalo0) (31) 
nh 0 
~ ‘ 2 “2 
| | |V"3,DF (x, O° tdt dx < Cll Vef lag) (132) 
n Jo 
where DA = Dee, , S4 = S32, , for scalar operators L, provided that the 


coefficients agg are pointwise bounded, elliptic in the sense of (108), and are 
constant in the t-direction, that is, the direction transverse to the boundary of Ri. As 
discussed in section “The Dirichlet Problem for Operators in Composition Form,” 
this assumption of t-independent coefficients is very common in the theory of 
second-order differential equations. 

We hope that in a future paper we may be able to extend this result to domains 
of the form Q = {(%,t) : t > g(x)} for some Lipschitz function g; in the 
second-order case, this generalization may be obtained automatically via a change of 
variables, but in the higher-order case this technique is only available for equations 
in composition form (section “The Dirichlet Problem for Operators in Composition 
Form’) and not in divergence form. 

In the case of second-order equations —divAVu = 0, where the matrix A of 
coefficients is real (or self-adjoint) and f-independent, a straightforward argument 
involving Green’s theorem establishes the Rellich identity 


Viv, O)llre@ny © Il-é-AVullr2@e" ) 


where —é is the unit outward normal to Ri; that is, we have an equivalence of norms 
between the regularity and Neumann boundary values of a solution u to divAVu = 
0. Together with boundedness and certain other properties of layer potentials, this 
estimate leads to well-posedness of the L?-regularity and L?-Neumann problems; 
it is then a straightforward argument to derive well-posedness of the Dirichlet 
problem. See [8, 13, 22, 59], and others. 

We have hopes that a similar argument will yield the higher-order Rellich identity 


—1 
[VV uC, O)llr2@r) © Maullr2are,) 
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where the Neumann boundary values Mau are as in section “Formulation of 
Neumann Boundary Data,’ for solutions u to divergence-form equations with 
t-independent and self-adjoint coefficients (that is, coefficients that satisfy agg = 
G@pa), and that a similar argument will imply well-posedness of higher-order i 
boundary value problems. 

The results of section “The Kato Problem and the Riesz Transforms” may also 
lead to well-posedness of L* boundary value problems for a different class of 
operators, namely, operators of block type. Again, this argument would proceed 
by establishing a Rellich-type identity. 

Let us review the theory of second-order divergence-form operators L = 
—div AV in R"*!, where A is an (n + 1) x (n + 1), t-independent matrix in block 
form; that is, Ajn+1 = Antij = 0 for 1 <j <n, and Ajit n+ = 1. It is fairly easy 
to see that one can formally realize the solution to Lu = 0 in RY, Ul en =f, as the 
Poisson semigroup u(x, t) = eV Lp (x), (x, t) € R"'. Then the Kato estimate (109) 
essentially provides an analogue of the Rellich identity-type estimate for the block 
operator L, that is, the L?-equivalence between normal and tangential derivatives of 
the solution on the boundary 


|O;u(-, 0) || r2¢Rn) x ||Viu(-, 0) Ilr2@)- 


Boundedness of layer potentials for block matrices also follows from the Kato 
estimate. 

Following the same line of reasoning, one can build a higher-order “block-type” 
operator IL, for which the Kato estimate (109) of section “The Kato Problem and 
the Riesz Transforms” would imply a certain comparison between normal and 
tangential derivatives on the boundary 


|| oP" aC ‘, O) [leq x |Vrruc- , O)llr2qany- 


It remains to be seen whether these bounds lead to standard well-posedness results. 
However, we would like to emphasize that such a result would be restricted to very 
special, block-type, operators. 


Acknowledgements Svitlana Mayboroda is partially supported by the NSF grants DMS 1220089 
(CAREER), DMS 1344235 (INSPIRE), DMR 0212302 (UMN MRSEC Seed grant), and the 
Alfred P. Sloan Fellowship. 


References 


1. D. Adams, L’ potential theory techniques and nonlinear PDE, in Potential theory (Nagoya, 
1990) (de Gruyter, Berlin, 1992), pp. 1-15 MR 1167217 (93e:31014) 

2. D. Adams, Potential and capacity before and after Wiener, in Proceedings of the Norbert 
Wiener Centenary Congress, 1994 (East Lansing, MI, 1994). Proceedings of Symposia 
in Applied Mathematics, vol. 52 (American Mathematical Society, Providence, RI, 1997), 
pp. 63-83. MR 1440907 (98k:31003) 


Higher-Order Elliptic Equations 115 


3. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21, 


22. 


D. Adams, L. Hedberg, Function Spaces and Potential Theory. Grundlehren der Mathematis- 
chen Wissenschaften. Fundamental Principles of Mathematical Sciences, vol. 314 (Springer, 
Berlin, 1996). MR 1411441 (97j:46024) 


. V. Adolfsson, J. Pipher, The inhomogeneous Dirichlet problem for A? in Lipschitz domains. 


J. Funct. Anal. 159(1), 137-190 (1998). MR 1654182 (99m:35048) 


.S. Agmon, Multiple layer potentials and the Dirichlet problem for higher order elliptic 


equations in the plane. I. Commun. Pure Appl. Math. 10, 179-239 (1957). MR 0106323 
(21 #5057) 


. S. Agmon, Maximum theorems for solutions of higher order elliptic equations. Bull. Am. 


Math. Soc. 66, 77-80 (1960). MR 0124618 (23 #A1930) 


. M.S. Agranovich, On the theory of Dirichlet and Neumann problems for linear strongly ellip- 


tic systems with Lipschitz domains. Funktsional. Anal. i Prilozhen. 41(4), 1-21, 96 (2007). 
English translation: Funct. Anal. Appl. 41(4), 247-263 (2007). MR 2411602 (2009b:35070) 


. M.A. Alfonseca, P. Auscher, A. Axelsson, S. Hofmann, S. Kim, Analyticity of layer potentials 


and L? solvability of boundary value problems for divergence form elliptic equations with 
complex L°° coefficients. Adv. Math. 226(5), 4533-4606 (2011). MR 2770458 


.S. Antman, Nonlinear Problems of Elasticity, 2nd edn. Applied Mathematical Sciences, 


vol. 107 (Springer, New York, 2005). MR 2132247 (2006e:74001) 

N. Aronszajn, T. Creese, L. Lipkin, Polyharmonic Functions. Oxford Mathematical Mono- 
graphs (The Clarendon Press, Oxford University Press, New York, 1983). Notes taken by 
Eberhard Gerlach, Oxford Science Publications. MR 745128 (86g:31001) 

P. Auscher, On L? estimates for square roots of second order elliptic operators on IR”. Publ. 
Mat. 48(1), 159-186 (2004). MR 2044643 (2005m:35065) 

P. Auscher, On necessary and sufficient conditions for L’-estimates of Riesz transforms 
associated to elliptic operators on R” and related estimates. Mem. Am. Math. Soc. 186(871), 
xvilit+75 (2007). MR 2292385 (2007k:42025) 

P. Auscher, A. Axelsson, Weighted maximal regularity estimates and solvability of non- 
smooth elliptic systems I. Invent. Math. 184(1), 47-115 (2011). MR 2782252 

P. Auscher, M. Qafsaoui, Equivalence between regularity theorems and heat kernel estimates 
for higher order elliptic operators and systems under divergence form. J. Funct. Anal. 177(2), 
310-364 (2000). MR 1795955 (2001j:35057) 

P. Auscher, P. Tchamitchian, Square root problem for divergence operators and related topics. 
Astérisque 249, viiit172 (1998). MR 1651262 (2000c:47092) 

P. Auscher, S. Hofmann, A. McIntosh, P. Tchamitchian, The Kato square root problem 
for higher order elliptic operators and systems on R”. J. Evol. Equ. 1(4), 361-385 (2001). 
Dedicated to the memory of Tosio Kato. MR 1877264 (2003a:35046) 

P. Auscher, A. Axelsson, S. Hofmann, Functional calculus of Dirac operators and complex 
perturbations of Neumann and Dirichlet problems. J. Funct. Anal. 255(2), 374-448 (2008). 
MR 2419965 (2009h:35079) 

P. Auscher, A. Axelsson, A. McIntosh, Solvability of elliptic systems with square integrable 
boundary data. Ark. Mat. 48(2), 253-287 (2010). MR 2672609 (2011h:35070) 

I. Babuska, The theory of small changes in the domain of existence in the theory of partial 
differential equations and its applications, in Differential Equations and Their Applications. 
Proceedings of Conference, Prague, 1962 (Czechoslovak Academic Science, Prague, Aca- 
demic Press, New York, 1963), pp. 13-26. MR 0170133 (30 #373) 

A. Barton, Gradient estimates and the fundamental solution for higher-order elliptic systems 
with rough coefficients. Manuscripta Math., DOI: 10.1007/s00229-016-0839-x 

A. Barton, Perturbation of well-posedness and layer potentials for higher-order ellip- 
tic systems with rough coefficients March (2016). http://arxiv.org/abs/1604.00062v1 
arXiv:1604.00062v1 [math.AP]. 

A. Barton, S. Mayboroda, Layer potentials and boundary-value problems for second order 
elliptic operators with data in Besov spaces. Mem. Amer. Math. Soc. 243 (2016), no. 1149, 
iv+109 


116 


23 


24 


25. 


26. 


27. 


28. 


29, 


30. 


31. 


32. 


33. 


34. 


35: 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


A. Barton and S. Mayboroda 


. A. Barton, S. Mayboroda, The Dirichlet problem for higher order equations in composition 
form. J. Funct. Anal. 265(1), 49-107 (2013). MR 3049881 

. A. Barton, S. Mayboroda, Boundary-value problems for higher-order elliptic equations 

in non-smooth domains, in Concrete Operators, Spectral Theory, Operators in Harmonic 

Analysis and Approximation. Operator Theory: Advances and Applications, vol. 236 

(Birkhauser/Springer, Basel, 2014), pp. 53-93. MR 3203053 

A. Barton, S$. Hofmann, S$.  Mayboroda, Square function estimates 

on layer potentials for higher-order elliptic equations, August (2015). 

http://arxiv.org/abs/1508.04988vlarXiv:1508.04988v1 [math.AP] 

S. Blunck, P. Kunstmann, Weak type (p, p) estimates for Riesz transforms. Math. Z. 247(1), 
137-148 (2004) MR 2054523 (2005f:35071) 

L. Caffarelli, E. Fabes, C. Kenig, Completely singular elliptic-harmonic measures. Indiana 

Univ. Math. J. 30(6), 917-924 (1981). MR 632860 (83a:35033) 

A. Calderon, E. Fabes, Y. Sagher, N.M. Riviére, June 10, 1940—January 3, 1978, Harmonic 

analysis in Euclidean spaces, in Proceedings of Symposia in Pure Mathematics Williams 

College, Williamstown, MA, 1978. Part 1, Proceedings of Symposia in Pure Mathematics, vol. 

XXXV, Part (American Mathematical Society, Providence, RI, 1979), pp. vii—xvii (1 plate). 

MR 545234 (83a:01041) 

S. Campanato, Sistemi ellittici in forma divergenza. Regolarita all’interno. Quaderni. [Publi- 

cations], Scuola Normale Superiore Pisa, Pisa (1980). MR 668196 (831:35067) 

S.-Y. Chang, Conformal invariants and partial differential equations. Bull. Am. Math. Soc. 

(N.S.) 42(3), 365-393 (2005). MR 2149088 (2006b:53045) 

S.-Y. Chang, P. Yang, Non-linear partial differential equations in conformal geometry, in 

Proceedings of the International Congress of Mathematicians, Vol. I (Beijing, 2002) (Higher 

Education Press, Beijing, 2002), pp. 189-207. MR 1989185 (2004d:53031) 

P. Ciarlet, Theory of plates, in Mathematical Elasticity, vol. I. Studies in Mathematics and 

its Applications, vol. 27 (North-Holland, Amsterdam, 1997). MR 1477663 (99e:73001) 

J. Cohen, J. Gosselin, The Dirichlet problem for the biharmonic equation in a C! domain in 

the plane. Indiana Univ. Math. J. 32(5), 635-685 (1983). MR 711860 (85b:31004) 

J. Cohen, J. Gosselin, Adjoint boundary value problems for the biharmonic equation on C! 

domains in the plane. Ark. Mat. 23(2), 217-240 (1985). MR 827344 (88d:31006) 

B. Dahlberg, On the Poisson integral for Lipschitz and C!-domains. Stud. Math. 66(1), 13-24 

(1979). MR 562447 (81g:31007) 

B. Dahlberg, Weighted norm inequalities for the Lusin area integral and the nontangential 

maximal functions for functions harmonic in a Lipschitz domain. Stud. Math. 67(3), 297-314 

(1980). MR 592391 (82f:31003) 

B. Dahlberg, C. Kenig, L? estimates for the three-dimensional systems of elastostatics on 

Lipschitz domains, in Analysis and Partial Differential Equations. Lecture Notes in Pure 

and Applied Mathematics, vol. 122 (Dekker, New York, 1990), pp. 621-634. MR 1044810 

(91h:35053) 

B. Dahlberg, D. Jerison, C. Kenig, Area integral estimates for elliptic differential operators 

with nonsmooth coefficients. Ark. Mat. 22(1), 97-108 (1984). MR 735881 (85h:35021) 

B. Dahlberg, C. Kenig, G. Verchota, The Dirichlet problem for the biharmonic equation 

in a Lipschitz domain. Ann. Inst. Fourier (Grenoble) 36(3), 109-135 (1986). MR 865663 

(88a:35070) 

B. Dahlberg, C. Kenig, J. Pipher, G. Verchota, Area integral estimates for higher order elliptic 

equations and systems. Ann. Inst. Fourier (Grenoble) 47(5), 1425-1461 (1997). MR 1600375 

(98m:35045) 

G. Dal Maso, U. Mosco, Wiener criteria and energy decay for relaxed Dirichlet problems. 

Arch. Ration. Mech. Anal. 95(4), 345-387 (1986). MR 853783 (87m:35021) 

M. Dalla Riva, A family of fundamental solutions of elliptic partial differential operators with 

real constant coefficients. Integr. Equ. Oper. Theory 76(1), 1-23 (2013). MR 3041718 

M. Dalla Riva, J. Morais, P. Musolino, A family of fundamental solutions of elliptic partial 

differential operators with quaternion constant coefficients. Math. Methods Appl. Sci. 36(12), 
1569-1582 (2013). MR 3083261 


Higher-Order Elliptic Equations 117 


44, 


45. 


46. 


47 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


6l. 


62. 


63. 


64. 


65. 


66. 


A. Dall’ Acqua, G. Sweers, Estimates for Green function and Poisson kernels of higher-order 
Dirichlet boundary value problems. J. Differ. Equ. 205(2), 466-487 (2004). MR 2092867 
(2005i:35065) 

G. Dolzmann, S. Miiller, Estimates for Green’s matrices of elliptic systems by L’ theory. 
Manuscripta Math. 88(2), 261-273 (1995). MR 1354111 (96g:35054) 

R. Duffin, On a question of Hadamard concerning super-biharmonic functions. J. Math. Phys. 
27, 253-258 (1949). MR 0029021 (10,534h) 


. L. Evans, R. Gariepy, Wiener’s criterion for the heat equation. Arch. Ration. Mech. Anal. 


78(4), 293-314 (1982). MR 653544 (83g:35047) 

E. Fabes, M. Jodeit Jr., J. Lewis, Double layer potentials for domains with corners and edges. 
Indiana Univ. Math. J. 26(1), 95-114 (1977). MR 0432899 (55 #5879) 

E. Fabes, M. Jodeit Jr., N. Riviére, Potential techniques for boundary value problems on C!- 
domains. Acta Math. 141(3-4), 165-186 (1978). MR 501367 (80b:31006) 

E. Fabes, D. Jerison, C. Kenig, The Wiener test for degenerate elliptic equations. Ann. Inst. 
Fourier (Grenoble) 32(3), vi, 151-182 (1982). MR 688024 (84g:35067) 

E. Fabes, N. Garofalo, E. Lanconelli, Wiener’s criterion for divergence form parabolic 
operators with C '_Dini continuous coefficients. Duke Math. J. 59(1), 191-232 (1989). 
MR 1016884 (90k:35115) 

J. Frehse, An irregular complex valued solution to a scalar uniformly elliptic equation. Calc. 
Var. 33(3), 263-266 (2008). MR 2429531 (2009h:35084) 

M. Fuchs, The Green matrix for strongly elliptic systems of second order with continuous 
coefficients. Z. Anal. Anwendungen 5(6), 507-531 (1986). MR 894243 (89a:35069) 

P. Garabedian, A partial differential equation arising in conformal mapping. Pac. J. Math. 1, 
485-524 (1951). MR 0046440 (13,735a) 

M. Griiter, K.-O. Widman, The Green function for uniformly elliptic equations. Manuscripta 
Math. 37(3), 303-342 (1982). MR 657523 (83h:35033) 

J. Hadamard, Mémoire sur le probléme d’ analyse relatif 4 l’équilibre des plaques élastiques 
encastrées. Institute de France, Académie des Sciences, Mémoires présentés par divers 
savants, vol. 33, no. 4, (1908) 

S. Hofmann, S. Kim, The Green function estimates for strongly elliptic systems of second 
order. Manuscripta Math. 124(2), 139-172 (2007). MR 2341783 (2008k:35110) 

S. Hofmann, C. Kenig, S. Mayboroda, J. Pipher, Square function/non-tangential maximal 
function estimates and the Dirichlet problem for non-symmetric elliptic operators. J. Amer. 
Math. Soc. 28 (2015), no. 2, 483-529. MR3300700 

S. Hofmann, C. Kenig, S. Mayboroda, J. Pipher, The regularity problem for second order 
elliptic operators with complex-valued bounded measurable coefficients. Math. Ann. 361 
(2015), no. 3-4, 863-907. MR3319551 

L. Hormander, Distribution theory and Fourier analysis, in The analysis of linear partial 
differential operators. I. Classics in Mathematics (Springer, Berlin, 2003). Reprint of the 
second edition (1990) (Springer, Berlin). MR1065993 (91m:35001a)]. MR 1996773 

D. Jerison, C. Kenig, The Dirichlet problem in nonsmooth domains. Ann. Math. (2) 113(2), 
367-382 (1981). MR 607897 (84j:35076) 

D. Jerison, C. Kenig, The Neumann problem on Lipschitz domains. Bull. Am. Math. Soc. 
(N.S.) 4(2), 203-207 (1981). MR 598688 (84a:35064) 

F. John, Plane Waves and Spherical Means Applied to Partial Differential Equations 
(Interscience Publishers, New York, London, 1955). MR 0075429 (17,746d) 

C. Kenig, Progress on Two Problems Posed by Riviere. Harmonic analysis and partial dif- 
ferential equations (Boca Raton, FL, 1988). Contemporary Mathematics, vol. 107 (American 
Mathematical Society, Providence, RI, 1990), pp. 101-107. MR 1066473 

C. Kenig, Harmonic analysis techniques for second order elliptic boundary value problems, 
in CBMS Regional Conference Series in Mathematics, vol. 83 (Published for the Conference 
Board of the Mathematical Sciences, Washington, DC, 1994). MR 1282720 (96a:35040) 

C. Kenig, W.-M. Ni, On the elliptic equation Lu — k + K exp[2u] = 0. Ann. Scuola Norm. 
Sup. Pisa Cl. Sci. (4) 12(2), 191-224 (1985). MR 829052 (87£:35065) 


118 


67 


68 


69. 


70. 


71. 


72. 


73. 


74. 


75. 


76. 


Th 


78. 


79. 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


A. Barton and S. Mayboroda 


. C. Kenig, J. Pipher, The Neumann problem for elliptic equations with nonsmooth coefficients. 
Invent. Math. 113(3), 447-509 (1993). MR 1231834 (95b:35046) 

. C. Kenig, D. Rule, The regularity and Neumann problem for non-symmetric elliptic operators. 

Trans. Am. Math. Soc. 361 (1), 125-160 (2009). MR 2439401 (2009k:35050) 

C. Kenig, H. Koch, J. Pipher, T. Toro, A new approach to absolute continuity of elliptic 

measure, with applications to non-symmetric equations. Adv. Math. 153(2), 231-298 (2000). 

MR 1770930 (2002f:35071) 

J. Kilty, Z. Shen, A bilinear estimate for biharmonic functions in Lipschitz domains. Math. 

Ann. 349(2), 367-394 (2011). MR 2753826 

J. Kilty, Z. Shen, The LZ? regularity problem on Lipschitz domains. Trans. Am. Math. Soc. 

363(3), 1241-1264 (2011). MR 2737264 (2012a:35072) 

V. Kozlov, V. Maz’ya, J. Rossmann, Spectral Problems Associated with Corner Singularities 

of Solutions to Elliptic Equations. Mathematical Surveys and Monographs, vol. 85 (American 

Mathematical Society, Providence, RI, 2001). MR 1788991 (20011:35069) 

Ju.P. Krasovskii, Isolation of the singularity in Green’s function. Izv. Akad. Nauk SSSR Ser. 

Mat. 31 (1967), 977-1010. MR 0223740 (36 #6788) 

D. Labutin, Potential estimates for a class of fully nonlinear elliptic equations. Duke Math. J. 

111(1), 1-49 (2002). MR 1876440 (2002m:35053) 

H. Lebesgue, Sur des cas d’impossibilité du probléme de Dirichlet ordinaire. Société 

Mathématique de France C.R. des Séances de la, p .17 (1913) 

W. Littman, G. Stampacchia, H. Weinberger, Regular points for elliptic equations with 

discontinuous coefficients. Ann. Scuola Norm. Sup. Pisa (3) 17, 43-77 (1963). MR 0161019 

(28 #4228) 

G. Luo, V. Maz’ya, Wiener type regularity of a boundary point for the 3D Lamé system. 

Potential Anal. 32(2), 133-151 (2010). MR 2584981 (2011a:35119) 

J. Maly, W. Ziemer, Fine Regularity of Solutions of Elliptic Partial Differential Equations. 

Mathematical Surveys and Monographs, vol. 51 (American Mathematical Society, Provi- 

dence, RI, 1997). MR 1461542 (98h:35080) 

S. Mayboroda, The connections between Dirichlet, regularity and Neumann problems for 

second order elliptic operators with complex bounded measurable coefficients. Adv. Math. 

225(4), 1786-1819 (2010). MR 2680190 

S. Mayboroda, V. Maz’ya, Boundedness of the Hessian of a biharmonic function in a 

convex domain. Commun. Partial Diff. Equ. 33(7—-9), 1439-1454 (2008). MR 2450165 

(2010d:35064) 

S. Mayboroda, V. Maz’ya, Boundedness of the gradient of a solution and Wiener test of 

order one for the biharmonic equation. Invent. Math. 175(2), 287-334 (2009). MR 2470109 

(2009m:35093) 

S. Mayboroda, V. Maz’ya, Pointwise estimates for the polyharmonic Green function in 

general domains, in Analysis, Partial Differential Equations and Applications. Operator 

Theory: Advances and Applications, vol. 193 (Birkhauser Verlag, Basel, 2009), pp. 143-158. 

MR 2766075 (2012c:35 102) 

S. Mayboroda, V. Maz’ ya, Polyharmonic capacity and wiener test of higher order, November 

(2014). http://arxiv.org/abs/1411.4202vlarXiv:1411.4202v1 [math.AP] 

S. Mayboroda, V. Maz’ya, Regularity of solutions to the polyharmonic equation in general 

domains. Invent. Math. 196(1), 1-68 (2014). MR 3179572 

V. Maz’ya, On the behavior near the boundary of solutions of the Dirichlet problem for the 

biharmonic operator. Dokl. Akad. Nauk SSSR 18, 15-19 (1977). English translation: Soviet 

Math. Dokl. 18(4), 1152-1155 (1977). 

V. Maz’ya, Behaviour of solutions to the Dirichlet problem for the biharmonic operator 

at a boundary point, in Equadiff IV. Proceedings of Czechoslovak Conference Differential 

Equations and their Applications, Prague, 1977. Lecture Notes in Mathematics, vol. 703 

(Springer, Berlin, 1979), pp. 250-262. MR 535346 (80e:35026) 


Higher-Order Elliptic Equations 119 


87. 


88. 


89. 


90. 


91. 


92. 


93. 


94. 


95. 


96. 


97. 


98. 


99. 


100. 


101. 


102. 


103. 


V. Maz’ya, Unsolved problems connected with the Wiener criterion, in Proceedings of 
Symposia in Pure Mathematics, vol. 60. The Legacy of Norbert Wiener: A Centennial 
Symposium (Cambridge, MA, 1994 (American Mathematical Society, Providence, RI, 1997), 
pp. 199-208. MR 1460283 (98e:35040) 

V. Maz’ya, On the Wiener type regularity of a boundary point for the polyharmonic operator. 
Appl. Anal. 71(1-4), 149-165 (1999). MR 1690096 (2000b:35097) 

V. Maz’ya, On Wiener’s type regularity of a boundary point for higher order elliptic equations, 
in Nonlinear analysis, function spaces and applications, vol. 6, Prague, 1998 (Academy of 
Sciences of the Czech Republic, Prague, 1999), pp. 119-155. MR 1777714 (2001m:35129) 
V. Maz’ ya, The Wiener test for higher order elliptic equations. Duke Math. J. 115(3), 479-512 
(2002). MR 1940410 (20031:35065) 

V. Maz’ya, T. Donchev, Regularity in the sense of Wiener of a boundary point for a 
polyharmonic operator. C. R. Acad. Bulgare Sci. 36(2), 177-179 (1983). MR 709006 
(84m:31009) 

V. Maz’ya, S. Nazarov, Paradoxes of the passage to the limit in solutions of boundary value 
problems for the approximation of smooth domains by polygons. Izv. Akad. Nauk SSSR Ser. 
Mat. 50(6), 1156-1177, 1343 (1986). MR 883157 (88i:35016) 

V. Maz’ya, S. Nazarov, The apex of a cone can be irregular in Wiener’s sense for a fourth- 
order elliptic equation. Mat. Zametki 39(1), 24-28 (1986), 156. English translation: Math. 
Notes 39(1—2), 14-16 (1986). MR 830840 (87h:35088) 

V. Maz’ya, B. Plamenevskii, Asymptotic behavior of the fundamental solutions of elliptic 
boundary value problems in domains with conical points, in Boundary value problems. 
Spectral theory (Russian). Problems in Mathematical Analysis, vol. 7 (Leningrad University, 
Leningrad, 1979), pp. 100-145, 243. MR 559106 (81e:35042) 

V. Maz’ya, B. Plamenevskii, On the maximum principle for the biharmonic equation in a 
domain with conical points. Izv. Vyssh. Uchebn. Zaved. Mat. (2), 52-59 (1981). English 
translation: Soviet Math. (Iz. VUZ) 25(2), 61-70 (1981). MR 614817 (84b:35037) 

V. Maz’ya, J. Rossmann, On the Agmon-Miranda maximum principle for solutions of elliptic 
equations in polyhedral and polygonal domains. Ann. Glob. Anal. Geom. 9(3), 253-303 
(1991). MR 1143406 (92h:35027) 

V. Maz’ya, J. Rossmann, On the Agmon-Miranda maximum principle for solutions of 
strongly elliptic equations in domains of R” with conical points. Ann. Glob. Anal. Geom. 
10(2), 125-150 (1992). MR 1175915 (93i:35025) 

V. Maz’ya, S. Nazarov, B. Plamenevskii, Singularities of solutions of the Dirichlet problem in 
the exterior of a thin cone. Mat. Sb. (N.S.) 122 (164)(4), 435-457 (1983). English translation: 
Math. USSR-Sb. 50(2), 415-437 (1985). MR 725451 (85h:35074) 

V. Maz’ya, S. Nazarov, B. Plamenevskii, Asymptotische Theorie elliptischer Randwertauf- 
gaben in singuldr gestérten Gebieten. I. Mathematische Lehrbiicher und Monographien, II. 
Abteilung: Mathematische Monographien [Mathematical Textbooks and Monographs, Part II: 
Mathematical Monographs], vol. 82 (Akademie, Berlin, 1991). Storungen isolierter Randsin- 
gularitaten. [Perturbations of isolated boundary singularities]. MR 1101139 (92g:35059) 

V. Maz’ya, M. Mitrea, T. Shaposhnikova, The Dirichlet problem in Lipschitz domains for 
higher order elliptic systems with rough coefficients. J. Anal. Math. 110 (2010), 167-239. 
MR 2753293 (2011m:35088) 

V.V. Meleshko, Selected topics in the history of the two-dimensional biharmonic problem. 
Appl. Mech. Rev. 56(1), 33-85 (2003) 

C. Miranda, Formule di maggiorazione e teorema di esistenza per le funzioni biarmoniche de 
due variabili. Giorn. Mat. Battaglini (4) 2(78), 97-118 (1948). MR 0030058 (10,706f) 

C. Miranda, Teorema del massimo modulo e teorema di esistenza e di unicita per il problema 
di Dirichlet relativo alle equazioni ellittiche in due variabili. Ann. Mat. Pura Appl. (4) 46, 
265-311 (1958). MR 0124615 (23 #A1927) 


120 


104. 


105. 


106. 


107. 


108. 


109. 


110. 


111. 


112. 
113. 


114. 


115. 


116. 


117; 


118. 


119. 


120. 


121. 


122. 


123. 


124. 


125. 


126. 


A. Barton and S. Mayboroda 


I. Mitrea, Mapping properties of layer potentials associated with higher-order elliptic opera- 
tors in Lipschitz domains, in Topics in Operator Theory. Volume 2. Systems and Mathematical 
Physics. Operator Theory: Advances and Applications, vol. 203 (Birkhauser Verlag, Basel, 
2010), pp. 363-407. MR 2683248 (2011g:35087) 

I. Mitrea, M. Mitrea, On the Dirichlet and regularity problems for the bi-Laplacian in 
Lipschitz domains, in Integral Methods in Science and Engineering, vol. 1 (Birkhauser, 
Boston, MA, 2010), pp. 245-254. MR 2663136 (2011d:35143) 

D. Mitrea, I. Mitrea, On the regularity of Green functions in Lipschitz domains. Commun. 
Partial Differ. Equ. 36(2), 304-327 (2011). MR 2763343 

IL. Mitrea, M. Mitrea, M. Wright, Optimal estimates for the inhomogeneous problem for the 
bi-Laplacian in three-dimensional Lipschitz domains. J. Math. Sci. (N. Y.) 172(1), 24-134 
(2011). Problems in mathematical analysis. No. 51. MR 2839870 (2012h:35056) 

I. Mitrea, M. Mitrea, Boundary value problems and integral operators for the bi-Laplacian 
in non-smooth domains. Atti Accad. Naz. Lincei Rend. Lincei Mat. Appl. 24(3), 329-383 
(2013). MR 3097019 

I. Mitrea, M. Mitrea, Multi-Layer Potentials and Boundary Problems for Higher-Order 
Elliptic Systems in Lipschitz Domains. Lecture Notes in Mathematics, vol. 2063 (Springer, 
Heidelberg, 2013). MR 3013645 

C. Morrey Jr., Second-order elliptic systems of differential equations, in Contributions to the 
Theory of Partial Differential Equations. Annals of Mathematics Studies, vol. 33 (Princeton 
University Press, Princeton, NJ, 1954), pp. 101-159. MR 0068091 (16,827e) 

J. Moser, On Harnack’s theorem for elliptic differential equations. Commun. Pure Appl. Math. 
14, 577-591 (1961). MR 0159138 (28 #2356) 

A. Nadai, Theory of Flow and Fracture of Solids, vol. 1 (McGraw-Hill, New York, 1963) 

J. Neéas, Les méthodes directes en théorie des équations elliptiques. Masson et Cie, Editeurs, 
Paris (1967). MR 0227584 (37 #3168) 

N. Ortner, P. Wagner, A short proof of the Malgrange-Ehrenpreis theorem, in Functional 
analysis (Trier, 1994) (de Gruyter, Berlin, 1996), pp. 343-352. MR 1420460 (97g:35021) 

J. Pipher, G. Verchota, Area integral estimates for the biharmonic operator in Lipschitz 
domains. Trans. Am. Math. Soc. 327(2), 903-917 (1991). MR 1024776 (92a:35052) 

J. Pipher, G. Verchota, The Dirichlet problem in L? for the biharmonic equation on Lipschitz 
domains. Am. J. Math. 114(5), 923-972 (1992). MR 1183527 (94g:35069) 

J. Pipher, G. Verchota, A maximum principle for biharmonic functions in Lipschitz and C! 
domains. Comment. Math. Helv. 68(3), 385-414 (1993). MR 1236761 (94j:35030) 

J. Pipher, G. Verchota, Dilation invariant estimates and the boundary Garding inequality for 
higher order elliptic operators. Ann. Math. (2) 142(1), 1-38 (1995). MR 1338674 (96g:35052) 
J. Pipher, G. Verchota, Maximum principles for the polyharmonic equation on Lipschitz 
domains. Potential Anal. 4(6), 615-636 (1995). MR 1361380 (961:35021) 

H. Poincaré, Sur les Equations aux Derivees Partielles de la Physique Mathematique. Am. 
J. Math. 12(3), 211-294 (1890). MR 1505534 

A. Rosén, Layer potentials beyond singular integral operators. Publ. Mat. 57(2), 429-454 
(2013). MR 3114777 

D. Rule, Non-symmetric elliptic operators on bounded Lipschitz domains in the plane. 
Electron. J. Differ. Equ. 144, 1-8 (2007). MR 2366037 (2008m:35070) 

B.-W. Schulze, A priori estimates in uniform norms for strongly elliptic systems. Sibirsk. Mat. 
Z. 16, 384-394, 422 (1975). English translation: Siberian Math. J. 16(2), 297-305 (1975). 
MR 0470468 (57 #10222) 

T. Sedrakyan, L. Glazman, A. Kamenev, Absence of Bose condensation on lattices with moat 
bands. 89(20), 201112 (2014). ArXiv e-prints 

R. Selvaggi, I. Sisto, An existence theorem for the Dirichlet problem with respect to the 
operator A? in certain domains of class C!. Boll. Un. Mat. Ital. B (5) 18(2), 473-483 (1981). 
MR 629418 (84f:35044) 

Z. Shapiro, On elliptical systems of partial differential equations. C. R. (Doklady) Acad. Sci. 
URSS (N.S.) 46, 133-135 (1945). MR 0012357 (7,14f) 


Higher-Order Elliptic Equations 121 


127 


128. 


129. 


130. 


131. 


132. 


133. 


134. 


135. 


136. 


137. 


138. 


139. 


140. 


141. 


142. 


143. 
144. 


. H. Shapiro, M. Tegmark, An elementary proof that the biharmonic Green function of an 
eccentric ellipse changes sign. SIAM Rev. 36(1), 99-101 (1994). MR 1267051 (94m:35096) 
Z. Shen, Necessary and sufficient conditions for the solvability of the L’? Dirichlet problem 
on Lipschitz domains. Math. Ann. 336(3), 697-725 (2006). MR 2249765 (2008e:35059) 

Z. Shen, On estimates of biharmonic functions on Lipschitz and convex domains. J. Geom. 
Anal. 16(4), 721-734 (2006). MR 2271951 (2008a:35062) 

Z. Shen, The L? Dirichlet problem for elliptic systems on Lipschitz domains. Math. Res. Lett. 
13(1), 143-159 (2006). MR 2200052 (2007f:35067) 

Z. Shen, A relationship between the Dirichlet and regularity problems for elliptic equations. 
Math. Res. Lett. 14(2), 205-213 (2007). MR 2318619 (2008c:35043) 

Z. Shen, The L? boundary value problems on Lipschitz domains. Adv. Math. 216(1), 212-254 
(2007). MR 2353255 (2009a:35064) 

IL. Skrypnik, Methods for Analysis of Nonlinear Elliptic Boundary Value Problems. Transla- 
tions of Mathematical Monographs, vol. 139 (American Mathematical Society, Providence, 
RI, 1994). Translated from the 1990 Russian original by Dan D. Pascali. MR 1297765 
(95i:35109) 

V. Solonnikov, The Green’s matrices for elliptic boundary value problems. I. Trudy Mat. Inst. 
Steklov. 110, 107-145 (1970). MR 0289935 (44 #7120) 

V. Solonnikov, The Green’s matrices for elliptic boundary value problems. II. Trudy Mat. 
Inst. Steklov. 116, 181-216, 237 (1971). Boundary value problems of mathematical physics, 
7. MR 0364854 (51 #1108) 

G. Sweers, A survey on boundary conditions for the biharmonic. Complex Var. Elliptic Equ. 
54(2), 79-93 (2009). MR 2499118 (2010d:35065) 

N. Trudinger, X.-J. Wang, On the weak continuity of elliptic operators and applications to 
potential theory. Am. J. Math. 124(2), 369-410 (2002). MR 1890997 (2003c¢:35025) 

G. Verchota, The Dirichlet problem for the biharmonic equation in C! domains. Indiana Univ. 
Math. J. 36(4), 867-895 (1987). MR 916748 (88m:35051) 

G. Verchota, The Dirichlet problem for the polyharmonic equation in Lipschitz domains. 
Indiana Univ. Math. J. 39(3), 671-702 (1990). MR 1078734 (91k:35073) 

G. Verchota, Potentials for the Dirichlet problem in Lipschitz domains, in Potential theory— 
ICPT 94 (Kouty, 1994) (de Gruyter, Berlin, 1996), pp. 167-187. MR 1404706 (97f:35041) 
G. Verchota, The biharmonic Neumann problem in Lipschitz domains. Acta Math. 194(2), 
217-279 (2005). MR 2231342 (2007d:35058) 

G. Verchota, Boundary coerciveness and the Neumann problem for 4th order linear partial 
differential operators, in Around the research of Vladimir Maz’ya. II. International Mathe- 
matical Series (New York), vol. 12 (Springer, New York, 2010), pp. 365-378. MR 2676183 
(2011h:35065) 

N. Wiener, The Dirichlet problem. J. Math. Phys. 3, 127-146 (1924) 

S. Zaremba, Sur le principe du minimum. Bulletin Internationale de I’ Académie des Sciences 
de Cracovie, Classe des Sciences, Mathématiques et Naturelles. 7, 197-264 (1909) 


Victor Shapiro and the Theory of Uniqueness 
for Multiple Trigonometric Series 


J. Marshall Ash 


Abstract In 1870, Georg Cantor proved that if a trigonometric series converges 
to 0 everywhere, then all its coefficients must be 0. In the twentieth century this 
result was extended to higher dimensional trigonometric series when the mode of 
convergence is taken to be spherical convergence and also when it is taken to be 
unrestricted rectangular convergence. We will describe the path to each result. An 
important part of the first path was Victor Shapiro’s seminal 1957 paper, Uniqueness 
of multiple trigonometric series. This paper also was an unexpected part of the 
second path. 
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Victor Shapiro was a student of Zygmund, and therefore a fellow “mathematical 
sibling” of Cora’s and mine. His death in 2013 was followed later in that year 
by a conference to honor him held in Riverside, California. I gave a talk at that 
conference. The paper that I present here is based on that talk. I suspect that Cora, 
whose first question upon meeting me after the passage of some time was usually 
about my mathematics, would have enjoyed seeing this. 


Two Theorems and a Conjecture 


Let {dn} _joeneoo be a sequence of complex numbers and let x € T! = [0,2z7). 
Suppose a function has a representation of the form 


N 
Yo dre” = him do + D> (d-ne™ + dne™). 


n=1 


It is natural to combine the nth and —nth terms, for if a, and b, are real, d, = 
(dy + ib,) /2 and d_, is the complex conjugate of d,, then d,e”* + d_,e~"™*= 
an cosnx + b, sinnx, the “natural” nth term of a real valued trigonometric series. 
Is this representation unique? In other words, if }* d,e”"* = )°d/e' for every x, 
does it necessarily follow that d, = dj, for every n? Subtract and set c, = d, — di, to 
get a cleaner formulation: Does )*c,e'”* = 0 imply that c, = 0 for every n? Here 
is Georg Cantor’s answer. 


Theorem 2.1. Let )~ cre = 0 for every x € T!. Then c, = 0 for every n [9]. 


He proved this in 1870. Notice that in the statement of his theorem, Cantor 
made a choice of what it means for a trigonometric series to represent the 
function z(x) where z has domain T! and range {0}, namely that it converges 
to that point at every point of T'. Many other notions of “represent” have been 
considered since then; many are discussed in Chap. IX of Antoni Zygmund’s book 
Trigonometric Series [16]. We will mostly focus on this pointwise everywhere 
notion of representation. 

The entire subject of this broad survey concerns attempts to extend this result to 
higher dimensions. In all dimensions we will always combine terms whose indices 
differ only by signs. This reduction in dimension 1| converts a two-sided numerical 
series )\P° _.., Cy to the series )>¢7+ Tn, where for each n € Zt = {0,1,2,...}, 
T,. = Eada C,. Since the nonnegative integers have a natural ordering, 
Cantor’s theorem’s hypothesis is unambiguous. When d > 2, the corresponding 
reduction of )°¢7a Cn to dine(at)4 T, where T, = Le |v;l=nj for 1<i<a} Cv does 


66 4 29 d 7 
not produce a “natural ordering” because (Z*) does not have a natural ordering, 
so many conjectures arise in each dimension. 

Here are three important distinct ways of adding the elements of the numerical 


series ne (zt)! Th - 
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Spherical convergence: The Nth partial sum contains all terms with indices in 


the intersection of the sphere of radius //N with the positive cone (z+)". The natural 
norm on Z/ for spherical convergence will be denoted by |v| and is given by 


(rf 2 
|v := vy tees + v7. 


The spherical sum is defined to be 


SPH Ss Ty = lim, De, ie 
ne(z+)" {vrall vj>0 and vp-+etv7<N} 


= lim > T. 
N->0oo 
{v:all vj>0 and lvl</N} 


Square convergence: The Nth partial sum contains all terms with indices in 
the rectangular parallelepiped with opposite corners (0,...,0) and (V,..., NV). The 
natural norm on Z for square convergence will be denoted by ||v|| and is given by 


[vl] = max {]vi|,...,|val}. 


The square sum is defined as 


N N 
0D min Yen lim ts 


ne(zt+)* v1 =0 va=0 {viall vj=0 and |v ||<N} 


Unrestricted rectangular convergence: This is no longer a one variable process. 
Assign to each point n of (z+)! the rectangular partial sum S,, of all terms 
whose indices are in the rectangular parallelepiped with corners (0,...,0) 
and (m,...,q). The unrestricted rectangular limit of > 7, is a number L 
such that for each € > O, there is a number N(e) so that for every n with 
min {7,...,Na} > N(e), |S, —L| < €. When such an L exists, we call it the 
unrestricted rectangular sum of }* 7, and write 


Ni 


N, 
UR ys T, = lim som 


ne(zt)! min {Nj,--- ,Na}— 0 4=0 © w=0 


It is obvious that if a numerical series is unrestrictedly rectangularly convergent, 
then it is square convergent to the same sum; i.e., 


UR )*\ T,=LimpliesSQ YS) T,=L. (1) 
ne(z+)* ne(z+)4 
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It is easy to give examples of double series of numbers ae (2+)? T, which show 


that each of the five other possible connections between these three methods of 
convergence is, in general, false. 

In dimension d > 2, withn = (n,...,mqa) € Z4,x = (x. ..>Xq) € T?, and 
nx = mx, +++ + ngxa, and T,X) = Dy. y,)=n; for i<i<a} cye'*, there are three 
distinct and natural hypotheses for direct generalizations of Cantor’s theorem. Here 
is the present state of knowledge. 


Theorem 2.2. Let 


SPH x cre’ = SPH S. = ce* = 0 


neZe ne(zd)* {: |; |=; for 1<i<d} 


for every x € T¢. Then cy = 0 for every n[8]. 
Theorem 2.3. Let 


UR x cre! = UR >? > ce* = 0 


neZd ne(Z4)* {: |i] =n; for 1<i<d} 


for every x € T’. Then c, = 0 for every n[4, 15]. 
Conjecture 2.4. Let 


SQ) ce™=SQ > ee ce" =0 


neZd ne (zt) * {: ||=n; for 1<i<d} 


for every x € T¢. Then c, = 0 for every n. 


We will later need to mention one higher dimensional extension of Theorem 2.2 
which involves replacing the condition of spherical convergence, namely that 
SPH ¥~ cye' exists, by the weaker condition of spherical Abel summability: 


Theorem 2.5. /f for every x € T’, SPH ~ cne*rl"| exists for all positive r < 1 and 
lim,—1- SPH > cnei*r'"! = 0, and if 
> lcn| = 0 (R) as R > 00; (2) 


R—-1<|n|<R 


then cy, = 0 for every n[14]. 
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The steps of Cantor’s brilliant proof are well known. Our discussion here will be 
informed by drawing comparisons with them. Here are the four major steps of his 
proof. 


(1) Establish the Cantor—Lebesgue theorem, which implies that everywhere con- 


vergence ensures that 


€(R)= >> eal? > 0as R > 00. (3) 
IInl=R 


In dimension 1, )?y, <r lenl? = ler|? + |c_erl’. 


(2) Show that the Riemann function, the formal eee i ae F(x) = co 7 + 


Cn_ pinx 
Laer, Gn , is continuous. (Formal means that 4 x — = 1 and for eachn # 
da em inx 
0, de in 7 =e ) 


(3) Establish the consistency of Riemann summability, that the Schwarz second 
derivative D* defined by 


Fath) —-2F (x) + F(x—-/A) 


D°F (x) = lim ip 


(4) 


satisfies at every x 


a: 
a mx | Sinn) 
D°F (x) = lim co + ee ( 5 = 0. 


n#0 


(4) Use Schwarz’s theorem, that continuous functions with identically zero 
Schwarz second derivative are of the form ax + b. 


Step (2), the proof that F is continuous, is immediate from Step (1) and the 
Weierstrass M-test. 


The Spherical Uniqueness Theorem, Theorem 2.2 


The first big step towards Theorem 2.2 was taken in 1957, when Victor Shapiro 
proved a powerful d dimensional theorem. Shapiro worked in a more general 
context, also considering questions of summability. He did not prove Theorem 2.2 
because his proof required an extra assumption on the coefficient size[14]. A corol- 
lary of one of Shapiro’s results was a weaker version of Theorem 2.2 which required 
the additional hypothesis of condition (2). This condition is quite natural when 
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d = 2: since there are O(r) lattice points being summed over in condition (2), 
in dimension 2 this assumption asserts that the c,, tend to zero “on the average” 
as |m| —> oo. But the assumption becomes much stronger as the dimension 
increases; specifically, in dimension d there are O (r4!) terms in the sum, so that 
the coefficients are required to be decaying like o (4 ) on the average. 

Shapiro’s 1957 proof is a direct extension of Cantor’s in the sense that he follows 
the same four steps. 


(1) He controls the coefficient size by simply adding a second hypothesis, namely 
that condition (2) holds is true by assumption. 

(2) His Riemann function F(x) is the formal anti-Laplacian of the series 
> ez Cre’ appearing in the hypothesis of Theorem 2.2, 


inx lal \|’ 


lx? e Cn inx—|Inllt 
F (x) = co —— - re = lim c —_ rn 
ie a ea 


which he proves to be continuous. (Now formal means that A il? = | and 


pinx 


2 
A bP = e'* for all non-zero n. For the Laplacian A = se (2) and 
IIx? = 0 27; and for each n # 0, Ae = ||n||7e™*.) 

(3) He establishes a kind of consistency of Riemann summability by showing that 


at every x, the generalized Laplacian of F, 


8 ( 1 
lim — F dn—F 
lt ae tae fa (x + ) dn coh 


is zero. 
(4) He uses a well-known theorem that continuous functions with identically zero 
generalized Laplacian are harmonic. 


By far the most delicate and difficult part of his work is Step (2), the proof that F 
is continuous. 

Because the original series is only required to be Abel summable to 0 every- 
where, it is not possible to weaken the hypothesis by replacing o (R) by O(R). 
For the proposed stronger theorem would be contradicted by the fact that the one- 
dimensional series 


J (x)= a ine™ = —2 > nsinnx 


has Abel limit 0 everywhere. To my mind, the most beautiful thing about Theo- 
rem 2.2 is that there is no hypothesis about coefficient size. In 1971, 14 years after 
Shapiro’s theorem was proved, Roger Cooke proved a two-dimensional Cantor— 
Lebesgue theorem[12]. An immediate consequence of his result is that everywhere 
two-dimensional spherical convergence ensures that condition (3) must hold. But in 
dimension 2 (and not in higher dimensions), condition (3) implies condition (2). So 
the two-dimensional version of Theorem 2.2 was proved. 
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The first precursor to a higher dimensional spherical theory came in 1976, when 
Bernard Connes extended the Cantor—Lebesgue result of Cooke, whose proof was 
exceedingly two-dimensional, to all dimensions[11]. At this point, we knew that if 
we wanted to prove Theorem 2.2, we could use the fact that « (R) — 0 without 
having to add a second hypothesis involving coefficient size. 

But in dimension 3, there is a very large gap between condition (3) and the much 
stronger condition (2), and this gap becomes ever larger as the dimension increases. 
So it seemed likely that when dimension d > 3, Step (2) of Shapiro’s proof, the 
proof that his Riemann function is continuous, would be inaccessible. Shapiro and I 
discussed this problem. We agreed that it was totally unclear if there was a proof or 
a counterexample ahead for the cases of d > 3, and he speculated that there might 
be a century of mathematical analysis development required to bring this question 
within reach. 

Victor Shapiro had one more major contribution to make towards the solution of 
Theorem 2.2. Victor told me that 1 day in the middle 1990s, he and Jean Bourgain 
happened to be strolling across the University of California, Riverside campus and 
Victor mentioned this problem. Their conversation inspired Bourgain to look at the 
problem and solve it! He stayed entirely within the framework established by Cantor 
and generalized by Shapiro. Assuming only the everywhere spherical convergence 
to zero, and bringing together Connes result, hard analysis, harmonic measure, and 
some probability theory (martingales), he was able to prove that Shapiro’s Riemann 
function was continuous. In 1996, Bourgain published his proof that the hypothesis 
of Theorem 2.2 implies the continuity of Shapiro’s Riemann function[8]. Together, 
these two excellent papers, the first by Shapiro and the latter by Bourgain, published 
39 years apart, provide the complete proof of Theorem 2.2. 

Bourgain’s paper is only 15 pages long. Although it is absolutely correct and 
says everything that should be said in just the right order, it is extremely terse. In 
fact, Gang Wang and I took 9 months to read it, but once we got it, we were able 
to reproduce a lot of the substantial collection of one- dimensional extensions of 
Cantor’s theorem that can be found in Chap. IX of Antoni Zygmund’s Trigonometric 
Series [5, 6, 16]. To see an expansion of Bourgain’s proof of continuity, see the 
22 page version in [5]; and to see his proof expanded to 42 pages while being 
specialized down to two dimensions, see [2]. 


The Unrestricted Rectangular Uniqueness Theorem, 
Theorem 2.3 


Let M (x) be a one-dimensional trigonometric series that converges to zero a.e. 
and let 6(y) = >) ¢e’"” be the trigonometric series associated with the unit mass 
at the origin. Because the partial sums of 6 (y) are bounded by csc y, the double 
trigonometric series M (x)6(y) is unrestrictedly rectangularly convergent to 0 
a.e.[7]. But by Zygmund’s extension of Cooke’s theorem, Mé cannot converge 
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circularly on a set of positive measure, since its coefficients do not tend to 0 as 
\|7|| — co [17]. So the proof of Theorem 2.3 seems to have nothing to do with 
Shapiro’s 1957 theorem. However, by a strange quirk of fate, it does. 

Theorem 2.3 was announced in 1919. The announced proof also followed the 
model of Cantor’s theorem. It was a very simple induction that seemed to indicate 
that there were no interesting things to do in this direction, so for many years 
nothing involving uniqueness for unrestricted rectangular convergence appeared in 
the literature. Grant Welland and I studied the proof around 1970 and could not 
follow the step that generalized Schwarz’s theorem. In fact, some years later Chris 
Freiling and Dan Rinne showed me the counterexample function (x + y) |x + y|. 
This function satisfies the hypotheses (being continuous and having a certain 
generalized F’,,y, identically 0), but not the conclusion (having the expected form 


a(y)x+b(y)+cQ@)y+dQ), 


with a,b,c,d being twice differentiable), of the generalized Schwarz’s theorem 
necessary for the 1919 paper’s proof to be valid. 

So Grant Welland and I tried to prove Theorem 2.3. We were able to prove a 
version of the Cantor—Lebesgue theorem stating that when a multiple trigonometric 
series converges unrestrictedly rectangularly a.e., “most” coefficients tend to zero, 
while all coefficients are bounded. From this control of the coefficient size, it follows 
that Shapiro’s coefficient size condition (2) holds in dimension 2. In view of the M6 
example just mentioned, one cannot expect the hypothesis of 


UR ~~ Cre™ = 0 for all x € T? (5) 


neZd 


to easily imply that SPH > ea Che” = 0 for all x € T?. Nevertheless, it turns 
out to be easy to prove that hypothesis (5) does imply spherical Abel summability 
to zero everywhere. (This was quite an unexpected and happy surprise for Welland 
and me.) Thus Shapiro’s more general Theorem 2.5 does apply here, so that in 1972 
the two-dimensional case of Theorem 2.3 was shown to be another consequence of 
Shapiro’s 1957 results [7]. 

After a gap of about 20 years, during which there was no activity at all in 
the area of uniqueness for multiple trigonometric series, two completely different 
proofs of Theorem 2.3 for all dimensions appeared [4, 15]. The Tetunashvili proof 
involves a clever induction. Some ideas from [7, 10] play a role. The Ash—Freiling— 
Rinne proof extensively renovates the 1919 attempted proof, and uses a complicated 
covering argument. (See [1] to see this covering argument applied in a much simpler 
situation.) It is ironical that our very complicated covering proof probably would 
not have happened if Tetunashvili’s previously published and more direct proof 
had come to our attention before our article had appeared. Only time will tell 
if the covering techniques we developed will eventually have useful applications 
elsewhere. 
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The Conjecture 


There is an obvious inclusion. If a multiple numerical series converges Unrestricted 
Rectangularly, then it converges Square. So 


Hypothesis of UR Theorem —> Hypothesis of Square Conjecture. 


This explains how it can be that UR uniqueness can be known while Square 
uniqueness remains an open question. One hint of the problems here is that it is 
possible for a double trigonometric series to square converge everywhere to a finite 
valued function while having coefficients that are not O (n! ) no matter how large J 
may be [6]. I have discussed the square uniqueness conjecture in several places [3]. 

The first seven references below can be found using links from http://condor. 
depaul.edu/mash/realvita.html. 
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A Last Conversation with Cora 


Aline Bonami 


Abstract I cannot contribute to this volume without speaking of Cora and what 
her friendship meant to me. But I know that, would she be here, she would ask: 
“Raconte-moi tes maths,” that is, “what are you doing right now?” Because, first 
of all, she was a mathematician. My mathematical contribution tends to answer her 
question. 


I probably met Cora for the first time at El Escorial in 1979. We immediately 
started a friendly conversation, which went over years. Each time we met again, 
at a conference or when she visited Paris area, we continued as if there had been 
no interruption. We always spoke French, which she liked. She had no accent at 
all, which was at first surprising: it was only from some hesitation in the choice 
of words that one understood that French was not her mother language. She had 
spent | or 2 years in Paris while a very young child, in the immediate after war 
period and she liked to remind that time. I remember her, for instance, telling me 
that their house caretaker had never crossed the Seine River. I had the impression 
she was speaking of some mythic city, where time stays still, even if I was only a few 
years younger and lived in Paris area since the early 1950s. During her last stays in 
Paris she visited regularly Marie-Héléne Schwartz, whom she knew from her early 
childhood. She came back happy, and somehow serene, to have spent some time 
with this kind figure of her past, then a very old lady—who finally survived Cora a 
couple of years. 

The conversation of Cora was brilliant, witty, full of life, sometimes intense. We 
spoke of everything: science or careers, politics and history, colleagues and women 
in mathematics, and harmonic analysis, of course. She was curious of everything. 
“Raconte-moi” (tell me), she would ask. And I went to the blackboard and explained 
what I was doing. We passed from one subject to another, leaving maths to come 
back 5 min later, as one can do between friends. It is sometimes easier to confide to 
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a friend one does not meet on an everyday basis. This is how it was between us: a 
real friendship. At times she spoke of the exile, and the injury it causes, the loss one 
feels for life. I had only lived it in books. I then lived it through her words. But the 
next moment we joked gaily again. 

I visited her at Howard University in 1981 and met Daniel for the first time. 
I remind the three of us laughing together after a performance of “A Midsummer 
Night’s Dream,” the staging of which we had found ridiculous. We met at MSRI in 
1988 (I recall the beach, with Cora, Daniel, and Corasol), then in Oberwolfach. I 
remember her persuading me to leave for Paris early on Friday afternoon. I had my 
car and we drove back with Guy David and Stéphane Jaffard, stopping for a lively 
and cheerful dinner. Cora came to my home that night and succeeded immediately 
to charm the whole family. In the late 1990s Daniel and Cora spent nearly each 
year a few days in Paris and we met regularly. I took them once to a horse show, 
which was not that successful and became another source of jokes between us. But 
unfortunately illness imperceptibly changed them year after year. 

I called her from time to time, not enough, certainly. She replied in her deep, 
warm voice. “Comme je suis contente de t’entendre !”! We met for the last time in 
2005, in Washington, where I stopped for half a day on my way back from Buenos 
Aires. I called her early in the morning. We met and walked quietly through the city, 
chatting happily as ever. It was our last conversation. 


'T am so glad to hear you! 


Fourier Multipliers of the Homogeneous 
Sobolev Space W!'! 


Aline Bonami 


In memory of Cora 


Abstract We prove that the restriction to an affine subspace of such a Fourier 
multiplier is still a Fourier multiplier, generalizing a celebrated theorem of de Leeuw 
for Fourier multipliers of L’. This may be seen as a complement to the spectacular 
result that such Fourier multipliers are continuous, which has been recently proved 
by Kazaniecki and Wojciechowski. 
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Introduction 


Let W!(R¢) be the usual Sobolev space, consisting of functions f € L?(IR“) such 
that f and |Vf| are in L?(R¢). Here | - | stands for the Euclidean norm of a vector in 
IR‘. The homogenous Sobolev space wie (R“) consists of tempered distributions f 
such that |Vf| belongs to L?(R“). We define its seminorm by 


IIA liv = IVA llp- 


The Schwartz class S (R*) is dense in W!”. Let F be the Fourier transform, defined 
on L!(R¢) by 


FF®) :=F0:= [ fey ds 
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For 1 < p < oo, let X be either the Lebesgue space L’(IR“) or the homogeneous 
Sobolev space W!?(R‘). A function m € L®(R%) is said to be a Fourier multiplier 
of X if there exists a bounded linear operator T : X +» X such that Tf — mf 
for all f ¢ S(R%). The operator T is the convolution operator by some tempered 
distribution S. We denote it by 7,,, in the sequel. 

When p > 1, Fourier multipliers of W!”(R“) coincide with Fourier multipliers 
of L?(R“). So we will concentrate on the case when p = 1. Recall that Fourier 
multipliers of L'(IR“) are given by Fourier transforms of bounded measures. While 
Fourier multipliers of W''(R) coincide with those of L'(R), it was observed by 
Poornima [8] that this is not the case in higher dimensions. Indeed, there are 
examples of multipliers of W!!(R“) for d > 1 given by Fourier transforms of 
distributions S$ which are not bounded measures but whose partial derivatives 0x8 
may be written as a linear combination of partial derivatives of bounded measures, 


d 
d=) athe, 
k=1 


Clearly 0,,(S * f) = DY bik * 0,,f, from which one concludes that FS is a Fourier 
multiplier of W!! (R¢). The existence of such distributions relies on a very difficult 
example of Ornstein [7]. Such examples have attracted a lot of interest, in particular 
in relation with Korn’s inequality. Another proof has been given by Conti, Faraco, 
and Maggi in [3] and generalized in [5]. 

Let us mention that ford > 1 the space W!'!(IR“) possesses other unexpected 
properties, such as the fact that (up to a constant) it is contained in the Lorentz 


space La! (see [1, 8, 10] and also the recent paper [9]). 

At the same time, one may expect that there are not so many Fourier multipliers 
of W!!(R4). This was the object of a joint paper [2] with Poornima, where it was 
proved that nonconstant homogeneous functions of degree 0 are not such Fourier 
multipliers. Very recently Kazaniecki and Wojciechowski have proved a much 
stronger statement in their preprint [4], namely, 


Theorem 1.1 (Kazaniecki and Wojciechowski). Fourier multipliers of W'!(R“) 
are continuous functions on R¢. 


Their proof uses the fact that the continuity is already known for homogeneous 
functions of degree 0. It also relies on a tricky construction based on Riesz products, 
which gives another family of possible counterexamples. Since the counterexamples 
of Ornstein were the basis of Bonami and Poornima [2], two kinds of difficult 
constructions are required to prove the continuity. 

It may be of independent interest to generalize in this context a well-known 
property of the Fourier multipliers. The ZL’ version is known as the theorem of 
de Leeuw (see [6]). It was in particular used by C. Fefferman to prove that the 
characteristic function of the unit ball is not a Fourier multiplier of L? (R“) for d > 3 
once it is proved for R?. Namely, we prove the following. 
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Theorem 1.2. The restriction of a Fourier multiplier of W'-'(R®) to any affine 
subspace of dimension k identifies with a Fourier multiplier of W'"!(R*). 


The proof does not use Theorem 1.1 but implies the continuity of Fourier 
multipliers on all lines. 

We list properties of the space of Fourier multipliers of W!:!(R®) in the next 
section. We give some proofs, which are not so easily available in [2, 4, 8]. We 
prove Theorem 1.2 in the third section. 

We end this introduction with a remark. In Dimension 2, the complexification 
of the Sobolev space W!:!(R?) identifies with the space of functions f such that 
0.f and df are in L'(IR7). Since one passes from one derivative to the other one 


by the Beurling transform B, which is given by the multiplier ae , it identifies 


also with the space of functions f in L'(IR?) such that their Beurling transform Bf 
is in L'(R?). This is reminiscent of the definition of the Hardy space ', with the 
Beurling transform that plays the role of the Hilbert transform. But Theorem 1.1 
proves that this space has very few Fourier multipliers, contrarily to the Hardy space. 


First Properties of Fourier Multipliers of W1!(R®) 


We call So(IR“) the space of smooth functions whose Fourier transform is compactly 
supported in R¢ \ {0}. It is proved in [2] that they are dense in W!!(R¢). 

Next, it is proved in [4] (by an elementary proof) that Fourier multipliers of 
W!(R¢) are continuous in R? \ {0} and uniformly bounded by the norm of T,, as 
a convolution operator, which we simply note |||m|||. More precisely, the norm |||77\|| 
is the smallest constant C such that, for all f € So(R“), we have 


IVTnf Vl <= CIVAh (1) 


or, equivalently, for h with values in R? that is bounded and compactly supported, 


20 


[ meres: teas] < CIV PHIM 2) 


Using this characterization and the Lebesgue dominated convergence theorem, we 
obtain the next lemma (a weaker version may be found in [4]). The analog for 
Fourier multipliers of L?(R“) when p > 1 is well known. 


Lemma 2.1. If m, is a sequence of Fourier multipliers of W''(R¢) which are 
bounded in norm and if m, tends to ma.e., then m is a Fourier multiplier of W'"' (R¢) 
and 


Ill < sup [|]. (3) 
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Next, for all functions ¢@ defined on R¢ and A > 0, we define the dilated functions 
0,.(b) by 0,(¢)(x) := (Ax). We immediately have that 


AM Iwi = ANF I is caay: (4) 


Moreover, from the identity 


To, omf = -1 (Tn(Aa(f))) 5 (5) 


we deduce the invariance of the space of Fourier multipliers by dilation: 6) (7) is a 
Fourier multiplier at the same time as m, with norm |||@,(™)||| = |||7IlI. 

We now state and prove for completeness the characterization of Fourier 
multipliers of W!!(R) (it is only proved for the space W!:!(R) in [8]). The same 
kind of proof will be used later on. 


Proposition 2.2. Fourier multipliers of W'''(R) are Fourier transforms of bounded 
measures and, if m is the Fourier transform of the measure |, then |||mll| ~ || e\|ma- 


Here M(R) stands for the space of bounded measures on R. 


Proof. Since the convolution by bounded measures preserves the space W!!(R¢), 
we only have to prove the converse. Assume that m is a Fourier multiplier of 
W!(R). Let g be a fixed smooth function, which is supported in (—2, +2) and 
equal to | in (—1, +1). Because of the analog of Lemma 2.1 for Fourier transforms 
of bounded measures, it is sufficient to prove that (1 — y(n-))m is uniformly the 
Fourier transform of a bounded measure. Using invariance by dilation for Fourier 
transforms of bounded measures, this is equivalent to the fact that (1 — g)6,/,(m) is 
uniformly the Fourier transform of a bounded measure. Again, using invariance by 
dilation of the Fourier multipliers of W!'! (R), it is sufficient to prove that there exists 
some constant C such that, for all Fourier multipliers m, the function (1 — ¢)m is the 
Fourier transform of a measure whose norm is bounded by C]||ml||. Let us prove this 
inequality when m is a Fourier multiplier of W!:! (R) and m vanishes in (—1, +1). It 
is sufficient to prove that m is a multiplier of L'(R), that is, 


21 S Cll gli Wlhoo (6) 


fl m(E)a(E)AE)AE 


for all g with compactly supported and smooth Fourier transform, and h bounded 
with compact support. This is a consequence of (2), written with f smooth with 
compact support outside (—1/2,+1/2), such that €f(€) = g@(&), with |[f’|]; < 


Cllg|li. We can take f(£) = (1- y(2&)) 82. Indeed the function mee) which is 


in L7(R) as well as its derivative, is the Fourier transform of an L' function. oO 
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The Restriction Theorem 


We now prove Theorem 1.2. Since the space of Fourier multipliers is not invariant 
through translation, let us be more explicit. Because of the invariance by rotation, it 
is sufficient to consider the following situation: we fix the integer k with | < k < d. 
For & in R¢, we denote by €’ its projection on the subspace generated by the k first 
coordinates and &” = & — &’. We then consider the affine subspaces &” = a, for 
some a € R¢*. We claim that for m a Fourier multiplier of wi (R¢ ), the function 
&’ +} m(€’,a) is a Fourier multiplier of W'-'(R*). Because of the invariance by 
dilation, it is sufficient to prove the theorem in two particular cases, namely a = 0 
and a = (0,--- ,0,1). 


Traces of Fourier Multipliers on Subspaces of 


In this sub-section we consider the case when a = 0. Recall that we know, by 
the theorem of Kazaniecki and Wojciechowski, that m is a continuous function, but 
we will only need the continuity outside 0. Without loss of generality we assume 
that |||m||| = 1. With an obvious change of notations, because of (2), we have to 
prove that 


2n 


[ mE OP ENE «HE VAE"| < Cll Vu lilNAlloo: 


Now f and / are defined on R*. Let y be a fixed function on R¢* whose Fourier 
transform is smooth and compactly supported, and is equal to | at 0. Because of 
continuity, the integral on the left-hand side is the limit, for A tending to 0, of 


SH [me erfene Fe nwe" pyaeias” 
We have used the fact that wry (E" /A)dé&" tends weakly to the Dirac mass at 
0. But it is bounded by ||VF||i||H]loo, with F(x) = A“f(x’)F—!(p)(Ax") and 
H(x) = h(’)(F—'o)(Ax"). The norm of H is directly bounded by C||h||oo. For 
F, the norm of its gradient in x’ is also directly bounded in terms of ||Vy/|l,. It 
remains to consider the gradient in x’, which is bounded by A|[f||1|| Vx @]|1. When 
we let A tend to 0, we find the required inequality. 

Remark that we deduce from the previous proof that the norm of m(-,0) as a 
Fourier multiplier of W!-!(R*) is bounded by |||m|l|. 
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We have seen that it is sufficient to consider the case when a = (0,--- ,0,1). We 
adapt the previous proof by replacing the function y?(&"/A) by y?((E” — a)/A), 
so that now cay ((E” —a)/A)d&” tends to the Dirac mass at a. The proof goes 
the same way, except for a new term that appears in the gradient of the new 
function F that we obtain when derivating eek. Up to a constant, it is equal 
to ATF (x )e274" (Fy) Ax”). This gives another term in ||f||; for the norm 
|| V.-F'||1, with no small constant before. We need to get rid of this term, which we 
can do when m(., a) is supported outside some ball |&’| < a because of the following 
lemma. 


Lemma 3.1. There is a constant C such that, for every f on R¢ whose Fourier 
transform is smooth and compactly supported, there exists g with the same 
properties, such that their Fourier transforms coincide outside the ball |—| < 1 
and such that 


igh + [Val < CIVAlh. 
Proof. The proof is classical. Let us consider a function w, which is smooth and 
compactly supported in the ball |&| < 1, and is equal to 1 when |£| < 1/2. We take 
g such that 


( — WE) & 


ep Ef (é). 


a(é) = (1- wee) = >> 


j 


The inequality ||Vgl|1 < C\|Vfll1; follows directly from the fact that the Fourier 
transform of g is in L'(IR“). Let us prove the bound for the norm of g itself. It 
is sufficient to prove that for each j the function v(&) := cos is also the 


Fourier transform of an L! function. For this we write 1 — w(€) = >> je E/ 2) — 


w (€/2/—!)), and see v as a sum of functions 1j. It is easily seen that 
Die a c,2° 8, 


So the v; is the Fourier transform of an L! function with norm bounded by C27. 
This finishes the proof. Oo 


To conclude that the restriction of m to the affine subspace &” = a is a Fourier 
multiplier, we write m as the sum of two Fourier multipliers. We take this time 
a function @ in R“ whose Fourier transform is smooth and supported in the ball 
centered at a of radius 1/2. We assume moreover that 6 = 1 in the ball centered at 
a of radius 1/4. Clearly 0m and (1—@)m are Fourier multipliers of norm bounded by 
C|||m|||. Next (1—6@)m vanishes at points (&’, a) when |&’| < 1/4. So we can use for it 
our previous argument. It remains to deal with Fourier multipliers that are supported 
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in the ball centered at a of radius 1/2. We conclude from the following lemma, 
using the fact that the restriction to an affine subspace of the Fourier transform 
of a bounded measure is also the Fourier transform of a bounded measure, and in 
particular a Fourier multiplier of W''!(R). 


Lemma 3.2. There exists a constant C such that every Fourier multiplier of 
W!(R) which is compactly supported in the shell 1/2 < |&| < 3/2 is the Fourier 
transform of a measure A, with || \|mcga) < Clllmlll. 


Proof. We assume that |||m||| = 1. It is sufficient to prove that m is a Fourier 
multiplier of L'(IR“), that is, for @ which is smooth and compactly supported and 
k which is bounded and compactly supported, 


2x < CllglhillAlloo- 


[,, meyacevicgyas 


This is deduced from (2) once we have found f and h; for j = 1,--- ,d such that 
BENK(E) = FE) D> Ehj(E). 
J 


We fix a function g, which is smooth, equal to 1 in the shell that contains the support 
of m and compactly supported in a slightly larger shell, say, 1/2 < |&| < 3/2. We 


choose f(£) = FOR), hj(é) = g(E)EK(E). It remains to prove that ||Vf||; < 
C\lglli, and also ||Ajlloo < [lklloo. This is a direct consequence that all functions 
a and &p(&) are Fourier transforms of L! functions. The functions ; are not 


compactly supported but decrease rapidly, which is sufficient to conclude. oO 


The restriction mapping is surjective when k = 0: the Fourier transform of a 
bounded measure on R extends into the Fourier transform of a bounded measure on 
R¢. When k > 0 and a ¥ 0 it is not surjective: a Fourier multiplier of W!!(R?) 
coincides locally with the Fourier transform of a bounded measure outside 0 by 
Lemma 3.2, while it is not the case for a Fourier multiplier of W!!(R*) in a 
neighborhood of 0 for k > 0. We do not know whether the restriction mapping 
is surjective for a = 0. 


Final Remark 


The proof of Theorem 1.2 may be considered as very simple compared to the 
one of Theorem 1.1. One would like to have a Functional analysis proof for this 
last one. Due to Theorem 1.2 and the fact that the class of Fourier multipliers 
of W!(R) coincides with that of L'(R), the restriction of a Fourier multiplier of 
W!(R4) to a line in R¢ is the Fourier transform of a bounded measure on R. As 
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a consequence, multipliers are continuous on rays. This simplifies one step of the 
proof of Kazaniecki and Wojciechowski. Remark also that to prove that the limit 
at 0 on rays does not depend on the direction it is sufficient to do it in Dimension 
2, which is another simplification. Unfortunately we could not go further in the 
establishment of a simple proof of Theorem 1.1. 


References 


iF 


2: 


3. 


a 


10. 


A. Alvino, Sulla diseguaglianza di Sobolev in spazi di Lorentz. Boll. Un. Mat. Ital. A (5) 14(1), 
148-156 (1977) 

A. Bonami, S. Poornima, Nonmultipliers of the Sobolev spaces W*!(R"). J. Funct. Anal. 71(1), 
175-181 (1987) 

S. Conti, D. Faraco, F. Maggi, A new approach to counterexamples to L! estimates: Korn’s 
inequality, geometric rigidity, and regularity for gradients of separately convex functions. Arch. 
Ration. Mech. Anal. 175(2), 287-300 (2005) 


. K. Kazaniecki, M. Wojciechowski, On the continuity of Fourier multipliers on the homo- 


geneous Sobolev spaces w! (R?). Ann. Inst. Fourier (Grenoble) 66(3), 1247-1260 (2016). 
Preprint available at arXiv: 1306.1437v4 [math.FA] 


. K. Kazaniecki, D. Stolyarov, M. Wojciechowski, Anisotropic Ornstein non inequalities (2015). 


Preprint available at arXiv: 1505.05416 [math.CA] 


. K. de Leeuw, On L, multipliers. Ann. Math. 81, 364-379 (1965) 
. D. Ornstein, A non-equality for differential operators in the L' norm. Arch. Ration. Mech. 


Anal. 11, 40-49 (1962) 


. 8. Poornima, On the Sobolev spaces W*:!(R”), in Harmonic Analysis (Cortona, 1982). Lecture 


Notes in Mathematics, vol. 992 (Springer, Berlin, 1983), pp. 161-173 


. A. Schikorra, D. Spector, J. Van Schaftingen, An L!-type estimate for Riesz potentials 


(2015). Accepted for publication in Rev. Mat. Iberoam. Preprint available at arXiv:1411.2318 
[math.FA] 

L. Tartar, Imbedding theorems of Sobolev spaces into Lorentz spaces. Boll. Unione Mat. Ital. 
Sez. B Artic. Ric. Mat. (8) 1(3), 479-500 (1998) 


A Note on Nonhomogenous Weighted Div-Curl 
Lemmas 


Der-Chen Chang, Galia Dafni, and Hong Yue 


Dedicated to the memory of Cora Sadosky 


Abstract We prove some nonhomogeneous versions of the div-curl lemma in the 
context of weighted spaces. Namely, assume the vector fields V, W: R”—>R", along 
with their distributional divergence and curl, respectively, lie in Lj, and Lj, ; + ; a 


1, where jz and v are in certain Muckenhoupt weight classes. Then the resulting 
Ll 1 


scalar product V - W is in the weighted local Hardy space h},(R"), for@ = pur va 


in Aj 41. 
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Introduction and Background 


The following article describes the results presented by the second author at the 
Special Session on Harmonic Analysis and Operator Theory (in memory of Cora 
Sadosky), the AMS Western Spring Sectional Meeting, Albuquerque, NM, April 
2014. All three authors have been influenced by Cora, both personally (the first two 


D.-C. Chang 
Department of Mathematics and Statistics, Georgetown University, Washington, DC 20057, USA 


Fu Jen Catholic University, Taipei 242, Taiwan 
e-mail: chang @ math.georgetown.edu 


G. Dafni (1) 

Department of Mathematics and Statistics, Concordia University, Montreal, 
QC, Canada H3G-1M8 

e-mail: galia.dafni@concordia.ca 


H. Yue 

Department of Mathematics, Georgia College and State University, 
Milledgeville, GA 31061, USA 

e-mail: hong.yue @ gcsu.edu 


© Springer International Publishing Switzerland 2016 143 
M.C. Pereyra et al. (eds.), Harmonic Analysis, Partial Differential Equations, 

Complex Analysis, Banach Spaces, and Operator Theory (Volume 1), Association 

for Women in Mathematics Series 4, DOI 10.1007/978-3-319-30961-3_8 


144 D.-C. Chang et al. 


authors have been her coauthors—see [3, 4]) and through her work. We would like 
to dedicate this note to her memory, in recognition of her contributions to harmonic 
analysis and to mathematics in general. 

Since the work of Coifman, Lions, Meyer, and Semmes [5], there have been 
many results by a variety of authors on div-curl lemmas in the context of Hardy 
spaces (the article [4] also falls into this body of work). The idea is to show that 
certain quantities occurring in nonlinear PDE lie in a better space than expected, 
in many cases the Hardy space H! as opposed to L!, enabling one to prove weak 
convergence of these quantities and leading to improved regularity results. Here we 
prove analogues of some of these theorems in the case of weighted Hardy spaces 
on R”. Previous work by Tsutsui [17] has already dealt with the homogeneous 
case, and we present a nonhomogeneous version, although the proofs can also be 
applied to the homogeneous case in order to obtain Tsutsui’s conclusions in a more 
straightforward way. 

Before stating our results, we review quickly some definitions and theorems 
relevant to this work. We do not attempt to give an overview of the subject. To 
define real Hardy spaces, we will use the maximal function characterization: for 
0 < p < ov, we say a tempered distribution f lies in H?(IR”) if the maximal function 
M,(f) belongs to L?(R”), where ¢ is a fixed Schwartz function with f{ y = 1, and 


Mo (f(x) = sup lf * GO|, GO =f "g(t "). (1) 
t>0 
The choice of g does not affect the space H’, only the norm, defined by 


lIfllae -= [|My QP) Ile. 


We will be dealing with the case p = 1, where the Hardy space H' is a proper 
subspace of L!. One of the main results of Coifman et al. [5] can be stated as follows: 


Theorem 1.1 ((5]). [fn >2,1<p<oo, i +i =I, 
Vel(R",R"), We L7(R",R") 
with 
divV=0, curllW=0 
in the sense of distributions, then 
V-Wed'(R’), 
with 


[VW < Cl/V lz |] Wiles. 
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A local, or nonhomogeneous, version of real Hardy spaces, h?(IR"), 0 < p < ov, 
was defined in [8]: a tempered distribution f € h?(R") if the localized maximal 
function Me (f) belongs to L?(IR"), where @ is fixed as in the definition of M, 
in (1), and 


MIS (f(x) = sup If * PO). 


Here the choice of the number 1 is arbitrary: any finite number will give an 
equivalent norm. The term local is misleading because there is another (truly) local 
real Hardy space H.. consisting of distributions which when multiplied by smooth 
functions of compact support become elements of ? (or elements of H? if an extra 
step is included in order to guarantee the moment conditions—see Proposition 1.92 
in [14] for the case p = 1). A nonhomogeneous version of the div-curl lemma 
for vector fields in L}.., Li,,, resulting in a dot product in Hj, was given in [5], 
assuming some improved “integrability” of the distributional divergence and curl, 
respectively, and using the Hodge decomposition. 

An analogue of the result of Coifman et al. [5] above for the space h! was given 
in [6], where it was shown that the dot product V- W belongs to h', assuming certain 
conditions on the distributions div V and (curl W)j;. A special case (corresponding 


to the hypotheses of the div-curl lemma of Murat [12]) is as follows: 


Theorem 1.2 ((6]). For vector fields V € L?(R",R"), W € L7(R", R"), if div V is 
a function in LP (IR") and (curl W); are functions in L1(R"), 1 < i,j <n, we have 
V-Weh'(R’) with 


IV = Whargae) S CLV llercen Wlzeceny + IIdiv Vllzrc2n IW lee) 


+ LV llzecery a || (curl Wallace}. 
ij 


Hardy spaces can be defined in much more general settings than R”, such as 
metric measure spaces or spaces of homogeneous type. We will consider the special 
case of doubling measures 4 on R” for which the Hardy—Littlewood maximal 
function is bounded on L 1 < p < ow, which are measures of the form dA = wax, 
where w > 0 satisfies the Muckenhoupt A, condition 


p-l 
[o]4, -= sup (f ods) (f oe) < 00. 
B \UB B 


Here we take the supremum over all balls B in R” and use ts wdx to denote the 
average of w over B with respect to Lebesgue measure. When p = 1, the A, 
condition becomes 


-1 
lola, (= up (f ods) (essing oc») < 0, 
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while for p = oo it is 


Merce ea) aie) ae 


Recall that the A, classes are increasing in p, so that A, is the smallest and Ago is 
the biggest class, which can be written as the union of all the A, classes for p < oo. 
For some recent instructive expositions of weights and related topics see [10, 13]. 

The theory of weighted Hardy spaces using A, weights was developed in 
[7, 16, 18]. Local weighted Hardy spaces h?, were studied by Bui [2], who proved 
analogues of the results of Goldberg [8] on boundary functions of harmonic 
functions on the strip, with the restriction that the weight w belong to A. 

Starting with @ € Ago, we will use the conditions 


Mo(f) € LR, resp. Mipr(f) € LE, 


to define H’), resp. h’,. These correspond to the radial maximal function, while other 
equivalent characterizations can be shown using grand and nontangential maximal 
functions. For H?, Tsutsui proves the following version of the (homogeneous) div- 


curl lemma (Theorem 1.2 in [17]): 


Theorem 1.3 ({17]). Let p,q € (;4;. 00) be such that 1 = at 7 <1+ - Suppose 
further that t € (1,pA+1/n)) and p € (1,qgU+1/n)) are such that = +© <I+ 1 


Then for any weights 1 € A; and v € A, we have 
(a> V)ulla, S cllulle IV ula 


when div u = 0 and w = p"/? v4, 


Note that w belongs to Aye +2) by an interpolation result for weights (see Corol- 
lary 28 in [10]). The proof of the theorem relies on using the divergence-free 
condition on u to express u- Vv in terms of some bilinear forms involving 
Riesz transforms, and then applying a pointwise estimate of Miyachi [11] and 
the boundedness of the Riesz transforms on H/,. Tsutsui also proves an endpoint 
estimate (p = co) following the ideas in [1]. 


Statement and Proof of Results 


We now state and prove two nonhomogeneous versions of the div-curl lemma for 
weighted local Hardy spaces, corresponding to the irrotational and the incompress- 
ible cases, respectively. Here g is fixed as in definition (1) above, and we may 
assume that its support is contained in the ball B(0, 1). 
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Theorem 2.1. Let 1 < p,q < © be conjugate exponents, ; + 7 = I, and let 
p € (1,p), g € (max(4, 1), 1 + 4) such that © + 4 =1+ i Assume that js and v 


are two weights in Az and Aj, respectively, and that o = ju? va, If the vector fields 
V in L},(R", R”) and W in Li(R", R") satisfy 


div Ve Li, curl W = 0 


in the sense of distributions, then the scalar product f = V- W satisfies 
Mf) € L).. Moreover, 


Meee les, < C(IIVlliz + lidiv Vile )IWIlcs- (2) 


Theorem 2.2. Let 1 < p,q < © be conjugate exponents, ; + - = |, and let 


@ € (1.4), p € (max(2, 1), min(p, 1 + 2)) such thar 2 + £ = 14 


I 


. Assume [L 


and v are two weights in Aj and Aj, respectively, and that a = qu? v rs If the vector 
fields V in Li,(R", R") and W in Li(R", R") satisfy 


divV =0, (curl W); € L7(R"’,R"), ij ¢ {1,....n}, 


in the sense of distributions, then the scalar product f = V- W satisfies 
Mi (f) € L).. Moreover, 


IMP) les, < CIVIL (lIWlig + Yo I(curl W),ll.2). 3) 


if 


Note that our results correspond roughly to the case r = 1 in Tsutsui’s result, 
Theorem 1.3 above. In our case interpolation gives w € A,,1, but by the self- 


improvement property of weights, w will lie in some class A, with s < 1 + 1 


Moreover, even if we took p and g with e pe [ie 1 we can always increase them 
(since the A, classes are increasing) so without loss of generality we may assume 
equality. 

Conversely, starting with a weight w in Ay, 1, the factorization of weights (see 
[15], V.5.3, Proposition 9 or [10], Theorem 29) allows us to write w as ww,” 
for @,,@2 € A,. Then w, 1!" € Aiyt by scaling (Corollary 16 in [10]) and setting 


ee wha, Vere and p!/4 = Oa eee one can again use interpolation 


and scaling (Corollary 17 in [10]) for an appropriate 6 to get yz in Aj and v in Ag. 


When both div V and curl W vanish, as in Tsutsui’s hypotheses, we can use the 


theorem with the widest range for p and g, namely when | < p < =*, we can use 
Theorem 2.2 which allows for q € (1,q) and p € (max(“,1),min(p,1 + 2)) = 


(1,p) for this range of p. When p > =", we can use Theorem 2.1 which allows 
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for p € (1,p), q € (max(4,1),1 + 4) = AG 1 + £) since q < n. Note that in 
Theorem 1.3, the condition , sae P<ilt+, 1 restricts the ranges of t and p to less 
than the ones specified. 

A more significant difference with Theorem 1.3 is that the right-hand side 
involves the weighted LZ? (and L‘), rather than H? (resp., H%), norms. For p > 1, 
these coincide when the weight is in A,, but otherwise, depending on the weight, 
the Hardy space can contain singular measures and distributions. 

When both div V and curl W do not vanish, we can still apply the theorems 
above after first applying a Hodge decomposition, as in [5], to get an analogue of 
Theorem 1.2. 


Proof of Theorem 2.1. Leta = % and B = 4, then? + 4 =24+4=1+41. The 
key inequality proved in [5] (see (10) after Lemma IL l)isa bound on the maximal 
function M,(f) in terms of the Hardy—Littlewood maximal function, denoted by M: 


My (f)(x) < C (M(IV|")(9)!/2 (MW) 9)” 


(4) 
under the assumption that 1 < @ < p,1 < 6B < q. By our hypotheses we still 
have 1 < a < p but now 6 lies in the range Cre min(q,7)) which means that as q 
approaches 1 we may have 6 < 1. 

Fix x € R”,t > 0. From the hypothesis on W we write W = Vz and proceed as 
in [5]. Since we assume ¢ is supported in B(0, 1), we have that g,(x— -) is supported 
in B = B(x, t). Then W = V(z — zg) and we can write, denoting by g the function 
in L?, which is the divergence of V in the sense of distributions, 


G * f(x) 


II 


| (INH Nee 


II 


= i div [p,(x — y) VO)|(r — mp)(y)dy 
— fi [V, oc — y) VQ) (or — mp) (y)dy 


m / A= eAOa. 
B 


Denote by a’ the conjugate exponent of a. By Hélder’s inequality, and using the 
fact that t < 1, we have that 


lpr * f(x) 


IV olloot : [Var — saldy + [lplloot” / lalla = aeplety 
B B 


(fem) "U(fvr) har)" 


IA 


IA 
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: n nq . y_ ba _ * 
As pointed out above, Ay < yu — B <n, and since a’ = == B* is the 


Sobolev conjugate exponent of 8, we have 6* > 1 . Thus we can apply the version 
of the Sobolev—Poincaré inequality found in [9], Theorem 8.7 and Remark 8.8 (with 
the dimension s = nando > 1) tom: 


vie’ 1/B 
(f In) ~ malay) <a(f IVao)!ay) . 6) 
B oB 


It is important to note that we are not using here any of the weighted versions of the 
Sobolev—Poincaré inequality found in [13], for example. Inserting this in (5) and 
taking the supremum over all ¢ < 1 give the analogue of (4): 


MIP(fy(x) = C (MUWF)? {aMdviy@)'” + Msi)". 


We can again use Hélder’s inequality, as well as the boundedness of the Hardy— 


Littlewood maximal function M on re, L? (see [15] Chap. V, Theorem 1, noting that 
p=2>landg= ‘ > 1) to conclude: 


IME li, = f Me eon? Gvé (as 


<c / (MW) voor] x 


\/p 
i mvc" Gas] + [owen aoa 
< CIM(W/) 124 IM(IvIey IP? + im(siF| 


< CllWiles (Vile + igi )- 
HL HL 


a 
Proof of Theorem 2.2. We will follow the proof of Theorem 4 in [6]. As shown 
there, given the hypothesis div V = 0, we can find a matrix A = (aj) whose 
columns Aj satisfy 
div Aj = v;, (7) 
so that in the sense of distributions 
V-W= > div (Ajj) + 9° ay(curl W);. (8) 


j=l i<j 
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Denoting B(x, t) by B and replacing aj by aj — (ajj)g in (8), we can proceed, as in 
the proof of Theorem 2.1, to write 


1 a 
* (0- We) =— [pest pgp Yea) ~ (a) 960) 


+). | gil y)(ay(9) — (a) )(curl W) (0) 


i<j 


For a, f as in the proof of Theorem 2.1, the assumptions on q force 1 < B < q, 
so we can use Holder’s inequality, and the fact that t < 1, to get 


IVellec 
le «fe < OH eB i lay — (ay)allwy| dy 


+ Hele 


> tas (aj)g||(curl W)ij\dy 


i<j 


C / 1/p’ 
< » <e(f lay(v) — (ai)al? wy) x 
ty 


1/B 1/B 
( wi’) +( (cart W)i) } 
B B 


For each i,j, we can again apply me poheley bouras inequality (with the 


ranges for a and B reversed, so that now 4 <a <nand fp’ = a* > 1) to get 


 \Ue La 
(f ey = CANE wy) <a(f IVaj()I*ay) | (0) 
B oB 


The resulting estimate for the maximal function is 


IM (NC)| 


< CY M(|Vaagl) (2) (M({wjl)(a)"/® + M(\(curl W),l")(0)'/*). 


ij 


Since the aj were defined (see [6]) in terms of second derivatives of the solution 
of Poisson’s equation for the components of V, the boundedness of the Riesz 
transforms on L?, (see [15] Chap. V, Corollary to Theorem 2), provided ws € Az C Ap 
(which is why we need to assume p < p), gives |Vagll < CIV Il. This and the 
boundedness of the maximal function allow us to conclude the proof: 
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[Mi Plas < cD f [Miva veo} x 
ij 


[M(lwyl?)(x)'/? + M(|(curl W) 1°) (0) '/?] ul’? (xv 4 (dx 


< CDP IMC Vea |*) 1 (IMC) 12" + MC (curt Ws) 12} 


ij 

< CD [Vaile {Whig + [curl W)sllis} 
iy 

< CUVilez (Wig + Do Ieurl Wallis): 


if 
x 
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A Remark on Bilinear Square Functions 


Loukas Grafakos 


Abstract We provide some remarks concerning a bilinear square function formed 
by products of Littlewood—Paley operators over arbitrary intervals. For 1 < py, 
P2 < co with 1/p = 1/p; + 1/p2, we show that this square function is bounded 
from L?!(R) x L??(R) to L?(R) when p > 2/3 and unbounded when p < 2/3. 


2000Mathematics Subject Classification: 42Bxx 


Little work is known in the area of bilinear Littlewood—Paley square functions 
besides the articles of Lacey [6], Diestel [3], and Bernicot [1]. In this note, we study 
a bilinear square function formed by products of Litthkewood—Paley operators over 
arbitrary intervals. 

Given an interval J = [a,b) on R, let A; be the Littlewood—Paley operator 
defined by multiplication by the characteristic function of J on the Fourier transform 
side. The Fourier transform of an integrable function g on R is defined by 


Os ve alae 2" dx 


and its inverse Fourier transform is defined by g’(&) = g(—&). In terms of these 
operators we have A;(g) = Gake 

The Littlewood—Paley square function associated with the function f on R is 
given by 


NI- 


si) = (SLA, ’. (1) 


j€Z 


L. Grafakos (&<\) 
University of Missouri, Columbia, MO, USA 
e-mail: grafakos] @missouri.edu 


© Springer International Publishing Switzerland 2016 153 
M.C. Pereyra et al. (eds.), Harmonic Analysis, Partial Differential Equations, 

Complex Analysis, Banach Spaces, and Operator Theory (Volume 1), Association 

for Women in Mathematics Series 4, DOI 10.1007/978-3-3 19-3096 1-3_9 


154 L. Grafakos 


where J; = [—2/t!,—2/) U [2/,2/t!) and the classical Littlewood—Paley theorem 
says that 


ISO I cae s Cp IIf Ilva 


where 1 < p < oo and C, is a constant independent of the function f in L?(R) (but 
depends on p). 

In this note, we are interested in estimates for Littlewood—Paley square functions 
formed by products of Littlewood—Paley operators acting on two functions. To 
be precise, let a; and b; be strictly increasing sequences on the real line with the 
properties limj+o9 dj = limj+o9 bj = 00 and lim; aj = limj-+—.. bj = —00 
and consider the bilinear square function 


1 
Sof, 8) = (> [Ata.qun A) Am i40(8)!) ° 
jEZ 


defined for suitable functions f, g on the line. We consider the question whether S$ 
satisfies the inequality 


|Sag. 8) LPR) < Or wlfl elle (2) 


for some constant C,,,, independent of f, g where 1 < pj,p. < oo and 1/p = 


1/p, + 1/p2. We have the following result concerning this operator: 


Theorem 1. Let 1 < pi,p2 < 00 be given and define p by setting 1/p = 1/p, + 
1/p2. Then if p > 2/3, there is a constant Cp, », such that (2) holds for all functions 
J. g on the line. Conversely, if (2) holds, then we must have p > 2/3. 


Proof. Introduce the maximal function 


M(f)= sup |Apasy(f)I 


—00<a<b<oo 


and notice that is pointwise controlled by 
2 sup |Avo,a) (f)| 
aeR 


and thus is controlled by the following version of the Carleson operator 


C(f)(x) = sup 
N>0 


N A ii 
ic Fagyertag 


In view of the Carleson—Hunt theorem [2, 5] we have that C is bounded on L’(R) 
forl<r<oo. 
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Consider the case where 2 < py < oo and 1 < p2 < oo. Then we have that 


Sf.) < (Li lAtwgsn??)° sup Aor 20691 = SOME) 
JE 


j€Z 


where S is defined as in (1) with [a;, a;+1) in place of Jj. In view of the Rubio de 
Francia inequality [7] we have that S is bounded on L’(R) for 2 < r < oo. An 
application of Hélder’s inequality yields the inequality 


S26 2) Lina S US llr eel (9) Il 0) (3) 


and this (2) follows from the preceding inequality combined with the boundedness 
of S on L?'(R) and M on L??(R). 

An analogous argument holds with the roles of p; and p2 are reversed, i.e., when 
we have | < p; < oo and 2 < po < ov. Thus boundedness holds for all pairs 
(p1,P2) for which either pj > 2 or po > 2. But there exist points (p;,p2) with 
p = (1/p; + 1/p2)~! > 2/3 for which neither p; nor pp is at least 2. (For instance, 
P1 = Pp2 = 7/5). To deal with these intermediate points we use interpolation. 

Given a pair of points (p1,p2) with p = (1/p; + 1/po)' > 2/3 
and 1 < pi,p. < 2, we pick two pairs of points (p},p}) and (pj, p53) 
with 

p> p' = (1/p, + 1/p3)" = p? = (A/pj + 1/p3)! > 2/3 
and 1 < p, <2 <p} < oo, < 2and1 <p} < 2 < pj < ov. For instance, we take 
(p}.p5.p') near (1,2, 2/3) and (pi, p35, p*) near (2, 1,2/3). Then consider the three 
points W, = (1/p},1/p},1/p'), W2 = (1/py, 1/p3, 1/p”), and W3 = (1/2, 1/2, 1) 


and notice that the point (1/p;, 1/p2, 1/p) lies in the interior of the convex hull of 
W,, W2, and W3. We consider the bi-sublinear operator 


(f,g) > Soff, g) 


which is bounded at the points W;, W2, and W3. Using Corollary 7.2.4 in [4] we 
obtain that Sj is bounded from L?!(R) x L??(R) to L?(R). This completes the proof 
in the remaining case. 

Next, we turn to the converse assertion of the theorem. Suppose that for some 
1 < pi, p2 < co with 1/p = 1/p; +1/pz estimate (2) holds for some constant C,, », 
and all suitable functions f, g on the line. Now consider the sequences aj = bj = j 
and the functions 


iu = 8v = Xow): 
Then we have 
e2TiNx =| 


21 ix 


N * 
ful) = 1%) = [ grist ge = 
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and forj = 0,1,...,N— 1 we have 


e2tixi (e27* = 1) 


j+1 ; pl . 
Ag+ Gv) = i: errs dt = oe errs dé = 
0 


f 2m ix 

Consequently, 

N71 2 i e2rix —] 2 

(2 Ann GOApen(eweo)’)> = ¥N | S— 

= ix 

and thus 
(e27* _ 1)? 
S26. 8M) = YN | aaa] =e VN 
4m7x Pp 


as long as p > 1/2. On the other hand we have 


_1 | e27*=-—1 i 
lvls = Ne] NI 
2Wix | pp 
whenever | <p; < oo. 
Now suppose that (2) holds. Then we must have 
||So(fv. gv) vr) = Creal: ee gv ll2@ (4) 


and this implies that 


1-41 j—+ 9-1 
CVN SC pep, Nl CpyN 2 = Cy pp CpN ? 


which forces p > 2/3 by letting N > oo. Oo 


It is unclear to us at the moment as to what happens when p = 2/3. 
We now discuss a related larger square function. Let | < pj,p2 < oo with 
1/p; + 1/p2 = 1/p. It is not hard to see that the square function 


Sn(f,g) = ( ae> [A ta. rf) Avetus(8)l?) : 


j€Z keZ 


is bounded from L?!(R) x L??(R) to L?(R) if and only if p,,p2 > 2. Indeed, one 
direction is a trivial consequence of Hélder’s inequality; for the other direction, let 


eet iNx __ 1 


N , 
fv) = an(x) = xh y@) = i. eomist de = 


27 ix 
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The preceding argument shows that 


||S22(fu. gv) ||,» = VM VN 


and we also have 


fa ao 
MILP\(R)ISNILP2(R) = ©p, p ‘i 
ILfvell 2-1 apy Iv =Cp,CpMoN ” 


Hence, letting M — oo with N fixed or N — oo with M fixed, we obtain that both 
Pi and p> satisfy pi, p2 = 2. 

I would like to end this note by expressing a few feelings about Cora Sadosky. 
Although, I have not had a very close personal relationship with her, I have always 
admired the great dedication and enthusiasm Cora has displayed in mathematics 
and the sincere love and support she has provided to young people who wished to 
pursue a research career in harmonic analysis. I warmly recall the personal interest 
she showed in my search for a permanent position in the USA. Cora’s untimely 
passing away was a big loss for our harmonic analysis community and we are all 
proud of the strong legacy she has left behind. 
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Unique Continuation for the Elasticity System 
and a Counterexample for Second-Order 
Elliptic Systems 


Carlos Kenig and Jenn-Nan Wang 


Dedicated to the memory of Cora Sadosky. 


Abstract In this paper we study the global unique continuation property for the 
elasticity system and the general second-order elliptic system in two dimensions. 
For the isotropic and the anisotropic systems with measurable coefficients, under 
certain conditions on coefficients, we show that the global unique continuation 
property holds. On the other hand, for the anisotropic system, if the coefficients 
are Lipschitz, we can prove that the global unique continuation is satisfied for a 
more general class of media. In addition to the positive results, we also present 
counterexamples to unique continuation and strong unique continuation for general 
second elliptic systems. 


Introduction 


In this work, we study the unique continuation property for the elasticity system 
and the general second-order elliptic system in two dimensions. We begin with the 
elasticity system. Let u = (u,, U2)" be a vector-valued function satisfying 

Ojai (x)O,.u)) =O in R’, (1) 


where ajjxi(x) is a rank four tensor satisfying the symmetry properties: 


Gijkt = Akg = Aiea (2) 
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Throughout, the Latin indices range from | to 2. Also, the summation convention is 
imposed. For isotropic media, we have that ajjg = Adijdx + LW (Sixdj + 5i5;x), Where 
A and yu are called Lamé coefficients. In this case, (1) is written as 


V+ (u(Vut (Vu)’)) + VAV-u)=0 in R?. (3) 


We say that u, a solution of (3), satisfies the global unique continuation property 
if whenever u vanishes in the lower half plane, it vanishes identically in R?. Recall 
that any solution u of the partial differential equation defined in an open connected 
set Q is said to satisfy the unique continuation property if whenever u vanishes in a 
non-empty open subset of &, it is zero in (2. On the other hand, wu satisfies the strong 
unique continuation property if whenever u vanishes of infinite order at any point of 
Q, it vanishes in Q. 

For the isotropic system (3) with nice Lamé coefficients, there are a lot of results 
on the unique continuation property and the strong unique continuation property 
(for dimension n > 2). We will not review the detailed development here. To 
motivate our study, we only mention the recent result in [10], where the strong 
unique continuation property was proved for zp € W!° and A € L®, which is 
the best known assumption on the coefficients by far. For the scalar second-order 
elliptic equation in nondivergence or divergence form 


AV-u=0 in R? (4) 
or 
V-(A(x)Vu) =0 in R’, (5) 


the strong unique continuation property is satisfied for A € L® (see, for example, 
[1-3, 6, 13]). The proof is based on the intimate connection between (4) or (5) and 
quasiregular mappings. Therefore, it is a natural question to ask whether the unique 
continuation or the strong unique continuation holds for (3) or even for (1) when all 
coefficients are only measurable. 

When yu of (3) is Lipschitz, it is known that (3) is weakly coupled. Hence, the 
usual Carleman method will lead us to the unique continuation properties. However, 
if jz is only measurable, (3) is strongly coupled. To the best of our knowledge, the 
Carleman method has never been successfully applied to strongly coupled systems. 
The general elasticity system (1) is always strongly coupled, regardless of the 
regularity of coefficients. 

In this work we would like to show that solutions u of (1) satisfy the global 
unique continuation property under some restrictions on the measurable coefficients 
jjxi- Our approach to prove this result relies on the connection between (1) and 
the Beltrami system with matrix-valued coefficients (see (22)). When this matrix- 
valued coefficient is sufficiently small (which is satisfied when the coefficients 
do not deviate too much from a set of constant coefficients), we can follow the 
arguments in [9] and use the L’?-norm of the Beurling—Ahlfors transform to conclude 
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the result. When the coefficients are only measurable, the set of constant coefficients 
is rather restricted, see the conditions in Theorems 0.1 and 0.3. If some coefficients 
of the general system (1) are Lipschitz, the global unique continuation is true for 
coefficients near a larger set of constant coefficients, see Theorem 0.1. 

In addition to the positive results mentioned above, we also present a counterex- 
ample to unique continuation for a second-order elliptic system (in the sense of (62)) 
with measurable coefficients based on the example derived in [9]. The main idea 
in the construction of the counterexample is to convert the second-order elliptic 
system to a first-order elliptic system and match coefficients of the first-order system 
obtained from the example in [9]. Based on the example given in [8] (also see related 
article [12]), using the same argument, we can also construct a counterexample 
to strong unique continuation for second-order elliptic systems with continuous 
coefficients satisfying the Legendre-Hadamard condition (27) or even the strong 
convexity condition: 


ain ELE; = clE|? (6) 


for any 2 x 2 matrix € = (& Ds where c is a positive constant. Note that (6) implies 
the Legendre—Hadamard condition. 

We would like to remark that the nontrivial solution u of the counterexample 
to unique continuation described above vanishes in the lower half plane. It was 
shown in [11] that there exists nontrivial W!(IR) solution wu or Lipschitz solution 
u whose supports are compact solving second-order elliptic system with mea- 
surable coefficients satisfying the Legendre—Hadamard condition. This is another 
counterexample to unique continuation for second-order elliptic systems with 
measurable coefficients. We want to point out that the examples in [11] do not exist 
in second-order elliptic systems satisfying the strong convexity condition (6). This 
can be easily seen by the integration by parts. Nonetheless, the strong convexity 
condition (6) does not rule out the existence of the counterexample to unique 
continuation we constructed in this paper since this nontrivial solution does not 
necessarily have compact support. 

The paper is organized as follows. In section “Elasticity System with Measurable 
Coefficients,” we prove the global unique continuation property for the Lamé and 
general anisotropic systems when the measurable elastic coefficients are close to 
some constant values. In section “Anisotropic System with Regular Coefficients,” 
we expand the set of constant values when the elastic coefficients are Lipschitz. 
Finally, in section “Counterexample to Unique Continuation,” we construct coun- 
terexamples to unique continuation and strong unique continuation for general 
second-order elliptic systems with measurable coefficients and continuous coeffi- 
cients, respectively. 
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Elasticity System with Measurable Coefficients 


It is instructive to begin with the isotropic system, i.e., Lamé system (3). Assume 
that A, € L© satisfy the ellipticity condition 


w>b>0, A+2w>5, VxER’. (7) 


The key to proving the global unique continuation property lies in arranging the 
coefficients nicely. We write the system (3) componentwise 


01 (2201) + 9(pL(dy uy + dzu1)) + OAV -u) =0 (8) 
and 
01 ({L(O Uz + O2u1)) + 02(2Ld0gU2) + 02(AV - u) = 0. (9) 
Let v = V-u = 0,u, + 02u2 and w = V X u = O,u2 — O2u1, then (8) is written as 
01(2p.0,u; + Av) + d2(2fdou, + pew) = 0. (10) 
Similarly, (9) is equivalent to 
01 (2d, uz — hw) + 02(2jLd02u2 + Av) = 0. (11) 
By taking advantage of the relation 
Au; = 0;u—0.w and Au = 020+ dw, 
we obtain from (10) that 
01((2pu — 1)dyuy + (A + Lv) + 02((2p — 1)d2u, + (uu — 1)w) = 0 (12) 
and from (11) that 
01((2 — 1)dyuy — (4 — 1)w) + 02((2p¢ — 1)dqup + (A + 1)v) = 0. (13) 


Therefore, there exist u’, and wu’, such that 


O2u = (Qu = 1)d,u4 + (A = 1)v, (14) 
—d)u, = (2u — 1)dou, + (uw — Dw, 
and 
dou, = (24 — 1)d,u2 — (u — Iw, (15) 
—d,u, = (2 — 1)d2u2. + (A + 1)v. 
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Setting fi) = mu + iu’, and fp = uz + iu), (14) and (15) become 


af, = oof, +h, 
of = oof + (16) 
Of, = odf2 + ih, 
where 
1- A+1 =] 
o = — and h= aoe ie 
be 2p 2b 


As usual, we define 


a | 1 


Using the obvious relations 


5(if + df: + df + dfs), 


i= See 
5h + Of; + Of, + Of{), Ou2 = 


Oiuy 


= 5 (if af — ah + W, 


mt — df: —dfi + Afi), dou 


O2uy 


we can compute 


A+1 ja-l 
h=- v-1 w 
Qh 2p 


LA ee 
AF (Gh + af + dh + Hi) — Hf — fe — ahs + Hy) 


(Get Met Hh + HH) + Bhi aH Hi +H) 


= (4) ins (is (a (GS )a 
Mh 4u Au 


4u 
ere ee; =e = - i Te 
+i( Ee) atti (= H) ani( ‘nr (ES ) 
Au Au 4u Au 


For simplicity, let us denote 


then 
h = af, + Bafi + Bap, + adf, — iw df + iBdfr + iBdf, — iadfy 
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and 
ih = iwdf, + iBdf, + iBdf, + iwdf, + adfs — Bdfr — Pdf + adfr. 


Therefore, (16) is equivalent to 


(+ (2 S))aGG) +(e) G) 
aCe) a oe) 


where /,, denotes the n x n unit matrix. Setting x = 0, if af = 0 and ze = 0, and if 
df = 0, (17) can be written as 


Ges) Anew 
(5 S)o)+ C278) (8 3) 


Finally, let U and V be two 2 x 2 matrices 


afi 
_ —a id —p —if of 0 
ees ea a p ) 0 &] 


y= (28), (749 0) (E 2), 
ip —B ia o+a 0 TA 
then (18) can be written as 
vi(") = va(/). (19) 
2 2 


||U—hllzce < C(llallzce +||Bllzcc) and ||V||z00 < C(I[Bl|lz2e +o |lzee + |||] ze), 


(18) 


It is clear that 


(20) 


where C is an absolute constant. Hereafter, for any matrix-valued function A(x) : 
C” + C" with x € R?, the norm ||A||z0 is defined by 


||Allzeo = sup ||AQ@)||. 
xER?2 


where || - || is the usual matrix norm derived by treating C” as an inner-product space. 
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Theorem 0.1. There exists an ¢ > 0 such that if 
| —Allzo <e and ||A+4+ 1llLo <e, (21) 
then for any Lipschitz solution u of (3) vanishing in the lower half plane, we must 


haveu = 0. 


Remark 0.2. It is clear that if the Lamé coefficients A and jx satisfy (21), then the 
ellipticity condition (7) holds. 


Proof. Since u is Lipschitz and vanishes in the lower half plane, so does the vector- 


valued function 
F= 
2 


In view of the definitions of o, a, 6, if ¢ of (21) is sufficiently small, then all of them 
are sufficiently small as well. By (20), U is invertible and V is small, consequently, 
||U-!V||p0o < e’ « 1. Therefore, from (19) we have 


dF =WdF in C, (29) 


where YW = U~'V and we have identified RR? as the complex plane C. Note that here 
F:C — C’. Equation (22) is a Beltrami system studied in [9]. It was proved in [9] 
that if || ||z00 is sufficiently small and F vanishes in the lower half plane, then F is 
trivial, i.e., w is trivial. For the sake of completeness, we sketch the proof here. We 
refer to [9, Sect. 7] for more details. Without loss of generality, we assume that F 
vanishes for 3z < 1. Define G(z) = F(./z). Then G satisfies 


iG= gq Miv206. (23) 


We can see that the differential of G, DG, lies in L?(C) for some p > 4 (see (7.13) 
in [9]). In other words, we have 


OG» < €"|8Gllv. (24) 


Let S be the Beurling—Ahlfors transform, i.e., Sd = 9. It is known from the 
Calder6én—Zygmund theory that 


Slip = ap (25) 


for some constant a,, depending only on p (see [5] for a more precise bound on ay). 
Hence, (25) implies 


9G |x» < ap|| GI». (26) 


Combining (24) and (26), we conclude that ||9G||» = ||9G||» = 0 provided dpe! < 
1 for some p > 4. The proof of theorem then follows. Oo 
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Now we turn to the general elasticity system (1). Assume that aj; € L° satisfies 
the ellipticity condition 


aii (EEipjpx = S\EP |p? VE, p eR’, (27) 


i.e., the Legendre—Hadamard condition. Due to the symmetry properties (2), for 
simplicity, we denote 


Qi = 4, 2222 = b, 44412 = A211 = A211 = 41121 = ¢, 


41122 = 47211 = 4, 4y212 = Ay112 = 41221 = 42121 = @, 


222 = 42122 = 42212 = 42221 = &. 
Componentwise, (1) is written as 


01 (ad, uy +00, U2+C02uU, +dd2u2)+02(CcdO;u, + e0,;Uy + ed2u, + gd2uU2) = 0, 
01 (cd, uy +e0,u2+e02U;+gd2uU2)+02(dd iu, + gdyuz2 + gdou, + bdgu2) = 0. 


(28) 
For our purpose, we will express (28) as 
0:((a—d —1)d\u, + (d + 1)v + cdyu2 + cd2u)) 
+ 02((2e — 1)dou, + (e — lw + cdyu, + gdou2) = 0, £55) 


01((2e — 1)d,u2 — (e — 1)w + cd, + gdzu2) 
+ 02((b — d — 1)douz + (d + 1)v + gdju2 + gd2u;) = 0. 


Comparing (29) with (12) and (13), it is not difficult to see that (29) can be 
transformed to (22) with similar smallness condition on W if jJa—d-2| <« 
1Jb-—d—-2| « 1,Jd+1| « LJe-1| « I,|e]| « 1,|g| « 1. Therefore, 
we can prove that 


Theorem 0.3. There exists ¢ > 0 such that if 


lJa—d—2||L0 <e, ||b -—d—2||L0 < e,||d + IllL~o <e, 
(30) 


lle — Ile S €, |lellu- S &, IIglluco S , 


then if u is a Lipschitz function solving (1) and vanishes in the lower half plane, then 
u vanishes identically. 


Remark 0.4. Under the assumptions (30), (1) is a slightly perturbed system of the 
Lamé system with A, yu satisfying (21). Therefore, the ellipticity condition (27) 
holds. 
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One may wonder if |d + 1] < 1 and |e — 1| < 1 in Theorem 0.3 can be replaced 
by |d + ko| « 1 and |e — ko| « 1 for ko ¥ 1. For measurable coefficients, it is not 
possible since the requirement of |e — kop| « 1 and 2e — ko ~ 1 will force ko = 1. 
However, if a,b, d, e are Lipschitz, we can extend Theorem 0.3 to a larger class of 
system. Let ko be any fixed constant. Similarly to (29), we obtain that 
d\((a —d- ko)d\uy + (d + ko)u =F cO,U2 + c02u}) 
+ 02((2e — ko) dau; + (e — ko)w + cdjuy + gdrur) = 0, 
01((2e — ko) duz — (e — ky)w + cou, + gdou2) 
+ d2((b — d — ko) douz + (d + ko)v + gdiuy + gd2u)) = 0. 


(31) 


Denote @ = a—d—ko, @ = 2e— ko, b = b—d—ko. Suppose that @ £ 0 and b F 0. 
Then (31) is equivalent to 


01 (0) (4) — Ojauy + (d + ko)v + cdju2 + cu) 
+ 02(éa7' (0 (Gu) — O@u1) + (e — ko)w + cd\uy + gd2u2) = 0, 
7 . ~ (32) 
0, (@b- |! (0; (bu) _ 0,bu2) _ (e _ ko)w + cou; + g02U2) 


+ 02(92(bur) - dobur + (d + ko)u + gd\U2 + g02U) =0. 
We set i) = Guy, i = buy, then (32) becomes 


0, (01 (it) — 0; "iy + (d + ko)v + c0, (big) + c02(@ i) 
+ 03(@a! (02(it1) _ doaa ity) + (e—ko)wt c0\(@_'i1) + g02(b | it2)) = 0, 
01 (@b—! (0; (2) — bb ita) — (e — ky) w + c0\(@ ity) + gd2(b | )) 


+ 0(02(i2) — dobb~ ity + (d + ky)v + g0,(b ita) + g02(@!ity)) = 0. 
(33) 


We then express 

v = du; + ou. = aja hy + a dyin + dob |i + boi 

W = 0\u2 — 02, = 0,b7 i + bd, _ doa tin, _ a doit. 
Theorem 0.1. Let ky) > 0. Assume that a,b,d,e are Lipschitz and c,g are 


measurable. Moreover, suppose that a, b,d,e are constants in R? \ K, where K is 
compact set. Then there exists an € = €(ko, K) > 0 such that if 
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|Via—d)]lze0 < €, | V(b—)|lu00 < &, |la—d—2el]L00 < €, ||b—d—2ellL-~ < €, 


l|d+kolluce < &, |le-kollzee S €, |lelluce S &, IIglluco < €, 
(34) 
then if u vanishes in the lower half plane, then u is identically zero. 


Proof. We first note that when e, depending on ko, is sufficiently small, a and b are 
strictly positive. Let f, = m4 + w and fy = i + it, where i”, and i, are conjugate 
functions of # and i defined as above. In view of (34), (33) is reduced to 


dF = WOF + HF + HF, (35) 


where ||W|;00 < e’, ||H||L00 < e’, ||H||z00 < e’, and H, H are supported in K. Note 
that e’ > 0 as ¢ > 0. As before, let G(z) = F(./2), then G satisfies 


dG = qvivaae + H( JOG + H( VG. 


By the Poincaré inequality, we have that 
|HGllv + |G» < €'C(l8Gl» + [|8G lv) (36) 
for p => 2, where C depends on K (and p). Using (36), we have from (35) that 
3Gllur < €”]8Gll» 


with «” + 0 ase — O. Next, using the same arguments as in the proof of 
Theorem 0.1, the result follows. oO 


Remark 0.2. From the ellipticity condition (7) for isotropic media, it is readily 
seen that if ky) > 0 and ¢ is sufficiently small, then the ellipticity condition (27) 
is satisfied. 


Counterexample to Unique Continuation 


In this section we will construct a counterexample to the unique continuation 
property, which vanishes in the lower half plane, for second-order elliptic systems 
with measurable coefficients. Precisely, we consider 


O(aju(x)Oxm) =O in R?, (37) 


where the coefficients aj; do not necessarily satisfy the symmetry conditions (2). 
For simplicity, we use the following short-hand notations: 


11-1, 12> 2, 21> 3, 22> 4, 
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Qui = 411, 41112 = 412, 41121 = 413, 41122 = ay4,+** ete, 
So, the system (37) is written as 


01 (a1, 01, + 41201 U2 + 413021 + a1402U2) 


+ 02 (A101 Uy + A220) Uz + Ay302U, + Az402U2) = O, 


(38) 
01 (4310 Uy + 4320, U2 + 3302U, + 43402U2) 
+ 02 (4101, + 420) Uz + 4g30U, + A4402U2) = O. 
As before, we can find v; and v> such that 
02, = 4110, Uy + 41302u, + A120 {U2 + 402Ud, (39) 
=O, Vy = 4y1 0 Uy + A9302U, + 9720) U2 + Ay402U, 
and 
02V2 = 3201 Uz + a3402U2 + 43101 uy, + 43302), (40) 
—0102 = 420, U2 + a4402U2 + G41 01U, + A4302U). 


Here we will use a different reduction from the one used in section “Elasticity 
System with Measurable Coefficients.’ The method is inspired by Bojarski’s 
work [7]. Denote 


ne (a1 + 423) + i(ao1 — a3) 
1— ’ 
2 


C1 = a2 + tay, = My = ay4 + ira. 


_ (au = 423) + i(ani + 413) 


Bi 5 


’ 


Let f, = uj + ivy and fp = uz + iv2, then we can compute that 
0 = (1+ a)afi + Brdfi + Brdfi — (1 — ayafi + S1dim + moun 
= (+ a)ifi + Bah + Adi - a) + LOR + af + Hh +H) 
+ Ff - df - th +H) 


o1 
2 


= (1b a)dfi + Bah + Brafi— Aaa + + Bap + ( 
ar Ny ae o MN a> 
F (F = 3) oh Ss + 57) oh: 


un 
9 oh 


(41) 
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Likewise, we denote 


re (432 + d44) + i(a42 — 434) _ (@32 — agg) + i(a4n + 34) 
= = 


Bo 


2 , 2 ; 
fo = a3) + id4y, 2 = 33 + i443, 
then we obtain 
2 > ar, /o2 , Nas bo =m 
0 = (14+ a2) df, + Bodfs + Brdfr — (1 — a2) df2 + ( 5 + 5 oh + ( o 5 oi 
$e as 
a ee a 
(42) 
Putting (41) and (42) in matrix form gives 
AdF + BOF +COF+DdF=0 in C, (43) 
where F = (‘:) and 
2 
A= l+a, sj = By SL 4 ji 
bo _ ym l+a, ba 4 {2 Bo 
(44) 


Note that D = A — 2h. Conversely, it is easy to see that, given any 2 x 2 complex- 
valued matrices A, B, C, D satisfying B = C and D = A — 2h, and (43) with 
F= (“: iy *), then, writing A, B, C, D as in (44), we can find real numbers 
u2 1U2 
Q\1,4\2,°*+ ,a44 Such that (39) and (40) hold, and hence (38) is satisfied. 
It was proved in [9] that there exists a 2 x 2 complex-valued matrix Q € L°(C) 
with 


|Qllzo@ <«K <1 (45) 


and a nontrivial Lipschitz function F:C3+C vanishing in the lower half plane of 
C such that 


dF +00F =0 in C. (46) 
Adding Ax(46) and B x (46), for any A, B, gives 


AdF + BOF + AQF + BOF =0 in C. (47) 
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Comparing (43) with (47), we hope to find A, B, C, D satisfying 
B=C=AQO, D=BO, D=A—-2h. (48) 
To fulfill (48), we begin with 
A-—2hbh =D=AQO, 
which implies 
A(h — QO) = 2h. (49) 


In view of (45), we have that ||QQ||z00(c) < x” < 1 and hence Lb — QQ is invertible. 
In other words, (49) gives 


A= 2(h - QQ)". 


Once A is determined, we can find C and, of course, B. Hence the relations in (48) 
hold. Finally, in view of the definitions of o;, 8, ¢), nj, = 1,2, there exists a unique 
fourth rank-tensor (ajxi(x)) producing A, B, C, D which were determined above. 

With such A, B, C, D obtained above, there exists a nontrivial solution F : C > 
C?,ie, F = F, vanishing in the lower half plane of C and satisfying (43) (and 
hence, (47)), 1.e., 


AOF + AQOF + AQOF + AQGOOF =0 in C. (50) 
As mentioned above, (50) is equivalent to the second-order system (38) with 
corresponding coefficients (ajjxi(x)). Now we would like to verify that this second- 


order system is elliptic. The meaning of ellipticity will be specified later. We first 
show that LoF := dF + QOF is equivalent to a first-order uniformly elliptic system. 


Let us denote 
F= & + _) 
uz + v2 


then 


AF = ts — 0201) + (0, v1) + |) 
(0 uz — 02v2) + i(01 V2 + dzuU2) 


and 


20F = oe + 0201) + i(d,v1 = ne 
(O,U2 + 0202) + i(0) v2 — d2u2) 
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Let Q = Q, + iQj, then 2LF can be put into the following equivalent system 


uy uy u 
L,| | := (° +Q, —Q; ) a | 2 | + ( Q, —-ht+ _) a) 2], 
v1 Q h+Q, V1 h-Q Qi V1 
v2 v2 v2 
(51) 
Le., 2ioF = G= (“) = (" ss a is equivalent to 
22 W2 + 1Z2 
uy Wi 
ij ua] _ | W2 
VU] Z1 
v2 Z2 
For simplicity, we denote 
R= ee —Q; ) aad s=( Q; “i e) 
Q h+Q, h-Q Q; 
Now we want to show that (51) is uniformly elliptic, ie., 
det(aR + BS) > c(a* + B’)’, V zeEC, (@,B) eR’ £0, (52) 
where c = c(k) > 0. To prove (52), we first observe that 
s= ( Qi _ _ ee Qi yy 
bh-Q Q; -Q; h-Q, 
where 
0 -h 
J= ‘ 
(: 0 ) 
Therefore, we obtain that 
aR+ BS =a(iy+ FE) + By — BE) = (al, + BJ) + E(al, — BY), (53) 


where 


E — @ a) . 
0; OQ, 
From (45), we have that for E : R* > R* 


Ellzco may SK. (54) 
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It is easy to see that 


[ly + BINZ|| = (aly — BNZ| = Vo? + B? Z|, VY ZER’. 


Combining (54) and (55) gives 


173 


(55) 


det(aR + BS) = det(als + BJ)det(I4 + (aly + BJ)~'E(aly — BJ)) > cla? + B?)? 


with c = c(«) and (52) is proved. 
Now we want to consider 


2(0F + OOF + O(0F + O OF)) = 2LoF + 2OLF. 


It is easy to see that 


which is equivalent to 


uy Wi 
~ Uu ~lw 
iL,| >| =7] 7], 

v1 ZI 

v2 22 


where 


Consequently, (56) can be written as 


uy uy 
(R + EIR)3, + (S + EIS)a = 
1 


v2 U2 


It is clear that 


det(w(R + EIR) + B(S + EIS)) = det([aR + BS] + El[aR + BS]) 
= det(aR + BS) - det(I4 + El) 


> c(a’ + By’. 


(56) 
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Finally, let us denote A = A, + iA; and 
x A. —A; 
A= r i 
& re) 


AdF + AQOF + AQF + AQO DF = 0 


then 


is equivalent to the first-order system 


uy, Uy 

A(R + EiR)0 és + A(S + EiS)d> . = 0. 
1 1 
v2 U2 


Since detA > c > 0, we immediately obtain that 


det(wA(R + EIR) + BA(S + EiS)) > c(a? + B?)?. 


(57) 


(58) 


(59) 


We would like to remind the reader that (57) is equivalent to (39) and (40) (and (38)). 


Now we return to the system (39) and (40), i.e., 


| O2V, = G10, Uy + a1302u, + A120, U2 + a1402U2, 


—01 V1 = 421 0,Uy + 42302u + ay20\U2 + a2402U2, 
and 


| 09V2 = 320) Uz + 43402Uz + 4310,Uy + 3302U), 


=O V2 = 44201 Uz + A4q402Uy + a4, 01 Uy + 44302u}. 


We put this system as 


a1 412 00 uy a3 414-1 0 uy 
a2 a22 10 a | “2 | + | 923 924 0 0 a|21=0 
a3 432 00 V1 a33 a34 0 —1 V1 
a4, dar 0 1 v2 a43 d44 0 O U2 


which is equivalent to (58). From (59), we have that 


(60) 
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c(a? Bis Bp’)? 
< det(wA(R + EIR) + BA(S + EIS)) 


ay, a2 00 a3 a4 —1 0 
= det | o | 22! 10 +8 a23 arg 0 O 
431 432 00 433 434 0 —1 
a4 a42 0 1 a43 d4g 0 O 
ay, 412 00 a13 a\4 —1 0 
— —det | | 3! 2 00 oe a33 434 O —1 
a2, a2. 10 a23 dog 0 O 


a4, dar 01 ay a4 0 O 


12 + ay4B aya + ay3B —B 0 
4320 + a34B a3;3a +a33B 0 —B 
a72 + ar4B ana +a3B a 0 
dana + d4aB ayia +az3B 0 a 


= det 


ae aya + ay4ap + ayap + zB? aa + ay3ap + ay, ap + a3 B? 
= det 2 2 2 2]: 
a320~ + a340B + ayoaB + aggB a3100~ + 43308 + agiaB + a43B 
(61) 
It follows from (61) that for any € = (&, &) ¥ 0, the 2 x 2 matrix (ik ja (Z)E;E) 
satisfies 


idet() © ain @EE)| = clEl*, V ce C. (62) 


ik 
In summary, we have shown that 


Theorem 0.1. There exists a nontrivial vector-valued function u = (wu, uz)? : 
IR? — R? vanishing in the lower half plane solving a second-order uniformly elliptic 
system (37), in the sense of (62), with essentially bounded coefficients. 


To prove Theorem 0.1, we used a reduction different from the one given in 
section “Elasticity System with Measurable Coefficients.” It is natural to investigate 
whether the reduction used here can be applied to prove positive results stated in 
section “Elasticity System with Measurable Coefficients.” We only discuss the Lamé 
system. Comparing (8), (9), and (38) implies 


ayy =A+2M, an =ay3=0, a4 =A, 


a2, = a4 = 0, do2 = 423 = pL, 


431 = a34 = 0, a32 = 433 = pL, 


a4, =A, Gaz = 443 = 0, Gy = At 2p. 


176 C. Kenig and J.-N. Wang 


By the definitions, we see that 


A+3 A+ : 

= =, Bi = oo =i m= A, 
A+3 A 

a2 aE b= Host m=n 


and thus, 


A+3u i A+ i 
At 2 2) | peal. 3 ), 
7A=p) les pAt pp) Hae 


pa=(-1+ 3" 3H—)) 
~~) ig 1) 4 At3e J 
xA—p) 14+ 


Now if w ~ 1 and A = —1 as in Theorem 0.1, then B = 0, C = 0, but 


Aw (?5).p=(% 3). 
—i2 -—i0 


In other words, (43) corresponding to the Lamé system cannot be put into the form 
dF = WOF 
with ||W||z0 < 1. 
On the other hand, if the coefficients (a,,) of (38) satisfy 


llapq — Ilzco < © for pq = 11,23, 32, 44, as 


\|Qpqllzco < © for all other pq's 
with a sufficiently small ¢, then 
|A — 215||z20 < ce, ||B\|z2° = ||Cllz-0 < ce, ||D\|Lo < ce 


for some constant c. For this case, we can prove that the global unique continuation 
property holds as in the proof of Theorem 0.3. It is not hard to see that the 
second-order system (38) with coefficients satisfying (63) is elliptic in the sense 
of (62). In fact, we can even show that (d),) = (ajjx) satisfies the strong convexity 
condition (6) (and, of course, the Legendre-Hadamard condition (27)) provided ¢ 
is small. To see this, it suffices to consider aj} = dj11) = 1, &3 = aj221 = 1, 
432 = 42112 = 1, d44 = A2222 = I, and all other a,,’s are zero. Then we have that 
for any 2 x 2 matrix € = (&/) 


ayer&e§} = aii, 8, + i221 838) + anf Ef + arv€s&> = |E)?, 
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which implies (6) for small ¢. The class of second-order elliptic systems (38) 
satisfying (63) contains a special class of hyperelastic materials, where only the 
major symmetry property ayy = ay; holds. 

A counterexample to the strong unique continuation for (22) was constructed in 
[8] (see also related article [12]). The counterexample given in [8] shows that there 
exists a nontrivial function F vanishing at 0 to infinite order satisfying 


dF + OIF = 0, 


where Q(x) € C?*? is continuous and vanishes at 0 to infinite order as well. 
Based on this example, using the same framework as above, we can construct a 
counterexample to strong unique continuation for second-order elliptic systems with 
continuous coefficients in the plane. Observe that for the extreme case Q = 0, we 
have A = 2/7 and B = C = D = 0. Consequently, we see that 


Ay, = 473 = 432 = ayy = 1 


and all other a,,’s are zero. Therefore, when x is near 0, Q is sufficiently small, 
which is exactly the case we discussed in (63). In other words, for the second- 
order elliptic system with coefficients satisfying (63) and the strong convexity 
condition (6), the global unique continuation property holds, in spite of the fact 
that there are examples showing that the strong unique continuation property fails. 
Furthermore, we want to point out that the counterexample to the strong unique 
continuation for (37) we constructed is a small perturbation of the Laplacian A near 
the origin. In section “Elasticity System with Measurable Coefficients” we have 
shown that the Lamé system with A ~ —1 and ww & 1 can be written as a small 
perturbation of the Laplacian. Therefore, this counterexample strongly suggests that 
the Lamé system with measurable coefficients, even when A ~ —1 and jz ~ 1, does 
not possess the strong unique continuation property. Moreover, this example or an 
earlier example constructed in [4] also suggests that the strong unique continuation 
property for the anisotropic elasticity system even with continuous coefficients is 
most likely not true. 
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Abstract We prove various representations and density results for Hardy spaces of 
holomorphic functions for two classes of bounded domains in C”, whose boundaries 
satisfy minimal regularity conditions (namely the classes C? and C!"', respectively) 
together with naturally occurring notions of convexity. 
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Introduction 


Here we discuss the interplay of the holomorphic Hardy spaces with the Cauchy 
integrals, and with the Cauchy—Szeg6 projection,! for a broad class of bounded 
domains D C C” when n > 2. We make minimal assumptions on the domains’ 
boundary regularity. While such interplay is fairly well understood in the context of 
one complex variable (that is, for D C C, see [20, 33, 42, 43] and references therein) 
the situation in higher dimensions presents further obstacles, both conceptual and 
technical in nature, which require a different analysis. 
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At the root of all these questions are three basic issues. 

First, the fact that for any bounded domain D C C” whose boundary is of class 
C? there are two characterizations of the Hardy space H?(D), see [61]: 

The holomorphic functions F for which 


| V(F) ||wp,do) < ©, (1) 


where N(F) is the so-called nontangential maximal function of F, see (4) below, 
and do is the induced Lebesgue measure on the boundary of D. Alternatively, 


sup [iroor do;(w) < oo. (2) 


0<t<c 
webD; 


where {D,}; is an exhaustion of D by appropriate subdomains D,. The quantities (1) 
and (2) give equivalent norms of the space H’(D), which is also known as the 
Smirnov class, see [20]. Such F have (nontangential) boundary limits 


f=F. 


If H?(bD, do) denotes the space of such functions, then H?(bD, da) is a closed 
subspace of L?(bD, do). Moreover the Cauchy—Szeg6 projection S can then be 
defined as the orthogonal projection of L?(bD, da) onto H?(bD, do). 

Second, if in addition the domain D is strongly pseudo-convex, we know 
(by [47]) that D supports an appropriate Cauchy integral C and a corresponding 
Cauchy transform C, which is a bounded operator on L?(bD, da), 1 < p < 00. 

Third, a combination of the above facts leads to the following consequences: 


e The approximation theorem (Theorem 10): the class of functions holomorphic in 
a neighborhood of D is dense in H?(D), 1 < p < oo, and correspondingly their 
restrictions to bD are dense in H?(bD, do). 

e The fact that when f € L?(bD, do) then f € H?(bD, do) if and only if f = C(f) 
(Corollary 11). Related to this is the conclusion that the image of L?(bD, do) 
under C is exactly H?(bD, do) (Proposition 8). 

* The identities SC = C and CS = S which hold in L?(bD, do) (Proposition 12). 
These are crucial in the proof (given in [47]) of the L’(bD, do)-boundedness of 
S,l<p<o. 

e A further characterization of H?(bD, do) as the space of those f € L?(bD) for 
which f = S(f) (Proposition 13). 


The results given in Proposition 8 and Corollary 11, Theorem 10, Propositions 9 
and 12 also hold for C!:! domains that are strongly C-linearly convex. For these one 
uses the L’? estimates of the Cauchy—Leray integral given in [46], together with a 
suitable modification of Lemma 14. These will appear in a future publication. 

We point out that analogous statements apply to the weighted spaces 
L?(bD, w do) (resp., H?(bD, w do)) whenever @ is a continuous strictly positive 
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density on bD: these weighted measures include the so-called Leray—Levi measure 
considered in [46, 47]. But note that the space L?(bD, w do) (resp., H? (bD, w do)) 
contains the same elements as L?(bD,do) (resp., H?(bD,@do)) and the two 
norms are equivalent, and so we will continue to denote both of these spaces 
simply by L?(bD) (resp., H?(bD)). However the distinction between L?(bD, do) 
and L?(bD, w do) becomes relevant when defining the Cauchy—Szeg6 projections 
because these spaces have different inner products that give different notions of 
orthogonality, and so we will distinguish between the two orthogonal projections S 
and S,,. 

The structure of this paper is as follows. In section “Preliminaries” we collect the 
main definitions along with a few, well-known features of the spaces H?(bD) for 
any bounded domain D of class C?. In section “The Role of the Cauchy Integral” 
we restrict the focus to the strongly pseudo-convex domains and establish various 
connections of H?(bD) with the holomorphic Cauchy integrals that were studied in 
[47]; in particular, we give the proof of Proposition 8 and of Corollary 11, and use 
these results to establish an operator identity that directly links our Cauchy integrals 
to the Cauchy—Szeg6 projection (Proposition 12). The approximation theorem for 
H? (bD) is also proved in section “The Role of the Cauchy Integral” (Theorem 10). 
In section “Further Results” we give a further characterization of H?(bD) as the 
range of the Cauchy—Szeg6 projection for D, again for D strongly pseudo-convex 
and of class C? (Proposition 13). In the appendix we go over the more technical 
tools and results that are needed to prove Theorem 10. 

Lastly, in the References we provide a number of papers, including 
[1-19, 21-32, 34-41, 48-60, 62, 63], that offer further insight on the vast literature 
on Hardy Spaces. 

We remark that this paper complements and at the same time is complemented by 
the paper [47], in the following sense. Part I of [47] is needed to prove the results in 
section “The Role of the Cauchy Integral” of the present paper. On the other hand, 
section “The Role of the Cauchy Integral” in this paper (in particular Proposition 12) 
is needed in Part II of [47]. There is no circularity in our proofs, as Part I of [47] 
is independent from Part II in that same paper. Finally, the results of Part II in [47] 
(along with section “The Role of the Cauchy Integral” in this paper) lead to the 
proof of Proposition 13 in section “Further Results” of the present paper. 


Preliminaries 


Here we recall the main definitions and basic features of the theory of the 
holomorphic Hardy spaces for a domain D C C”. While all results are stated for 
the induced Lebesgue measure do, they are in fact valid for any measure that is 
equivalent to do in the sense discussed in the previous section (in particular for the 
aforementioned Leray—Levi measure). Thus we will drop explicit reference to the 
measure and again write L?(bD), H?(bD), and so forth. 
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Most proofs are deferred to [61, Sects. 1-5 and 9-10] and [20], where references 
to the earlier literature can also be found. To simplify the exposition we limit this 
review to the case 1 < p < ov, however we point out that what is needed for p = oo 
is a trivial consequence of p < oo. 

The only assumptions on D that we need to make at this stage are that D 
is bounded and it is of class C?. In fact the class C!+* would suffice here; the 
requirement that the domain D is of class C? will be needed in section “The Role of 
the Cauchy Integral” and onwards, when we deal with pseudo-convex domains. 


Small Perturbations of the Domain 


Starting with our original domain D we will need to construct a family of domains 
{D;} where t is a small real parameter. We recall that since D is of class C? it admits 
a C?-smooth defining function p : C” > R such that 


D={p <0}, bD={p=0} and Vp 4#0onbD. 
Then for each real t which is small we consider 
Pr=p+t and D,={p,<0}, sothat bD, = {p; = 0}. 


Note that with this notation we have Dy) = D and furthermore D; C Dp if t > 0, 
whereas Do C D, if t < 0. We will also need an appropriate bijection between bD 
and bD,. This is given by the exponential map of a normal vector field, which we 
denote ®, : bD — bD,, and whose properties are detailed in the appendix. 


Hardy Spaces 


When | < p < oo and c is a small positive constant, the class H?(D) is defined as 
the space of functions F that are holomorphic in D and for which (2) holds with D, 
as above and ¢ > 0. (Note that therefore D, C D.) We take the norm ||F||q»(p) to be 
the p-th root of the left-hand side of the expression (2). 

We recall some basic properties of H?(D). First, the space is independent of the 
specific choice of defining function that is being used (i.e., another defining function 
will give an equivalent norm). Also, one has the following fact about convergence 
in H?(D): 

If a sequence {F,} C H?(D) is uniformly bounded in the norm, and F, > F 
uniformly on compact subsets of D, then F € H?(D). 

A key feature of functions in H’ involves nontangential convergence. To describe 
this we fix a convenient nontangential approach region for each point w € bD. With 
B > 1 fixed throughout, set [(w) = {z € D : |z—w| < fdist(z, bD)}, where 
dist(z, bD) is the usual Euclidean distance of z € D from the boundary of D. Then 
if F € H?(D), one knows (see [61, Theorem 10, Sect. 10, and its corollary]): 
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lim F(z) = F(w) exists for a.e. w € bD. (3) 
zeT(w) 
N(F)(w) := sup |F(z)| € L’(bD) (4) 
z€l(w) 
Flo ~ (File) ~ INF)\loo) (5) 


The above allow us to define the Hardy space in terms of the boundary values F 
of F € H?(D). More precisely, the Hardy space H? (bD) consists of those function 
f €¢ LP(bD, do) which arise as 


F=f, forsome F¢H?(D). 


If we take 


If lleewp) *= Wf llzewo) 


then (5) shows that 


If llee@p) & IF lle (6) 


and in this sense the spaces H?(D) and H? (bD) are identical with equivalent norms, 
and we will henceforth refer to either one of H’ and H? as “the Hardy space.” 
It follows that (1) gives an alternate characterization of H?’. 

Connected with this is the fact that whenever F ¢ H?(D), one has 


F(z) =P.(f), with zeD, 


where P.(f) is the Poisson integral of f, that is, 


FQ) =P@ = | Row) f0) door). 


webD 


The characteristic property of the Poisson kernel P,(w) is that it gives the solution 
of the Dirichlet problem for the Laplace operator for D with data f. Namely, if f 
is any continuous function on bD, and we set u(z) = P.(f)(z), then u is harmonic 
in D, it extends continuously to D and u(w) = f(w) whenever w € bD. More 
generally, if f € L’(bD), then i(w) = f(w) for o-a.e. w € bD and furthermore, 
IM) lew) S Wf lwo). The fact that 


sup Pw) <c, if 1>0, (7) 

webD 

zeD; 
implies that a Cauchy sequence {F;,}, C H?(D) has a subsequence that is uniformly 
convergent on any compact subset of D to a function F, which is in fact in 
H’(D), from which the completeness of H?(D) is evident. Thus (6) shows that 
H? (bD) is a closed subspace of L?(bD). Moreover, one has the following simple 
characterization. 
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Proposition 1. Suppose f € L?(bD). Then f € H?(bD) if, and only if, u(z) = P-(f) 
is holomorphic in D. 


Indeed, if f € H?(bD), then there is F € H’(D) such that F= f. But 
one also has P.(f) = f, and we conclude that P.(f) = F(z),z € D, by the 
uniqueness of the solution of the Dirichlet problem for harmonic functions with data 
f € LP(bD). Conversely, if P.(f) is holomorphic in D, then by the aforementioned 
estimates for the solution of the Dirichlet problem with data f € L?(bD) and by 
the equivalence (5), we have that P,(f) € H’(D) and furthermore, that P.(f) =f, 
showing that f € H?(bD) with F(z) := P-(f), z € D. 

Proposition | has the following immediate consequence which, of course, is 
interesting only when po > pi. 


Corollary 2. If f € H?!(bD) N L?2(bD), then f € H?2(bD). 


Indeed, first note that u(z) = P.(f) is holomorphic in D by Proposition | (because 
f € H?'(bD)). From this we conclude that f € #2(bD) again by Proposition 1 
(because f € L?2(bD) and P,(f) is holomorphic in D). 


The Role of the Cauchy Integral 


In this section we come to terms with the main issue that arises in the context of 
several complex variables, namely, the fact that there is no canonical, holomorphic 
Cauchy kernel for D C C” when n > 2. For this reason we need to impose 
the additional restriction that our domain be strongly pseudo-convex and of class 
C?, so we may apply the results of [47, Part I], where the existence (and explicit 
construction) of a family of holomorphic Cauchy kernels is established, along with 
L?- and Hélder-regularity properties of the resulting integral operators. 


Holomorphic Cauchy Integrals 


The proofs of the statements in this section can be found in Part I of [47]. Here we 
briefly recall the main ideas and ingredients in the proofs. 


¢ Taking p : C” — R to be a strictly plurisubharmonic defining function of D, 
one begins by constructing a family of locally holomorphic kernels, denoted 
{C!(w, z)}., by applying the Cauchy—Fantappié theory, see [45], to a perturbation 
of the Levi polynomial of D in which the second derivatives of p (which are only 
continuous functions of w € D) are replaced by a smooth approximation t,. One 
then achieves global holomorphicity by adding to each such kernel the solution 
of an ad-hoc 0-problem in the z-variable (for fixed w in a neighborhood of bD), 
whose data is defined in a (strongly pseudo-convex and smooth) neighborhood 
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Q of D; we denote such solution C2(w, z). The outcome of this procedure is a 
family of globally holomorphic kernels {C.(w, z)}<: 


C.(w, z) = Cl(w.2+Cw,2), 0<€ <&% (8) 


which are holomorphic in z € D whenever w is in bD. More precisely, each of 
the C.(w, z)’s is defined in terms of a denominator >~" (w, z), where > (w, z) 
is a holomorphic function of z € D (and of class C! in w € Q) that satisfies the 
following inequalities uniformly in 0 < € < €9: 


Re > (wz) > c'(—p(z) + |w—z|*), forze¢D, we bD, (9) 
and 
Re > (w,z) = c'(o(w) — p(@) + |w- 2’) (10) 


for z and w in a neighborhood of bD. We denote the resulting integral operators 
by C,, that is, 


CH(2 = [roceon.2, ee. 


webD 


From now on we are only interested in the properties of these operators for a fixed 
(small) value of ¢. Thus we will drop explicit reference to € and will write C for C,, 
C(w, z) for C.(w, z), g(w, z) for => (w, z), and so forth. 

The key properties of C are summarized in Propositions 3 and 4 below. 


Proposition 3. 


(1) Whenever f is integrable, C(f)(z) is holomorphic for z € D. 
(2) If F is continuous in D and holomorphic in D and 


f=Fl , 
bD 


then C(f)(z) = F(z), z€ D. 


e An important feature of the Levi polynomial of D is that it determines a 
quasi-distance function d(w, z), defined for w,z € DD, that exhibits borderline 
integrability: 


[a z) "*Bda(w) < Cp 7, [av z) -" Bda(w) < cp rb (11) 


w€B,(z) webD\B,(z) 


for 0 < r < land B > 0, where B,(z) = {w € bD | d(w, z) < ry}. 
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Then one has the following extension result (proved in Part I of [47]): 


Proposition 4. [ff satisfies the Hélder-type condition: 
If(w) —f(@)| < ¢d(w,z)®,  w,z € bD. (12) 


then C(f) extends to a continuous function on D. 


It follows from this proposition that one may define the Cauchy transform C as 
the restriction of C to the functions on bD that satisfy the Hélder-like condition (12), 
that is, 


Cif) =C(f)|,» for f as in (12). 


Note that with the notation of section “Small Perturbations of the Domain’ we have 


eay=ci.- 


The Cauchy transforms have the following regularity properties (proved in Part I 
of [47]). 


Theorem 5. The operator C initially defined for functions satisfying (12) extends 
to a bounded linear transformation on L?(bD, do), for 1 < p < cx. 


Proposition 6. For any 0 < a <1, the transformC : f +> C(f) preserves the space 
of Holder-like functions satisfying condition (12). 


Stability Under Small Perturbations of the Domain 


We should note that when |f| is small, the approximating domains D, that were 
defined in section “Small Perturbations of the Domain” are strongly pseudo-convex 
as a consequence of the assumption that D is strongly pseudo-convex. It turns out 
that the Cauchy kernel C(w, z) that was introduced in the previous section for the 
original domain D works as well, mutatis mutandis, for the domains {D,;},. More 
precisely, we have: 


Proposition 7. [f || is sufficiently small, the kernel C(w,z) given by (8) has a 
natural extension to z € D, and € € bD,;. The corresponding Cauchy integral 
operator C for D,, defined as 


CP = [foces. ze D,, 


cebD; 
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satisfies the following properties: 


(1) Whenever f is integrable on bD,, C(f)(z) is holomorphic 
for ze D,. _ 
(2) If F is continuous in D, and holomorphic in D,; and 


f=Fl , 
bD, 
then C(f)(z) = F(z), 2 € Dy. 


We point out that this proposition includes the result for the Cauchy integral of 
D (Proposition 3) as the case t = 0. 


Proof. To construct the extension of the kernel we begin by noting that g(w, z) still 
satisfies the inequality analogous to (9) for z € D;, ¢ € bD;, when p is replaced by 
Pr = p +t. Namely, we have by (10) that 


Re (g(¢,z)) = c(—p:(z) + |€—z|’), when ze€D,, €€bD,. 


(Note that using p; in place of p does not change the definition of g.) Hence if we 
take 


COP = fiocea. ze Dr, 
CEbD; 


where 


G(E,z)A(OG(E, 2)" 
gf, z)" 


Cee = 


then C:! is a Cauchy—Fantappié integral for D, whose kernel is holomorphic for 
z € D, close to € € bD,. Next, as pointed out in, e.g., [45, Lemma 7] and [44, 
Proposition 3.2], there is a smooth, strongly pseudo-convex domain @ that contains 
D, for |t| sufficiently small, with the property that H(£,z) := —d-C'(¢, z) is smooth 
when z € @, and is continuous in £ € bD,. We may thus consider the correction 
operator C? and its kernel C(c ,Z) as described in [47, Part I] and references therein, 
however now for z € @ and ¢ € bD,, so that 


a-C’(€,z) = —C'(£,z) whenever z€@, 6€bDD,, 


and set 


C2 F)(Z) = [iw C’(t,z), forze D,. 


tEbD, 


188 L. Lanzani and E.M. Stein 
Then if CO(F) = CY!) + C?(f) , we have 


CP) = |r C(.2), <€D, 


bD; 


where C(¢,z) = C!(é,z) + C°(¢,z) is in fact the kernel of C (the Cauchy integral 
for the domain D that was defined in section “Holomorphic Cauchy Integrals”) and 
so it is independent of t. It should be clear from the above that (1) and (2) hold. 
Namely, C(¢, z) is holomorphic in z € D, for any ¢ € bD,; and if F is holomorphic 
in D, and continuous in D,, we have that 


F(@ = [io C(é,z), for zéD, and |t| small, (13) 
wEbD, 


where 


f = F\,p,- 
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The following proposition gives the first link between the Cauchy integral and 
H’(D). 


Proposition 8. Suppose f € L?(bD, doa), 1 < p < &, and let F(z) = Cf(z),z € D. 
Then, F € H?(D) and 


IF lluew) S WM llwo.ac)- 
Moreover, we have that C(f) € H?(bD, do) . 


Proof. We let {g;}; be a sequence of smooth (say, C!) functions so that g, > f in 
the L?(bD, do )-norm. Let 


Fy = C(gx). 
Then by Proposition 4, F; is holomorphic in D and continuous on D, and 
Fy = Fil, = C(Bi), 


by the definition of the transform C. So {Fi}; C H?(D), and 


Fx — Fillnew) X IIC(ge — gi)Ileewo) < Ilge — gillzrwny » 
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with the first inequality due to (5), and the second due to the L’-boundedness of 
C ({47, Theorem 7]). This shows that {F;,}, is a Cauchy sequence in H?(D) and it 
follows from (7) and the comments thereafter that {F;,}; has a subsequence (which 
we keep denoting {F;}) that converges uniformly on compact subsets of D and 
therefore in H’?(D) to a limit F which is thus in H?(D). Since as we have seen 
|Felluewy < Wgellzp), this yields the first assertion. 

The fact that C(g,) € H?(bD, do) (recall that C(g,) = Fy with F, € H?(D)), and 
the continuity of C in the L?(bD, do)-norm ([47, Theorem 7]), then shows that 


Cif) = jim C(gx) € H?(bD, do). 


This proves the second assertion, completing the proof of the proposition. Oo 


The operator C that appeared in Proposition 7 will be used in the proofs of the 
next two results. Specifically, the situation when t > 0 (for which D; C D) arises in 
the proof of Proposition 9 below, whereas the case t < 0 (for which D C D,) will 
occur in the proof of Theorem 10 in the next section. 


Proposition 9. Suppose F € H?(D) and f = F. Then, 
FZ =CP)@), zed. 


The assertion above is an elaboration of [47, Proposition 5], in which F was taken 
to be in the subspace of H?(D) consisting of the functions that are holomorphic in 
D and continuous on D. 


Proof. For t > 0 we consider the Cauchy integral C® for the region D, that was 
defined in section “Small Perturbations of the Domain” and then pass to the limit 
ast > 0. 

To this end, first note that by (13), for any fixed z € D, we have 


F(2= / F(¢)C(é,z) for t>0 and sufficiently small 


bD; 


because F is holomorphic in D, and continuous on D,. We may now use the bijection 
®,: bD — bD, that was described in section “Small Perturbations of the Domain” 
to express the identity above in the equivalent form 


om / F((w)):(w) C(®,(»),2) (14) 


bD 


via a corresponding formulation of the change of variables formula (21) (given in 
the appendix below). Since J; > 1 uniformly on bD, and the coefficients of C(w, z) 
are continuous in w in a neighborhood of D, then J,(w)C(®,(w), z) converges to 
C(w, z) as t > 0, uniformly in w € bD; moreover, the convergence of ®,(w) to w 
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is nontangential. Thus (3) and the dominated convergence via the maximal function 
N (F) show that the integral in (14) converges to 


[Fo Clw,2 =C/O. 


bD 


The proposition is therefore proved. Ey 


Density Properties of H? (bD) 


There are two realizations of H?(bD) that follow from the previous results for C 
and C. The first is in fact a basic approximation of H?(bD). We define 1) (bD) 
to consist of all functions f that arise as restrictions to bD of functions F that are 
holomorphic in some neighborhood of D (which need not be fixed and may, in fact, 
depend on F). 


Theorem 10. For each p, 1 < p < «~, we have that H»(bD) is dense in H? (bD). 


In particular, the space of functions that arise as restrictions to bD of functions 
that are holomorphic in D and continuous on D is dense in H?(bD). 


Proof of Theorem 10. We denote by H_(bD) the space of functions f on bD that 
satisfy the Holder condition (12) and moreover, arise as 


f=F, 


with F holomorphic in D and continuous in D. Note that H»(bD) C H_(bD). 

The proof of the proposition is given in two steps: in the first step we show that 
Ha (bD) is dense in H?(bD). Let f € H?(bD), with F = f, where F € H?(D). Note 
that by Proposition 9 we have 


C(f) = F. 


Now let {h,,} be a sequence of C!-functions on bD (which automatically satisfy (12)) 
so that 


hy, > f 


in the L?(bD)-norm, and set F;, = C(h,). As in the proof of [47, Proposition 6], we 
see that F, is holomorphic in D and continuous in D. Let 


Th = F, = C(Ay). 
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Then by Proposition 6 we have that f;, is H6lder continuous in the sense of (12) and 
we conclude that 


Untn C Ha(bD) . 


We claim that f, — f in H?(bD). Indeed by the definitions of F,, and of F we 
have that 


F, —F = C(h, —f), 
and Proposition 8 thus grants that 
Fn — Flew) < [lin —f llr@o) > 9. 


On the other hand by (6) we also have 


Fn — Flaw) © |Fn — Fille) = If —f lleeo) 


from which the desired convergence follows. 

In the second step of the proof of Theorem 10 we show that any f € H»(bD) can 
be approximated uniformly on bD by a family {F;},; of functions whose boundary 
values are in H.(bD). To construct such a family we use the Cauchy integrals {C}, 
for the domains D, that were defined in section “Small Perturbations of the Domain” 
for negative t (note that then D C D,), and apply them to a suitable transposition of f 
to bD;. More precisely, given f € Hy(bD) we define f by requiring that f(®,(w)) = 
fw) if t is negative and sufficiently small. (Here ®, : bD — bD, is again as in 
section “Small Perturbations of the Domain.”) Now define 


F(z) = CO(F)(z), z€D,, t<O and small, 


where we recall that 
cMea= flocks zed, 
wEbD; 


is the aforementioned Cauchy integral for D;. Then by part (1) of Proposition 7 
we have that each F; is holomorphic in D,; and so its restriction to bD belongs to 
H»(bD). 

It will suffice to show that 


F,(z) > f(z) uniformly forz¢ bD, ast— 0. 
To this end, note that 


FQ =f@+ / ©) —f@]C.2. <€oD (15) 


tEbD, 
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because 


[ewa= 1 forzeD, 


tEbD, 


by conclusion (2) of Proposition 7. By an analogous formulation of the change of 
variables formula (21), the identity (15) can be rewritten as 


F.() =f@ + : [Fv) —f@] Gv) C(®,0v),2), 2 DD. (16) 


webD 


We point out that a corresponding representation for C(f) was given in [47, (3.2)], 
namely 


C(f)(z) = f(z) + igo) —f(2)|Cw,z), ze bD. (17) 
webD 


We next remark that whenever f € H.(bD), one has 


Cf) =f. (18) 


To see this, we write f as F, for some F € H? (in fact for F holomorphic in D 
and continuous on D). Then it follows by Proposition 9 that Cf = F on D; by 
Proposition 4, this identity extends to D, and (18) then follows by the definition 
of C. Combining (18) with (17) we obtain 


FO =f + [Ifo -FE@]Co.2), edd. 
we€bD 
Subtracting the above from (16) we find 
F(z) —f (2) = Iz) + I, (2) 
where 


I) = | (fw) — FO) [C(@,(w),2) — Cw, 2], 


we€bD 
and 


ie | (Fv) — fF) [.0v) — 1] C(®,0»), 2), 


webD 


To treat J,(z), we break the integral on bD into two parts: when d(w,z) < a and 
d(w,z) = a. To study the integration in w where d(w,z) < a, we invoke the 
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following inequality concerning the denominators > (w, z) that were described in 
section “Holomorphic Cauchy Integrals,” which is a consequence of Lemma 14 in 
the appendix below, 


|2(®,(w), z)| = |e(w.zZ)|, for w,z€ bD. (19) 


Assuming for now the truth of this inequality, we see by the Hélder-regularity of f 
that the integrand above is bounded by a multiple of 


1 
—— d(w,z)®. 
A(w, z)2" (w,2) 


Thus, by (11) the integral on the set where d(w, z) < ais majorized by a multiple of 


d(w, ge < a. 
da(w,z)<a 
On the other hand, by the continuity of C(w, z) where d(w, z) => a, we see that 
integration over this set gives a quantity that tends to 0 uniformly as t — 0. Since 
a can be chosen arbitrarily small, this shows that the first term /,(z) tends to 0 as 
t — 0, uniformly in z € DD. The second term //,(z) can be treated similarly to 


conclude that //,;(z) — 0 uniformly in z € bD, as well. 
Combining all of the above, we conclude that 


sup |F,(z) —f(2| > 0 as t>O0, 
z€bD 


and the proposition is established. oO 
Our second characterization of H? (bD) is as the range of the Cauchy transform C. 


Corollary 11. Suppose h € L?(bD,da). Then hh € H?(bD,do) if, and only if, 
h=C(h). 


Proof. Recall that if h € L?(bD,do) then C(h) € H?(bD, do), by Proposition 8. 
Thus, if h = C(h), we have that h ¢ H?(bD, do). Conversely if h € H?(bD, do), by 
the density just proved we can approximate it by a sequence {fn} with the property 
that f, = F, n With F,, holomorphic in D and continuous in D. Hence, 


Ch) =CFaln=s 


where the last equality is due to the identity C(F,)(z) = F,(z) for z in D 
(Proposition 9), which extends to z in D because of the continuity of F,, on D. Thus 


fr =C(fn) for eachn, 


and the conclusion h = C(h) follows by the continuity of C in the L’(bD, do)-norm. 
oO 
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Comparing the Cauchy—Szeg6 Projection 
with the Cauchy Integral 


Proposition 8 and Corollary 11 show that C is a projection: L’(bD,do) — 
H? (bD,do). Thus, when p = 2 we may compare C with the Cauchy—Szegé 
projection S, which is the orthogonal projection: L7(bD, doa) — H?(bD, do). 


Proposition 12. As operators on L?(bD, da) we have 


(a) CS=S 
(b) SC=C 


In fact, whenever f € L?(bD), then g = Sf € H?(bD), by definition of S. If we 
apply Corollary 11 (to g = Sf), we see that C(Sf) = C(g) = g = Sf, proving (a). 
Next, by Proposition 8, C(f) € H?(bD), for f € L?(bD). Thus SC(f) = C(f), which 
shows (b), thus proving the proposition. 

We point out that a corresponding version of Proposition 12 holds for the 
orthogonal projections: S,, : L?(bD,wdo) — H?(bD,w do) for the densities w 
discussed in the introduction (so in particular for the Leray—Levi measure). 


Further Results 


To conclude, we give a further characterization of H?(bD,do) as the range of 
the Cauchy—Szeg6 projection S. This uses the L?(bD)-regularity of the Cauchy— 
Szeg6 projection S, proven in [47, Theorem 16], and the approximation theorem 
just proved (Theorem 10). 


Proposition 13. Suppose f € L?(bD), 1 < p < co. Then S(f) € H?(bD). 
Furthermore, we have that f € H?(bD) if, and only if, f = S(f). 


Proof. To prove the first conclusion, we consider first the case when p > 2. Then 
S(f) € H?(bD) M LP(bD) (because L? C L? and S : L? — H?(bD)) and thus 
S(f) € H?(bD) by Corollary 2. In the case when p < 2, we take (f;)n C C!(bD) 
with |lf: —f lp — 0. Then S(f,) € H4(bD) for any g > 2 (by the case just proved, 
since f, € C!(bD) C L4(bD) and q > 2). But H2(bD) C H?(bD) (because g > 
2 > p)and so {S(fi)}n C H?(bD). Furthermore ||S(f, —f)||p S lf —S lp by the 
L?(bD)-regularity of S. We conclude that S(f) € ?(bD) by the completeness of 
H? (bD). This proves the first conclusion of the proposition. To prove the second 
conclusion, suppose first that f € H?(bD); then by Theorem 10 there is a sequence 
{f,} C H»(bD) such that f, > f in LP(bD, do). But H»(bD) C H?(bD) and thus 
Sfr = fn (by the definition of S). On the other hand, Sf, — Sf in L?(bD) by the 
regularity of S in L?(bD). Thus Sf = f. Conversely, if f ¢ L?(bD) and f = S(f), 
then f € H?(bD) by the first conclusion of the proposition. Oo 


Hardy Spaces 195 
Appendix 
Consider the C!-smooth vector field v defined in a neighborhood of bD by 


(Ge oo” U, heclU 
v( MO = Tae Le 85,9) a, xeU, heC'(U). 


Note that v(p)(x) = 1. Let ®,(x) = exp(tv)(x) be the exponential map associated 
with v, defined on a small neighborhood U’ of bD, for small t. One knows that 


xh (x), xeU' 


is a C!-smooth mapping when 1 is small. We recall that ®,(-)(x) arises as the solution 
of the time-independent differential equation 


Vp(u) 


owe’ - 


d 
7 POD) = 4(@O@) with alu) = 


with initial condition 
®,(x)| _, = 


As a result, 


d 
7 PCPe@)) = 1, 


and hence p(®,(x)) = p(x) + t = p,(x). 
The existence, uniqueness, and C!-regularity of the solution to equations like (20) 
guarantee the following properties: 


- = @,00, =%,4, ifthe 4s are small; 
° ®o = Identity. 


Note that these properties imply that ®, is a C!-bijection: bD — bD, with 
inverse ®_,. Moreover J,(x) (the Jacobian determinant of ®,) has the following 
properties: 


© O0<c, < J,(x) < co < co uniformly in ¢ and x € DD; 
° |J;(x) — 1| > 0ast > 0, uniformly in x € bD; 
¢ The following change of variable formula holds: 


freon ie = |ro do,(t) (21) 
bD 


bD; 


whenever f is integrable on bD,. 
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Proof of Inequality (19) 
The proof of this inequality is a consequence of the following lemma. 
Lemma 14. For t < 0, t small, we have 
Ig(®(w). 2)| © Ig(w. 2) + It], for wiz bD. 

Proof. Without loss of generality we will assume that w is close to z; then, we may 
write g(w, z) = (dp(w), w — z) + Qy(w — 2), with Q,,(u) a quadratic form in uw. 

Letting v,, denote the inner unit normal vector at w € DD, we claim that 

gw — 8vy,2) = g(w,z+ dv.) + O(5|w —z| + 8”) (22) 
when 6 > 0 is sufficiently small. To prove this claim, we begin by noting that 


(do(w — dv), w — dvy — z) = (p(w), w — bvy — z) + O(6|w — z| + 67) 
= (dp(w), w — z—8v-) + O(5|w — z| + 8°). 
One similarly has 
Ow—sv, (W — Vy — 2) = Ow(w —z + dv.) + O(8|w — z| + 8), 
which combined with the above proves the claim. 
Next, we observe that the first-order Taylor expansion at t = 0 of the bijection 
®,(w) (as a function of t, for fixed w € bD) is 
®(w) =wt+tN, + o(|t|) as t>0 
with o(|t|) uniform as w ranges over bD, where 


Z ou _ Vy 
: dt "= |Vp(w)| - 


As a result we obtain 


t 


>0O and small. 
|Vp(w)| 


g(®,(w), z) = g(w— bvy,z) + 0(6) with 6 = — 


By (22) we have 


[gw — bv, 2)| = |g, z + 8v,)| + O(|w — z| + 67) + 0(8). 
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And by Lanzani and Stein [47, Corollary 2] 


|g(w, z + bv,)| + O(5|w — z| + 67) + 0(6) & 
~ |g(w, z)| + 6 + 0(8) + O(6|w — z| + 67) & |g(w, z)| + It 


since 6 ~ |t| for t, and hence 6, sufficiently small. Oo 
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On the Preservation of Eccentricities 
of Monge—Ampere Sections 


Diego Maldonado 


Dedicated to the memory of Cora Sadosky 


Abstract A study on the preservation of eccentricities of Monge-Ampére sections 
under an integral Dini-type condition on the Monge—Ampére measure is presented. 
The approach is based solely on C?“-estimates for solutions to the Monge—Ampére 
equation. The main results are then related to the local quasi-conformal Jacobian 
problem and to a priori estimates for solutions to the linearized Monge—Ampére 
equation. 


mscdot[2000]Primary 30C65, Secondary 26B25, 31B15 


Introduction 


The purpose of this article is to present an alternative proof of a regularity result 
for solutions to the Monge—Ampére equation due to Jiang and Wang in [17, pp. 
611-613]. As a novelty in our proof (which sets it apart from the techniques in 
[15-17], for instance), no a priori C? or C*-estimates are used and instead we rely 
on C?-“-estimates only. In addition, an effort has been made to provide full details 
and to quantify the role of the eccentricities of Monge-Ampére sections in each one 
of the a priori estimates. 
The main results are the following (see Section “Preliminaries" for definitions): 


Theorem 1.1. Let Q C R" be an open convex set and suppose that a strictly convex 
function u € C?(Q) satisfies 


0<A<detDu=:f<A inQ. (1) 


D. Maldonado (&)) 

Department of Mathematics, Kansas State University, 138 Cardwell Hall, 
Manhattan, KS 66506, USA 

e-mail: dmaldona@ math.ksu.edu 


© Springer International Publishing Switzerland 2016 201 
M.C. Pereyra et al. (eds.), Harmonic Analysis, Partial Differential Equations, 

Complex Analysis, Banach Spaces, and Operator Theory (Volume 1), Association 

for Women in Mathematics Series 4, DOI 10.1007/978-3-319-30961-3_12 


202 D. Maldonado 


Assume that the section S,(0, 1) of u satisfies S,(0,1) CC Q and let Eo denote its 
eccentricity. Then, there exists &9 > 0, depending only on i, A, n, and Eo, such that 
the inequality 


es) 1 | | 
» 19 (0. 4-4)| n —f(0)"|"d ; 
(so 4-*)| Sy (0,4-*) f(x) f( ) | *) < & ( ) 


implies the eccentricity estimates 
Ecc(S,(0,4*)) < Ci3Ep “Wk E No, (3) 


for a dimensional constant C3 > 0. 


Theorem 1.2. Let Q C R" be an open convex set and suppose that a strictly 
convex function u € C?(Q) satisfies (1). Assume that the section S,(0,1) of u 
satisfies S,(0, 1) CC Q and let Eo denote its eccentricity. Then, there exists €, > 0, 
depending only on i, A, n, and Eo, such that 


. | i cle h 
d (mom oo» OO” FO" ax) ae nm 


implies 
B(0, K3E)"2~") C S,(0,4*) < BOO, K3E32-) Vk ENo, (5) 


for some structural constants k3, K3 > 0. 


Corollary 1.3. Under the hypotheses of Theorem 1.2 there is a structural constant 
Ky, > 0 such that 


||D?u(0)|| < K1,Ecc(S,(0, 1))?. (6) 


The article is organized as follows: in Section “Preliminaries” we introduce 
the basic notation and the notion of eccentricity for convex sets that will be used 
throughout. In Section “A Priori Estimates" the main a priori estimates are proved. 
Built upon the classical Aleksandrov—Bakelman—Pucci and Pogorelov results, such 
estimates include an explicit description of the interplay between the size of the 
Hessian of a convex solution and the eccentricities of its sections (Lemma 3.5) and 
a C*-regularity result (Lemma 3.6). In turn, these results are proved sufficient 
for obtaining a comparison principle between two solutions of detD?u = 1 
(Lemma 3.7). Sections “Proof of Theorem 1.1”, “Proof of Theorem 1.2” and 
“Proof of Corollary 1.3” are devoted to the proofs of Theorem 1.1, Theorem 1.2, 
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and Corollary 1.3, respectively. In Section “On the Local Quasi-Conformal Jacobian 
Problem" we relate Theorem 1.2 to the local quasi-conformal Jacobian problem and 
to a result by H.M. Riemann by means of local quasi-conformal mappings with 
convex potentials. In Section “On the Uniform Ellipticity for the Linearized Monge-— 
Ampére Operator" we apply Corollary 1.3 to show uniform ellipticity for cofactor 
matrices of Hessians of solutions in terms of eccentricities of their sections. 


Preliminaries 


About Notation 


|A| as well as det A will denote the determinant of an n x n matrix A while ||A|| will 
denote its matrix norm. Thus, either one of det D?u(x) or |D*u(x)| will denote the 
determinant of the Hessian of a function u at x and ||D?u(x)|| will denote the matrix 
norm of D?u(x). 

B(x, r) will denote the Euclidean ball centered at x € R” with radius r > 0, |E| 
will stand for the Lebesgue measure of a set E C R" and we put @, := |B(0, 1)|. |x| 
will denote the norm of a vector x € R", and the dot product between two vectors 
x,y € R" will be denoted as (x, y). 

Constants depending only on dimension n will be called dimensional constants 
and will be denoted as C;’s. We will also use C, to denote a generic dimensional 
constant that might change from line to line. Constants depending only on A, A, 
and n will be called structural constants and will be denoted as K;’s and k;’s. 

Given a € (0, 1) and scalar and matrix functions w and W defined on an open set 
U C R", the norms Whoa and | Wloc:e are defined as 


Wo osu = lwllcooquy) + sup dx| Vw(x)| + sup d?||D?w(a) | 
xeU xeE€U 
D? — D? 
+ sop got L2Pw(s) = Dw " 
x,yEU , |x ~ y|* 
xy 
and 
|W) — WO) 


Wlloa:y 2= l|Wllzoowy + sup a?, ; (8) 
IWlloesu Wks (U) et a) |x — y|@ 


x#y 


where d, := dist(x, dU) and d,y := min{d,, dy}. 
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Normalization and Eccentricity of Open, Bounded, 
and Convex Sets 


An (open) ellipsoid E C R” centered at x. € R” is an open, bounded, and convex 
set of the form 
E:= {x ER": (Q(x—x,), x —X-) < 1} (9) 


where Q is a symmetric, positive-definite n x n (real) matrix. For a > 0 the ellipsoid 
aE is defined as 


aE := {x ER": (Oa—X-),x —X-) < a}. (10) 


Given an open, bounded, and convex S$ C R", a seminal result due to F. John 
establishes the existence of a unique ellipsoid E of minimum volume circumscribing 
S. In addition, the ellipsoid E satisfies 


a,—ECSCE 


with a, := 1/n. Now, if T : R" > R’ is an affine transformation satisfying T(E) = 
B(O, 1) it follows that 


B(O, a,) C T(S) C BOO, 1), (11) 
and T is of the form Tx = L;x+b for some symmetric, positive-definite n xn matrix 
Lr and some b € R”. By abusing notation, we will identify T with its matrix Lr by 
writing |7| for |Lr| and T for its Jacobian Ly. Also, we will refer to the eigenvalues 


of Lr as the eigenvalues of T (Fig. 1). 
If S C R” is open, bounded, and convex, the eccentricity of S is defined as 


Ecc(S) := |T|-*||T| (12) 


T 


Tx = Lrxt+b 
B(0,an) C T(S) Cc B(O,1) 
anWn < |T(S)| = |TI[S| < on 


Fig. 1 Normalization of an open, bounded, and convex set S C R"” through an affine transforma- 
tion T. Among all ellipsoids containing S, the ellipsoid E has minimal volume 
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where T normalizes S. That is, Ecc($) is comparable, with dimensional constants, to 
the ratio between the arithmetic and geometric means of the eigenvalues of T. Notice 
that Ecc(S) is well-defined due to the uniqueness of T. Also, if 0 < A, < +--+ < Ay 
denote the eigenvalues of T, then ||T|| = A,, and if H > 0 satisfies |T|-# |T|| < A, 
then 


An <A". (13) 
If 0 < p; <--- < p, denote the radii of an ellipsoid E with a,E C S C E and T 
normalizes S, then the eigenvalues of T are 0 < = Se a so that ||T|| = i 
and ||7~!|| = py = diam(E)/2 and, by (13) 
; ; 2 — 2Ecc(S)" ~—-2Ecc(S)" 
diam(S) < diam(E) = 2p, = < = 
On 7 
Hence, 
2Ecc(S)" 
fs Eee a (14) 
diam(S) 


Monge-—Ampere Sections 


Given an open convex set 2 C R" and a convex function u € C?(Q), the section of 
u centered at xy € Q and of height t > 0 is the open convex set defined by 


S, (Xo, t) = {x € Q: u(x) < u(x) + (Vulxo), x — Xo) + fh. (15) 
We will use the fact that whenever 0 < A < detD?u < A is an open convex set 


Q Cc R", there exist structural constants K;, K2 > 0 (that is, depending only on A, 
A and n) such that 


Kit < [Si(xo, t)|" < Kot VS,(x0,t) CC Q, (16) 
see, for instance, Corollary 3.2.4 in [12, p. 50]. 
Notice that if S := S,(xo,f) is a fixed section and if E is an ellipsoid with 
a,E CS C E, from (16) we have 
diam(S)" > o" diam(E)" > a" |E| > a" |S| > K2t3, 
so that 


Kit < diam(S,(xo, 1). (17) 
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Now, given 0 < ¢ < tf, what can be said about the eccentricity of a section 
S,(xo, t) compared to the one of S,,(xo, ’)? By Theorem 3.3.8 in [12, p. 57], if u 
satisfies 0 < A < detD*u < A (in fact, just a doubling condition suffices) there 
exist structural constants ko > 0 and Ko > 1 such that 


Ecc(S,(x0,1’)) < Ko (=) Ecc(S,(xo.t)) Vt € (0,0). (18) 


By taking, for instance, ¢ := 2~*t for k € N, as we move inwards from S,,(xo, f) to 
Su(xo, 2-*n), eccentricities can be expected to grow exponentially in k. 

The main purpose of this article is then the exploration of regularity conditions 
on det D?u that guarantee the uniform comparability 


Ecc(Su(xo.t’)) $ Ecc(Su(xo.t)) Vt € (0,1), (19) 


where the implied constants are structural constants. 


A Priori Estimates 


A Version of the ABP for Open, Bounded, and Convex Sets 


A version of the well-known Aleksandrov—Bakelman—Pucci maximum principle 
reads as follows (see Lemma 9.3 in [11, p. 222]): let Q C R” be open and bounded 
and, for x € Q, let A(x) be a symmetric, positive-definite n x n matrix. Then, for 
every g € C?(Q) NM C(Q) we have 


diam(Q2) 


1/n 
nop! 


tr(AD’g) 
|A|* 


‘ (20) 
LyUrty 


sup g < supg + 
Q dQ 


where |A|* := [Ali and It denotes the upper contact set of g. Notice that A above 
need not be uniformly elliptic for (20) to hold. In the case where A is uniformly 
elliptic, that is, when there exist constants 0 < cg < Co such that the eigenvalues of 
A(x) belong to the interval [co, Co] for every x € Q, X. Cabré [3] showed that (20) 
can be improved as to admit |Q|!/” instead of diam(Q), but with the L’-norm taken 
in all of Q and not just '*. In this case, the relevant constants depend heavily on co 
and Co. 

When A is just symmetric and positive-definite, Lemmas 3.1 and 3.2 below 
establish the validity of the ABP maximum principle (20) with |Q|!/” in place of 
diam(&2) provided that Q be an open, bounded, and convex set. These lemmas 
appear as Problem 9.3 in [11, p. 255] and their short proofs are included for 
completeness’ sake. 
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Lemma 3.1 (ABP for Convex Domains). Let Q C R" be open, bounded, and 
convex and, for every x € &2, let A(x) be a symmetric, positive-definite n x n matrix. 
Then, for every g € C?(Q) N C(Q) we have 


tr(AD* 
supe <supg+ G12)" "APO (21) 
Q aa |A| mrt) 
where Co := I |A|* := |A|n, and Y* denotes the upper contact set of g. 


Proof. Let T be an affine transformation normalizing Q and, for y € T(Q), 
introduce h(y) := g(T~'y) so that, for x € Q and y = Tx we have 


tr(A(x)D’g(x)) = tr(A(x)T'D7h(y)T) = tr(TA(x)T'D7h(y)) 


=: tr(Ar(y)D°*h()), 
where Ar(y) := T'A(T~'y)T is a symmetric, positive-definite n x n matrix with 
|Ar(y)| = |T|?|A(T~y)|. Then, from (20) (applied to A and Ar on T(Q), and 
noticing that the upper contact set of h coincides with T(I'*)) we have 
diam(7(Q)) || tr(ArD7h 
suph < sup h+ su ( | Ee = ) : (22) 
T(Q) dT(Q) na, |Ar| L“(T(P+)) 


Now, since T normalizes Q, from (11) we have diam(7T(Q)) < diam(B(0, 1)) < 2 
as well as w,a” = |B(0, a,)| < |T(Q)| = |T||Q|. Consequently, 


/ teArG)O*AO)) |" 1 / tr(Ar(y)D?h(y)) |" 
r(r+) IAr(y)|* IT? Jra+y) | |ACTo1y)|* 
1 | AG)Dg(x))|"_ - IRL f [AD ee) |" 
IT| Jr+ |A(x)|* ~ OROn Jp+ |A(x)|* 
so that (21) follows from (22). oO 


Along the same lines, Theorem 9.1 in [11, p. 220] reads: given 2 C R", open 
and bounded; a symmetric, positive-definite n x n matrix A(x) for x € Q, and g € 
Wr" (Q) N C(Q) with tr(A(x)D’g(x)) => f(x) for (Lebesgue)-almost every x € Q, 
we have 


: (23) 
L"(Q) 


sup g < supg* + C7 diam(Q) | as 
Q an |A| 


for some constant Cj > 0 depending only on dimension n. Thus, assuming that Q 
is open, bounded, and convex, we have 
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Lemma 3.2. Let Q C R" be open, bounded, and convex and, for every x € Q, let 
A(x) be a symmetric, positive-definite n x n matrix. Then, for every g € Wr2(Q) ial 
C(Q) with tr(A(x)D79(x)) = f(x) ae. x € Q for some measurable function f, we 
have 


(24) 


sup g < supgt + Cy|Q|n =e , 
Q aQ |A| L(Q) 


sl 
with Cy = 20510, °C). 
Proof. The proof is similar to the one for Lemma 3.1 and, in keeping with the 
notation from that proof, Lemma 3.2 follows after using that for x € Q and y = Tx, 


f(y) < tr(AQ@)D?g(x)) = t(Ar(y)D°*hG)),  ae.y € T(Q), 


by applying (23) to h, Ar, and f(T~!-) on T(Q), and by changing variables from y 
back to x and recalling that diam(7(Q)) < 2 and |T|~! < aF"@7!|Q). Oo 


A Comparison Principle 


In view of Lemma 3.1 above, the next lemma stands as a version of Lemma 3.1 in 
[16] and Lemma 4.1 in [17], involving |Q|!/” instead of diam(Q). 


Lemma 3.3. Let Q C R" be open, bounded, and convex. Let u,v € C?(Q)N C(Q) 
be convex functions with det D*u and det D?v vanishing at most on set of (Lebesgue) 
measure zero in 92. Then, 


(det D?u)" — (det D2v)# ‘ (25) 


1 
sup |u — v| < sup |u— v| + 2C,|Q\|* 
Q aQ LN(Q) 


where C, is the dimensional constant in (24). 


Proof. For almost every x € Q, let us put f(x) := det D?u(x) > 0 and g(x) := 
det D?v(x) > 0, and introduce the symmetric, positive-definite n x n matrices 


: 1 
A, (x) = —|D?u(x)|*D2u(x)~! and A, (x) = —|D? v(x) |*D?2u(v)7!. 
Mh n 
Notice that |A,,(x)| = |A,(x)| = n~” and 


tr(A,D2u) = det(D2u)" = fi 


tr(A,D?v) = det(D?v)" = gr. 
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Now, by means of the arithmetic-geometric means inequality, we get 
tr(A,D?v) = * |p?) tr((D2u)~!D?v) (26) 
> [D>ul*(\(D'u)"|[D?v|)* = [D°v|" = ge. 
Therefore, almost everywhere in Q, we have 
tr(A,D?(v — u)) = tr(A,D?v) — tr(A,D*u) > gn — fr. 
Then, by (24) applied to v — u, A,, and gn —fr on Q, 


sup(v — u) < sup(v — u)t + nC, |Q\e | 
Q IQ 


1 1 
sofa 27 
gr —f -_ (27) 


By interchanging the roles of u and v in (26), it similarly follows that 


sup(u — v) < sup(u — v)* + nC, |Q|F [pt - a . 
Q aQ LQ) 


Finally, (27) and (28) yield (25). o 


Pogorelov’s Estimates 


The goal of this section is to recast the classical Pogorelov’s estimates in terms 
of Monge—Ampére sections and their eccentricities. The following results from 
Sect.4.2 of [12] will be our starting point: let Q C R"” be open, bounded, and 
convex with B(0, @,) C Q C B(0, 1) and let u € C*(Q) with 


detD?u=1 inQ 
u=0 ondQ. 


Then, there exist dimensional constants C3, C4, Cs > 0 such that for every ¢ > 0 we 
have (in the sense of positive-definite matrices) 


C(e)! "I < D?u(x) < Cle)l Wx € Qe, (29) 


where Q, := {x € Q : u(x) < —e} and 


C(e) := a exp(Cse°”). (30) 
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Moreover, 
dist(Q,, 0Q) > C3e" Ve > 0. (31) 


In the next lemma, the role of Q in the results above will be played by normalized 
Monge—Ampére sections. 


Lemma 3.4 (Pogorelov’s Estimates on Sections). Fix a convex domain Q C R". 
Let u € C*(Q) be convex with det D?u(x) = 1 for every x € Q. Assume that there 
exists x9 € Q with Vu(xo) = 0 and given ty > 0 such that S,(x0, to) CC Q let 
T : R’ > R’ be an affine transformation normalizing S,(x0, to). 

Then, for every 5 € (0, 1) we have the estimates 


dist(S,(x0, Sto), 8Sy(xo. to)) = Cu — 6)"||T||7! (32) 


and, in the sense of positive-definite matrices, 


F(8)!"|T\-"T'T < D°u(x) < F(8)|T\-"T'T Vx € Sy (x0, 8t0), (33) 
where 


F(8):= ay exp(Cjo(1 — 8)~*”), (34) 


and Coy, Cio, Cj; > 0 are dimensional constants. 


Proof. The contents of this lemma are illustrated in Fig. 2 and its proof follows after 
a change of variables based on the normalization technique; however, the behavior 
of the relevant constants needs to be tracked closely. 

Let T be an affine transformation normalizing S,(%, fo). For y € T(S,(x0, to)) 
define 


2 = 
v(y) = |T|"(u(T~"y) — to — u(%0)), (35) 
so that for every t > 0 with S,,(%, t) C Q, setting yo := Tx we have 
Sy (yo. tI7|") = T(Su@o, 1). (36) 
Clearly, det D?v = 1 in S,(yo, tolT|") and, since u(x) = to + u(xo) for every x € 
0S,,(Xo, to), we also have v = 0 on OS, (yo, to|T| z). On the other hand, the fact that 
T normalizes S,,(xo, fo) yields 
2 
B(O, Qn) Cc T (Su (x0, to)) = Su(vo, to|T|") iG B(O, 1) 


and, for every 6 € (0, 1), the facts that v(vo) = ~to|T|* and Vu(yo) = 0 give 


{y € Sy(yo, folT|") : vy) < —(1 — 8)t0|T|"} = Sy (v0, 8tolT |"). (37) 
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to 


u € CQ) 
det D?u(x) =1 Vr EQ 


Vu(x9) =0 
0<d<1 


Fig. 2 Pogorelov’s estimates on sections: if T normalizes S,,(xo, fo), it follows that D?u(x) ~ 
\T|-* T'T for every x € S,,(xo, 5fo), with constants depending only on 6 and n 
By applying (29) to v on S, (yo, tolT|*) with e:= (1— 8)to|T|* > 0 we get 
Cle) "IL < Duy) < Cle) Vy € Sy(y0, St0|7|"), (38) 
which, in terms of u, translates as 
C(e)! "F< |T|"(T7)'D°u(x)T! < Cle) Vx € Sy(X0, 8t0). (39) 
Next, we relate the sizes of ¢ and (1 — 4) in order to control C(e) in terms of 6. For 
this we resort to (16) which, used with v, A = A = 1 and S,(jo, tolT|"), yields 
dimensional constants C6, C7 > 0 such that 
2 2B 2 
CotolT |" < |SvQo,folT|")|" < CrtolT|". (40) 


Along with the fact that, due to normalization, 


2 
= |S, (yo. tolT 1") | <n, 


n 
an 


(40) implies that 


2 2 2 
Corl Sails sarc, (41) 
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and then 


2 


007 C71(1 — 8) < 6 := (1—8)H|T|* < of Ce (1 — 8). (42) 


2 
By recalling the definition of C(e) in (30) and setting Cg := a2, Cp ' we get the 
bound 


C4 
C 
(e) < C 


G1 —5) exp(Cs(Cg(1 — 8))~™") =: F(6) 


and (34) follows with Cy := Cy!C4 and Cio := CsCy?". By using (31), we can 
write 
C3CR(1 _ 6)” < C36" < dist(S, (yo, dbto|T| ; ), OSy (yo, to|T| ")) 
= dist(T(S,(%0, 6f0)), OT (Sy (Xo, to))) 
< ||T|| dist(S,, (x0, 8t0), 0S,(Xo, fo), 


and (32) follows with Cy; := C3C3. oO 


Inequality (33) quantifies the interplay between the eccentricity of a section of u 
and the size of its Hessian. Let us explicitly state this interplay as follows: 


Lemma 3.5 (The Interplay Between Hessian and Eccentricity). Fix a convex 
domain Q C R". Let u € C*4(Q) be convex with det D?u(x) = 1 for every x € Q. 
Assume that there exists x» € Q with Vu(xo) = 0 and given ty > 0 such that 
Su(%0,t9) CC Q let T be an affine transformation normalizing S,(Xx0, to). 

For every 6 € (0,1) and z € S, (x0, 6to) we have 


Ecc(S,(Xo, to)” < F(8)""'||D?u(z)| (43) 
and 
F (8)! ||D?u(z) || < Ecc(Su(xo, to))” (44) 


where F(6) is as in (34). 


Proof. Since Pogorelov’s estimate (33) gives [T|-2 TT < F(6)""'D?u(z) in the 
sense of positive-definite matrices, (43) follows immediately. oO 


The next lemma is based on Theorem 4.2.1 in [12, p. 67] and it makes explicit 
the role of eccentricities in interior C?““-estimates for solutions of det D?u = 1. 


Lemma 3.6 (An Interior C?“-estimate). Fix a convex domain Q C R". Let u € 
C*(Q) be convex with det D?u(x) = 1 for every x € Q. Assume that there exists 
xo € Q with Vu(xo) = 0 and given ty > 0 such that S,(xo, to) CC Q and T be an 
affine transformation normalizing S,,(xo, to). 
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For every 5 € (0, 1) there exist constants a € (0,1) and H(6,n) > 0, depending 
only on 6 and n, such that for every x,y € S,(xo, 6to) with x # y, we have 


||D?u(x) — D?u(y)|| 


d* 
=a 


xy 


< H(6,n)Ecc(Sy (x0, 0)". (45) 


Consequently, (45) and (44) imply that 


| P71 csis,cay.a%y < PC)" Ece(Su(xo, fo)? + H(8, n)Ecc(Sy(%o, to)". (46) 


Proof. In keeping with the notation from the proof of Lemma 3.4, let v be defined 
as in (35). Thus, v satisfies 


detD?v = 1 in S, (yo. fol T|") 
v=0 on 9S, (yo. to|T|"), 
with B(O, an) C Sy (yo, tolT| *) Cc B(O, 1) and yo := Txo. Given 6 € (0, 1) fix 6’ with 
0 < 8 < 8’ < 1. Then the inequalities (38) imply that D*v is uniformly elliptic in 
Sy (yo, 6’to|T| n) with eigenvalues bounded between F(6’)!~ and F(6’) (here F(5’) 


is as in (34)). Consequently, the nonlinear equation G(D*v) := log(det D?v) = 0 is 
uniformly elliptic with 


0G _ 


vj 


v’ Wig=1,...,n, 


where the v/’s denote the entries of the matrix (D?v)~! whose eigenvalues lie 
between F(8’)~! and F(8’)"~! in S, (yo, 8’to|T|"). Also, since G is concave, by L.C. 
Evan’s Hdélder estimate (see inequality (17.41) in [11, p. 456]) there are constants 
C(6’,n) > 0 and a(6’,n) € (0,1), depending only on n and F(6’), such that for 
every Euclidean ball Br, C Sy (v0, 6’to|T| z) and every 0 < R < Ro, it holds true that 


at(5’,n) 
oscg, D*v < C(8’,n) (=) OSCBR, D’v. (47) 
0 


By Corollary 3.3.6(i) in [12, p. 55] we have 

dist(S,,(x0, 1), Sy(X0, 5'to) = Ci4(1 — 6/8')"5" ITI", (48) 
for some dimensional constant C)4 > 0. Define Rj, := Cy4(1—6/8’)"8"||T||~!/2 and 
given x), x2 € S,(xo, fo) with R’ := |x; — x2| < Ro,(48) guarantees that B(x, R’) C 


B(x, Ro) C SuGQo., 8’to|T |"). Let us also define 


R= |Tx, — Txp| < ||T||le1 — x2| = ||T[R’ S [IT IRo =: Ro, 
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so that 


||D?u(xi) — D?u(x2)|| < [T° ||)? ||D°v(Tx1) — D?v(Tx2) | 


R a(5’,n) 
X OSCB(Tx,R) Dv < C(8’" n) (=) OSCB(Tx; Ro) Dv 
0 


R a(8’,n) Ixy = x9 a(5’,n) 
< 2F(8")C(8’,n) (=) < 2F(8")C(8’,n) ("A") 
Ro R, 


On the other hand, we have 
d, := dist(z, 0S,(xo,f)) < 2||TI|"' Vz € Sux, 8%), 
because for every z’ € 0S,,(x0, to) we can write 
Je— 2] = |T'(F2) — T (Fe) < |TNWITz— Te| < 27" 
where we have used that 7(S,,(%0, fo)) © B(0,1). Therefore, for every x,,x. € 


Su (xo , dto), 


X1 XQ 


Ix) _ x9 yn 


di” [Duca — DPu(xa)|| < QT PPO 2F (BCC, n) ( Ri 
0 


II 


2|x1 — x2| _ 
Cra(1 — 8/8/)"6"||T ||“! 


: H(B, 8! n)((ITI Tee |x, — 202 


(TNO 2F(S')C(S, n) ( 


< H(6, 8, n)Ecc(S,(%0, t))"" 8 |x, — xa |", 


after fixing, for instance, 6’ := (1 + 6)/2, (45) follows. Oo 


A Comparison Between Two Solutions of det D?u = 1 


Lemma 3.7. Fix a convex domain Q C R". Let u,v € C*4(Q) be convex solutions 
of det D?u(x) = det D?v(x) = 1 for every x € Q. Assume that there exists xy € Q 
with Vu(xo) = 0 and given to > 0 such that S, (x0, to) CC Q let T : R” > R” be 
an affine transformation normalizing S,(Xo, to). 

Suppose that for some a € (0,1) and N > 0 we have 


2 2 
||D Ullo.as(5,(%0.10)) + ||D Vlo.es(Sy(0.0)) =: (49) 
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Then there exists a constant M* > 0, depending only on N, a, and n, such that 


lt — U1L5 ess, (x00) << M™ Ile — vllz00(8,¢¢0.t0)) (50) 


In particular, given 6 € (0,1), there exists a constant M, depending only on N,a, 
and n (in fact, M is just a dimensional multiple of M*) such that 


Ecc(S,,(xo, to))*” 


2 2 
|D u— D*v ereore = ad = 5)"to \|u = V||220(8, (%9,t0)) : (51) 
Proof. For t € [0, 1], set 
A,(x) := D’u(x)(1—1) + 1D’v(x) Vx € Q, (52) 


so that A; is a symmetric, positive-definite n x n matrix and, by Minkowski’s 
inequality, 


|A,(x)['/" > (1 — [D2 u(x)|!/" + 11D? v@)|'/" = 1 Vx Ee Q. (53) 
On the other hand, 


' d|Ai| 
dt 


1 
0 = |D*u| — |D’v| -| a= | |A,| tr(A, |D?(u — v)) dt 
0 0 


=: tr(AD*(u— v)), 
where A(x) := i |A,(x)|A;(x)~! dt. The point will be to show that A(x) is uniformly 
elliptic in S,,(xo, fo) and that the norm ||Allo 9:5, ¢x9.1) Ca be controlled in terms of N 
and n and then use Schauder’s estimates on u — v. 
For each fixed ¢ € [0, 1], notice that (49) implies 
|Ar(a)|| < (1 — || D?u(x)|| + t|D°v@)|| <N Vx € Su(xo, to) (54) 
which then gives 


All z20(s,(x0,t0y) SN: (55) 


Next, for a fixed t € [0,1], let 0 < a(x) < --- < a,(x) denote the eigenvalues of 
A;(x). From (54) we have a,(x) < N and, from (53), 


1<|A,Q)| =[]aj@) <a@N"! Vx € S,(%0, t0) 


j=l 
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which then yields N'~” < a(x) < a,(x) < N and 


1 
Nols < <N"™! Vx € S,(x0, to). (56) 
An(x) ~ a(x) 


Consequently, the eigenvalues of |A;(x)|A;(x)~! can be bounded as follows: 


alg |A;(x)| < |A,(x)| < N21 Wx € Sy(Xo, to). (57) 
ay(x) ay (x) 


Notice that the definition of A, in (52) and (49) implies 


N 


Arlo ces5,(x0.t0) <N Vre [0,1] (58) 


and, since the norm ||-|lo.0,5, (9.0) 48 Sub-multiplicative and |A;| is a homogeneous 
polynomial of degree n in the coefficients of A;, we get 


WAelllo,0.Sy¢x0.t0) < CaN” Vt € [0, 1]. (59) 
From (53) it follows that |A;|~! < 1, so that 


Ar) = Jr) = LAr) 1A)" 114) = 1A) 
S ||A:@)| — |ArQ) || Vx. y € Su(o, fo), 


and then 


\\|A: <C,N" YVte [0,1]. (60) 


rls 
0,a3(Su(%0,t0) — 


Now, using the fact that A7! = |A,|~'adj(A,), and adj(A,) is a polynomial of degree 
n— | in the entries of A,, it follows that 


<C,N"- Vre [0,1]. (61) 


ale 
0,03Su(x0.t0) = 


|Ar 


Consequently, we have obtained that 


[Ale os, cio.) < CoN" | Vee [0,1] (62) 
so that the matrix A(x) satisfies 
Allovass,(o.t0) Cn". (63) 


In addition, (57) implies that the ratio between the largest and smallest eigenvalue of 
A(x) is bounded by N?". Next, Schauder’s estimates (see, for instance, Theorem 6.2 
in [11, p. 90]) yield 


~ 2,05(S¢(xo.t0)) " ~~ “IL (Su (x0 t0)) 
Iu — v]} < M* ||u—v]| (64) 
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where M* > 0 depends only on the ratio between the largest and smallest eigenvalue 
of A(x) (in our case bounded by N*) and the C%-norm of A [bounded as in (63)] as 
well as on @ and n. 

Finally, given 5 € (0, 1), (64) implies that 


sup d_||D°u(x) — D°v(x)|| < M* |lu— v]lp.0¢5, 
xESy,(x0,5t0) 


(65) 


(xo,to)) 


and by (32) we get 


; 2 IZ? 
dist(S,,(xo, 50), OSu(xo, to)) > < —+————-. 
ist(S,(xo, 50), 0S, (Xo, fo) ~ < C2 (1 — 8)" 


in turn, by (14), 


- 4Ecc(Su(xo, to)" 2 4Ecc(Su(x0, to)?” 
~ diam(S,(x0, t))2 — Cito 


al 


where for the last inequality we used (17) with the function u, which satisfies 
det D?u = 1, hence its corresponding Kj, K2 as in (16) are just dimensional 
constants. Thus, (50) follows with M := 4M*(C},Ci2) 1. oO 


Proof of Theorem 1.1 


By subtracting a hyperplane we can assume that u(0) = 0 and Vu(0) = 0 (which 
implies u > 0). Suppose first that f(0) = 1 and for k € No define u; as the convex 
solution to 


detD?%,=1 in S,(0,47*) 
up =4* on dS,(0,4-*). 
Since u satisfies 
detD’u=f in $,(0,4~*) 
u=4* ondS,(0,4~), 


the comparison principle (25) gives 


1 


= L 1 
Je — well ro0(5,0,4-) < MCi|Su(0,4-*)|* [ff — 1 


L"(Sy(0,4-*)) 


n 


= nC,|5,(0,4-9)|3 ( FG)! i['dr) 


|S.(0,4-*)| J's,(0,4-9 
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and, by defining 


1 


B(k) := nC Ko ( f(a — 1)" ax) "Wk ENo, (66) 


1 
|Su(0,4~*)| Js,0,4-4 
with K> as in (16), we obtain the bound 
|| u = Uk || ,00(5,,(0,4-*) < 4-*B(k) VkeE No. (67) 


Next, we relate the sections of u,; and u. 


Lemma 4.1. For k € No let x, denote the minimum of u,z in S,(0,4~*) and set 
te = 47* — up (xx). Then, we have that 


Su(0,4*) = Su, Xk. tk) Wk ENo (68) 
and 
0 € Sy, (xe, 4-*F 2 B(k)) Vk E No. (69) 
Moreover, given ¢ > 0 and k € No, we have 
43 Bk) < et, (70) 
and then 
0 € Sy (xx, €tx), (71) 
provided that B(k) < ¢/(2 + €). Also, 
Sup Xe, 4-8FY) CC $400, 4-9) CC Sue, G4), (72) 
provided that B(k) < 3/8. In addition, given 0 < € < y we have that 
e4* < yx, (73) 
whenever B(k) < (y —&)/y, and that 
et < 4", (74) 


whenever B(k) < (y —«)/e. 


Proof. The proof of (68) follows from the facts that u and u;, coincide on 0S,,(0, 4-*) 
and that Vu;(x,) = 0. In particular, (68) implies that 0 € S,, (xx, %) for every 
k € No. In order to prove (69) we need to show that 


ug (0) < up(xe) + 4+ 2 B(K) Wk E No, (75) 
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which follows from the inequalities 
Ux (O) — Ux (Xk) = Ue(O) — u(O) + UlxK) — UK (XK) — UK) 
< ug (0) — u(0) + u(x) — u(x) < 4 *B(K) + 4B), 


where we have used that u(0) = 0, u > 0, and (67). 
Notice that (70) means 


Eug (xg) + 4-*+3 B(k) < 64, 


Since x; is the minimum of uz over Sy, (xx, t) and 0 € Sy, (xx, te), by (67) and the 
fact that u(0) = 0, we have 


un(xz) < ux(0) = uz(0) — u(0) < 4*B(k). 


Hence, 
eu xx) + 4**4 BER) < 04 *B(R) + 42 BR) < — ae + 2) = 0 
é 


which proves (70) [and then (71)]. In order to prove the first inclusion in (72), given 
y € Su,(xe,4-4F)), which means uz(y) < ux(x~) + 4~**), we need to show that 
u(y) < 4". For this we write 


u(y) = u(y) — uy) + uy) — Ue(XK) + UK (Xx) 
< u(y) — ug(y) + 4-&F) + 14,(0) 
= u(y) — ug(y) + 4- "FY + 44.(0) — u(0) 
<4 * BK) + 4) 4 BK) <4, 


where we used that u,(x,) < u,(0), u(0) = 0, (67), and B(k) < 3/8. By virtue 
of (68) the second inclusion in (72) amounts to showing that 


te = 4 * — uy (ay) < 24. (76) 
But, since u > 0 and B(k) < 3/8, (67) yields 


Ark Ug(X~) = Are Ug (x) + U(xy) — U(XK) 
<4 — uy(ay) + uy) < 4-*( + BOQ) < 24, 


and (76) follows. In order to prove (73), which means 


yuan) < (y — 8)4*, 
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we just use (67) and the fact that uz(x;) < u,(0). Indeed, 
yun (xe) S yur(O) = y(ux(0) — u(0)) < y4*B(K) < (y — 8) 4. 


The proof of (74) follows from the fact that u > 0 and (67) 


te = 47* = ugly) < 4-* — ug (ag) + uy) < 4-* + 4B) < Lar, 


€ 
oO 
Now we relate the section S,, (xx, ) to contractions of Sy, ay (Xe+15 te+1)- 
Lemma 4.2. Given 1/4 < y < landk € No, then 
Srpa Aer ter1) C Sig (Xe, Yt), (77) 
provided that 
4y —1 
k), B(k + 1) < ——__.. 78 
BH), B+ 1) = (78) 
Proof. For y € Su, (%k-+1,t%+1), Which means 
Un+i(y) < Ue+i (epi) + tet, (79) 
and we need to show that 
UY) < Ug(XK) + Y tk. (80) 
We start by using (79) and (67) to write 
Uk(y) = ue(y) — eta (y) + uti (y) < ely) — et1(Y) + Met e+) + tep1 
= UK (XK) — UR(XE) + URC) = Ut (VY) + Unt OKt1) + tet, 
and (80) will follow after proving that 
— ug (Xe) + u(y) — Ueti(y) + eta Oee1) + ten < Vt. (81) 


By using that t = 4~*—u, (xp) and ter, = 47%*) —ups 1 (xg41), (81) is equivalent to 
(y = Dux (xe) + ue(y) — wee”) < (vy — 1/4)4*. (82) 
Now, using that u > 0, we get 
(vy — Lug (xn) + ux(y) = ux+109) 
< (vy — Iu) — ux) + uy) — uy) + uy) — Ue) 
< (1—y)4“*B(k) + 4 *B(kK) +4 BK + DD. 
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Putting Bi := max{B(k), B(k + 1)} and by means of (78) we then obtain 


(y — Dug) + u(y) — une) < 4-4 — ~) By + SB] < 47 4y — 1), 


which proves (82). Finally, notice that, from the definition of B(k) in (66) and (16) 
we have 


Blk + 1) < 2(Ki/K2)?B(R) Wk E No, (83) 


so that By < 2(K/K»)2 B(k) for every k € No. 
Let us introduce 


Sp = D> BR (84) 


k=0 


and notice that, by assuming the condition 


1 (Ky\'? 
Sp st (Z) (85) 
1 


we have B(k + 1) < 1/3 and B(k) < 1/6 for every k € No as well as the following 
properties: 


4 *<2 WkeNo (86) 
after (73) with y = 2 ande = 1, 
Sup Ok+15 +1) C Sin x, 3/4) Vk E No (87) 
after (77) with y = 3/4, and 
0 € Sy, (%%,t%/2) Wk E No (88) 
by (71) with e = 1/2. Now, since the convex function uo satisfies 


det D?uy = 1 in S,(0, 1) 
uy = 1 on dS,(0, 1), 


by setting 


Dy := ||D°up(0)|| (89) 
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Pogorelov’s estimate (43) applied to uo in Sy (Xo, fo) with 6 = 3/4 and 2Dp (instead 
of just Do) gives 


Ecc(S,(xo, to)” < 2DoF(3/4)"'. (90) 


On the other hand, due to (68) and the fact that S,,, (x,, t,) = S,(0, 4~*) for every 
k € No, (18) yields 


Ecc(Siy.; et 1. tet 1)” < Kg Ecc(Si, (xe, tk)” Wk E No, (91) 


for some structural constant Kg > 1. Thus, from (90) and (91) applied with k = 0, 
we get the following estimate for the eccentricity of S,, (x1, f1): 


Ecc(Su, (x1, t1))” < Kg Ecc(Su (x0, t0))” < 2D0KsF(3/4)"". 
By the interior C”“-estimate (46) applied to uo and u;, we have 
>” 


uo eer + [Drm le cesecty suate = No, (92) 


for a constant No > 0 depending only on (2D)KgF(3/4)"—!)!/? (which bounds the 
eccentricities of both S,,(xo, fo) and S,,, (%1, t;)) and n. Now, by (67), 


I[41 — Uollzoo(s,@,4-5) S BO) + 4~'B(1), 


and then Lemma 3.7 applied to u;, uo on Sy, (x1, 3t1/4) (taking, for instance, that 
Q := S,, (41, t) in Lemma 3.7) gives 


Devo — D°us | ,00(5,, (a1.n/2) < Moty (BO) + 47'B()) (93) 


where Mo depends only on n and Ecc(S,, (x1, 3t1/4)) (and the latter is bounded by 
Kg(2DoF(3/4)"—!)!/?). In particular, 


|| D79(0) — D?u,(0)|| < Mot; '(B(0) + 4! B()). (94) 


Consequently, by the definition of Do in (89), by assuming that 


Sp 


10M) (5) 


we get 


||D?11 (0)|| < Mot; (BO) + 47'B(1)) + ||D*u0(0)|| 
< Mo(8B(0) + 2B(1)) + Do < 10MoSg + Do < 2Do. 
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That is, we obtain the same bound (namely, 2Do) for both || D719 (0)|| and || Du (0) ||, 
which [through Pogorelov’s (43)] gives the same bound for the eccentricities of 
S,(xo, to) and S,, (x1, 1), and we are ready to iterate the reasoning above. That is, 


Ece(Su(x1,t1))” S$ 2DoF(3/4)""", (96) 
and using (91) with k = 1, 
Ecc(Su;(%2, t2))” < Kg Ecc(Su,(«1,t1))” < 2DoKsF(3/4)"", 
and for the same No as in (92) 


|[W2 Il c2.0 (S45 (x2.3t2/4) + |[uy Ilc2.0(5,, («1,34 /4)) S No, 


so that, by (67), 
I[u1 — Uallzco(s,0,4-2)) S [lM — Ulleo(8,0,4-)) + ||2 — Moll zc0(s,(0,4-2)) 
<47'B(1) + 4° B(2), 
and with the same Mp as in (93), 
) Dour — D?u | cos, (x2.2/2)) Motz (4B) + 4B). 
In particular, by using (86) 
|| D?u2(0) — D?u, (0)|| < Moty'(4-'B() + 4-7B(2)) < Mo(8B(1) + 2A(2)). 
which yields 


||D°u2(0)|| < Du; (0) — D?ux(0)|| + ||D°u(0) — Du; (0)|| + ||D°uo)|| 
< Mo(8B(1) + 2B(2) + 86(0) + 2B(1)) + Do 
< 10MoSg + Do < 2Do. 


At the kth step, by (86) we obtain 


k 
|| D°u.(0) — D*up(0)|| < — ||D*u;(0) — D?uj-1(0)| 


j=l 


k 
< Mod) 54 BG- 1) + 478) 
j=l 


k k 
< Mo) \(8BG— 1) + 2B()) < 10Mo > AG). ~=—-97) 


j=l j=0 
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and then 
||D°u,(0)|| < 10MoSp + Do < 2D) Vk ENo, 

which yields the following uniform bound for the eccentricities of S,,(0, 4~*) 
Ecc(S,(0,4~*))> < 2DoF(3/4)""! Wk E No. (98) 


By Pogorelov’s (44) we have that Dy := ||D?u0(0)|| < F(3/4)""'Ecc(S,,(0, 1))?, so 
that (98) yields 


Ecc(S,(0,4-*))” < 2F(3/4)°"") Ecc(S,(0, 1))? Vk € No 


and (3) follows with C3 := 2F(3/4)°""). 
In the case when f(0) 4 1 we apply the result to v := u/f(0)!/" and notice that 


S,(0, A~'/"4-*4) ¢ $,(0,4-*) = S,(0, 4-*f(0)—"/”) C S, (0, A7/"4-*) (99) 


and that 
_ 1 
= f(0) 1/n 


and, by recalling the definition of B(k) in (66), the definition of Sg in (84) and the 
conditions (85), (95) imposed on it, we define the ¢o in (2) as 


1 
IFd/FO)"" = 1 Fa" -fO'"| = GA” -FO'"| 


Ai/n Dy. 17K 1/2 hea) 
= —— min} ——,-| > 
nC; Ko 10M 6 Ki 
which concludes the proof of Theorem 1.1. Oo 


Proof of Theorem 1.2 


For k € No let us write Ey := Ecc(S,(0, 4~*)). From (18) we have 
Et < KsEG (101) 


and, in order to start the iteration process and obtain a similar estimate for E, it is 
enough to ask for B(0) < 1/6 and B(1) < 1/3, with 6() as in (66). 

Now, if Ell, is an ellipsoid centered at cy, with radii 0 < px, < +++ < Pn Such 
that w, Ell, C S,(0,4~*) C Elk, by (13) and (98) we have 


Cnt! py < lon El| < |Sy(0,4~)| < [Elk] < Onpty, < OnE ph, (102) 
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which, combined with (16), yields 


1/2 1/2 on 


Ke ea ER 
1 2* < pun < 2 hI VEEN. (103) 
Qn Wn an 
: 2Ky/° ER 
Thus, putting G, := —7,—, we get 20k.n < G,2~*. On the other hand, we also have 
B(Ck QnPk.1) C OnE. C Sy(0,4~) C Ell C BCC, Pin) (104) 


and, since 0 € S,(0,4~*), we get 0 € B(cx, pxn) and then B(cx, Pen) C B(O, 2px). 
Therefore, 


S.(0, 4-*) Cc B(O, 2Pk.n) 


and, due to (102)and (103), 


—k n,n nn —n npn/2 p—n* 4—kn 
|S,,(0, 4 )| 2 Wn Ay Pk1 ze Onn Pye nEK = a, Ky E, 2 


nypn/2 a 
K K, \2 
= “1180, 2) = anna" (=) |B, G.2-| 
OnE," Ky 
so that 
4 
(= yt —f4Y" ar) 
—————— et XxX a n UX. 
1Su(0, 4-*)| J's,(0,4-&) 
1 1 
K,\2 1 1 1 a 
< 200, °F; ( ) ( f(x)" — f (0) |" ar) 
K\ Ky |B(O, G.2-)| J a00,G,2-% 


and we can take 


(105) 


i) 
li 
ie) 
a|e 
Cen, 
a 
eee” 
Nie 
Co 


Proof of Corollary 1.3 


For k € No let us put % := 4 S, := S,(0,4-*), and let T, be an affine 
transformation normalizing S;. Then, by estimates on the averages of ||D7u|| over 
its sections (see, for instance, [8, Lemma 3.2] or [19, p. 97]) there exists a structural 
constant Ky > 0 such that 


1 
af || D> u(x)|| dx < Kotel|Tu||? Vk € No. (106) 
Sk 
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Since 7; normalizes S;, by (16) we have 
On = 1Sx||T%| 2 ia Ty Vk EN, 


and, from the definition of eccentricity, it follows that 


1 2 2 
—— | ||D?u(x)|| dx < KoKy!o |Tx|7* || Tell? =: KioEcc(S,(0,4-))?, 
[Sxl 
Sk 


2 
for every k € No, where Kio := KoK, ‘on . Therefore, (3) yields 
1 
mt / || D? u(x) || dx < KioC};Ecc(S,(0, 1)? Vk € No. (107) 
kl I S_ 


Finally, the fact that hypothesis (1) guarantees a structure of local quasi-metric space 
with the sections of u acting as “quasi-metric balls” (see, for instance, [1, 9, 10]), the 
fact that Lebesgue measure is doubling with respect to the sections of every convex 
function (see [6, Lemma 5.2]), and Lebesgue’s differentiation theorem applied 
to (107) yields (6) with Ky, := KioC}3. Oo 


On the Local Quasi-Conformal Jacobian Problem 


Fix0 <A <A < and let f : Q — R bea continuous function with 
O0<A<f(@x)<A VxrEeQ (108) 
and let wy. denote the modulus of continuity of f over Q, that is, 


oy.a(t) = sup{|f(x) —f)| : Ix—yl <t, x,y € Qh. 


Burago and Kleiner [2] and McMullen [20] have constructed examples of uniformly 
continuous functions f : [0,1]? — R? satisfying (108) such that there is no 
bi-Lipschitz mapping F : [0, 1}” > R? verifying the equality 


det DF (x) = f(x) (109) 


ae. x € [0,1]?. Therefore, the condition a o(t) > 0 ast > O* is not enough 
to locally realize f as the Jacobian of a bi-Lipschitz (or quasi-conformal) map and 
some rate of decay for wy, should be prescribed towards that end. 

In this section we apply Theorem 1.2 to the solvability of the local quasi- 
conformal Jacobian problem with convex potentials. That is, in this case the sought 
mapping F' can be written as F = Vu, where u : B(0, 1) > Ris a strictly convex 
function. 
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Theorem 7.1. Suppose that f : B(0,4) > R, n = 2, satisfies 
O0O<A<f@~) <A, ae. xe BO,4), (110) 


with fi satisfying the following uniform L"-Dini condition: 


1/2 
Do :=— sup fi | 
yeEB(0,1) JO 


Then, there exists a quasi-conformal mapping F : B(O,1) — R" such that the 
equality 


fe) —fQ)i (111) 


L"(BYy,r)) Tr 


det DF(x) = f(x), ae. x € B(O, 1), (112) 


holds true. Moreover, there is a strictly convex, differentiable function u : B(O, 1) > 
R such that F = Vu in B(O, 1). 


Remark 7.2. Notice that if F = Vu, then (112) becomes the Monge—Ampére 
equation detD?u = f. Theorem 7.1 is sharp in the sense that counterexamples 
in [22] show that if detD?u(x) = f(x), ae. x € B(0,1), then condition (110) 
alone does not imply, in general, that Vu is locally quasi-conformal (see comments 
after Corollary 3.8 in [18]). Also, an example in [7, Theorem 1.2] shows that the 
condition (111) alone does not guarantee the local quasi-conformality of Vu. 


Let u be a convex solution, in the Aleksandrov sense, of the boundary value 
problem 
det D’u =f in B(O, 2) (113) 
u=1 ondB(0,2). 


Recall that u being a solution to (113) in the Aleksandrov sense means that for every 
Borel set E CC B(0, 1) we have 


\3,(B)| = 7 F(x) dr, (114) 


where 0, is the normal mapping of u and | - | stands for Lebesgue measure 
(see Chap. 1 in [12]). If u is differentiable, then 0,(£) = Vu(E). In our case u 
will in fact be differentiable, by virtue of Caffarelli’s C!*-regularity theorem (see 
[5, Theorem 2], [10, Corollary 13], or [12, Sect. 5.4]). Here a € (0, 1) depends only 
onnand A/A. Also, by [4, Corollary 4], u is strictly convex in B(0, 1). 
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The main task is then proving the quasi-conformality (in B(0O,1)) of Vu for 
solutions u to (114). Once quasi-conformality is established, the change of variables 
x > Vu(x) (see Theorem 33.3 in [21]) in (114) implies that given any Euclidean 
ball B Cc B(O, 1), we have 


[fea |Vu(B)| =| Lax = [det D?u(x) a (115) 
B Vu(B) B 


and Lebesgue’s differentiation theorem yields det D?u(x) = f(x), a.e. x € B(O, 1), 
as required in Theorem 7.1. 

Following Definition 2.1 in [18], we say that u has has round sections in Q if 
there is a constant t € (0, 1) (which might depend on Q) such that for all x) € Q 
and ¢t > 0 with S,(xo, 4) CC Q there exists R > 0 verifying 


B(xo, TR) C Sy (xo, t) C B(xo, R). (116) 


The local quasi-conformality of Vu will be a consequence of Theorem 3.1 in [18], 
where Kovalev and the author proved the equivalence between Vu being quasi- 
conformal and u having round sections. This equivalence is quantitative, in the 
sense that the constants involved depend only on each other and not on u, see also 
Remark 3.4 in [18]. In turn, the roundedness of the sections of u follows by taking 
any x9 € B(O, 1/2) and applying Theorem 1.2 to the function 


Uxy (x) = ux+x0) Vx € B(O,1/2), 


and considering that, due to [12, Theorem 3.3.4], given x, xo € B(0, 1/2) the eccen- 
tricities of S,(x, 1/2) and S,(x9,1/2) are uniformly comparable (with structural 
constants) to that of S,,(%m), 1 — u(%m)), where x, is the minimum of u on B(0, 2). 
By (5), the roundedness of the sections of u follows with t depending only on 
structural constants and Ecc(S,(%m, 1 — u(%m))). | 


On the Uniform Ellipticity for the Linearized 
Monge—Ampere Operator 


We close this article with a remark on how to use the L”-Dini condition in (111) to 
turn the matrix 


A, (x) := det D’u(x) D?u(x)7! Wx EQ, 


into a uniformly elliptic matrix on every section S := S,(xo,t) C S,(xo, 22) CC Q, 
with ellipticity constants controlled by structural constants and Ecc(S). 
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Suppose that u € C?(Q) is a strictly convex function with 
0 <A < detD°u(x) =: f(x) < A YWreQ. (117) 


Given S := S,(x0,t) C Sy(x0, 2t) CC Q, again by [12, Theorem 3.3.4], for every 
x, € S,(xo, t/2) we have that 


Ecc(Syu(x1, t/2)) ~ Ecc(Su(xo, 1) 


with comparability constants depending only on A, A, and n. Now, for each fixed 
x, € S,(xo, t/2), an application of Theorem 1.2 to the function 


Uy, (x) = ux +x1) Vx € Sy(xo, t/2) 
yields (as in Corollary 1.3) 
|| D*u(x1)|] S Ecc(S, (xo. 8)” ¥x1 € S,(X0. t/2), 


where the implied constants are structural constants. By means of (117), this implies 
that the eigenvalues of D7u(x,) lie between AEcc(S,,(xo, t))°"-” and Ecc(S,,(xo, t))? 
for every x; € S,(xo, t/2). Thus making A, uniformly elliptic on S,,(xo, t/2). 

The Monge—Ampére operator linearized at a function u € C?(Q), denoted by 
L,, acts as follows: 


L,(w) := trace(A,Dw). (118) 


Regularity properties of solutions to £,(w) = h continue to receive attention and, 
for instance, in [13, 14], Gutiérrez and Nguyen established interior estimates for first 
and second derivatives of solutions to £,,(w) = h. As an example of such regularity 
results, the main result in [14] (Theorem 1.1) establishes that for every p > 1 and 
q > max{p, n}, solutions to £,(w) = h satisfy 


[Pw] ray < CUlMllzcoy + Walia) (119) 


where C > 0 depends only on p, q, A, A, n, dist(Q’, dQ), and the modulus of 
continuity of f := det D?u. Furthermore, Theorem 1.1 in [14] is stated with Q = 
Su(Xm, tm) for some x, € R” and t, > O (that is, Q in Theorem 1.1 in [14] is a 
section of u). 

By our comments above, we see that if f i satisfies the L"-Dini continuity 
condition (111), then £, turns into a uniformly elliptic operator on every section 
S Cc Q’ with ellipticity constants depending on structural constants and Ecc(S). 
Also, by [12, Theorem 3.3.4] every chain of sections $1, S2,...Sy of the same height 
and with 5; Sj41 # 9,j = 1,...,N—1, will have comparable eccentricities (with 
comparability constants depending on structural constants as well as on N). 
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In particular, under the L”-Dini continuity condition (111) on f x, by the 
comments above on the uniform ellipticity of A, and the continuity estimates for 
D?u in [17, Theorem 1 and Lemma 4.1], (119) can be improved to 


|>*w| 


pa = Clwlla@y + llAllv@y): (120) 
for every 1 < p < &, see, for instance, Theorem 9.11 from [11, p. 235]. 
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BMO: Oscillations, Self-Improvement, 
Gagliardo Coordinate Spaces, and Reverse 
Hardy Inequalities 


Mario Milman 


Para Corita 


Abstract A new approach to classical self improving results for BMO functions is 
presented. “Coordinate Gagliardo spaces” are introduced and a generalized version 
of the John-Nirenberg Lemma is proved. Applications are provided. 


Introduction and Background 


Interpolation theory provides a framework, as well as an arsenal of tools, that can 
help in our understanding of the properties of function spaces and the operators 
acting on them. Conversely, the interaction of the abstract theory of interpolation 
with concrete function spaces can lead to new general methods and results. In this 
note we consider some aspects of the interaction between interpolation theory and 
BMO, focusing on the self improving properties of BMO functions. 

To fix the notation, in this section we shall consider functions defined on a fixed 
cube, Qo C R". A prototypical example of the self-improvement exhibited by BMO 
functions is the statement that a function in BMO automatically belongs to all L? 
spaces, p < 00, 


BMOc (WW. (1) 


p=l 


In fact, BMO is contained in the Orlicz space e’. This is one of the themes 
underlying the John-Nirenberg Lemma [46]. One way to obtain this refinement is to 
make explicit the rates of decay of the family of embeddings implied by (1). 
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We consider in detail an inequality apparently first shown in [19], 


Ifllee < Coa WEIS Wf lla? 1 <p <q <oo. (2) 


With (2) at hand we can, for example, extrapolate by the A-method of [44], and the 
exponential integrability of BMO functions follows (cf. (33) below) 


Ufa ~ sup le oe < cy lifllavo- 3) 


More generally, for compatible Banach spaces, interpolation inequalities of the form 


Ifllx < c() Iiflly,” Iifllx,- 8 € 1), (4) 


where c(@) are constants that depend only on @, play an important role in analysis. 
What is needed to extract information at the end points (e.g., by “extrapolation” 
[44]) is to have good estimates of the rate of decay c(@), as @ tends to 0 or to 1. 
We give a brief summary of inequalities of the form (4) for the classic methods 
of interpolation in section “Interpolation Theory: Some Basic Inequalities” below. 
For example, a typical interpolation inequality of the form (4) for the Lions—Peetre 
real interpolation spaces can be formulated as follows. Given a compatible pair! of 
Banach spaces X= (X|, X2), the “K-functional” (cf. [9], [78])is defined for f € 
¥(X) = X, + Xp, t > 0, by 


K(X) = KO XnX.) = inf tll +All 


The real interpolation spaces Xog can be defined through the use of the K-functional. 
Let 6 € (0, 1),0 < g < ~, then we let 


= {f € B(X): Iifllz,, < oo}. (6) 


where? 


1/q 


iil, =f [rexe.ne]' | 


We have (cf. Lemma 2 below) that, for f € X1N X2,0<@<1,l<q<wom, 


[1 = 0)04]"”" If llxsxa)oq < Ufllay” Uf lle - (7) 


'We refer to section “Interpolation Theory: Some Basic Inequalities” for more details. 
With the usual modification when g = oo. 
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We combine (7), the known real interpolation theory of BMO (cf. [10, Theorem 6.1], 
[9] and the references therein), sharp reverse Hardy inequalities (cf. [80] and [69]), 
and the re-scaling of inequalities via the reiteration method (cf. [12, 39]) to give a 
new *interpolation* proof of (2) in Lemma 3 below. 

Let us now recall how the study of BMO led to new theoretical developments in 
interpolation theory.* 

A natural follow-up question to (3) was to obtain the best possible integrability 
condition satisfied by BMO functions. The answer was found by Bennett—-DeVore— 
Sharpley [11]. They showed the inequality* 


F(c0.00) *= SUP fF" (0) — f° (8 S en Mfllamo - (8) 


The refinement here is that the (nonlinear) function space L(oo, 00), defined by the 
condition 


ltalrecoeey < &, 
is strictly contained? in e”. 

In their celebrated work, Bennett—DeVore-Sharpley [11] proposed the following 
connection between real interpolation, weak interpolation, and BMO (cf. [9, 
p. 384]). The K-functional for the pair (L',L©) is given by (cf. [9] and 
section “Extrapolation of Inequalities: Burkholder-Gundy—Herz Meet Calderén— 
Maz’ya and Cwikel et al.” below) 


K(t,f;L', L®) = [ f*(s)ds. 
0 


pep 
Therefore, aR FLL”) = K'(t,f;L', L®) = f*(t); consequently, we can compute 


the “norm” of weak L! := L(1, 00), as follows: 


IMF ll 1.00) = sup tf* (1) 


t>0 


= sup tK’ (t,f;L', L™). 


t>0 


Paradoxically, except for section “Bilinear Interpolation”, in this paper we do not discuss 
interpolation theorems per se. For interpolation theorems involving BMO type of spaces there is a 
large literature. For articles that are related to the developments in this note I refer, for example, to 
[11, 36, 43, 55, 76, 84]. 

“Where f* denotes the non-increasing rearrangement of f and f**(t) = t i f* (s)ds. 


>The smallest rearrangement invariant space that contains BMO is e” 


Pustylnik [79]. 


as was shown by 
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Then, in analogy with the definition of weak L', Bennett-DeVore-Sharpley pro- 
ceeded to define L(oo, oo) using the functional 


alee = sup tK' (tf; EL): (9) 
t> 


Note that in (9) the order of the spaces is reversed in the computation of the 
K-functional. These two different K-functionals are connected by the equation 


1 
K(t,f;L™,L’) = K(f; Er, (10) 
Inserting (10) in (9) we readily see that 


1 1 
If llz(c0,00) = sup{tK(—,f;L',L™) — K'(—,f;L', L™)} 
t>0 is t 
K(t,f;L!, L© 
= pe pir Ea =K G01?) 


t>0 


suptf") —f*(p}. 


The oscillation operator, f > f** (t) — f*(f), turns out to play an important role 
in other fundamental inequalities in analysis. A recent remarkable application of 
the oscillation operator provides the sharp form of the Hardy—Littlewood—Sobolev— 
O’Neil inequality up the borderline end point p = n. Indeed, if we let (cf. [15]) 


OO (¢* D 1/ 
luo = {f° (pe (qyetlry# 4" 1 <p < 00,1 <q <0 a 
" I liccou) i ego, 
where® 
a a " gt i 
WFllicon =f C*O-FOMTE (12) 


then it was shown in [7] that 


1 1 
=---,1l<q<w,f eC (R’). 


1 
Val Dp < en || Vfl D ,l<p<nz 
L(p.q) L(p.q) P pon 
(13) 


6 Apparently the L(oo, g) spaces for g < 00 were first introduced and their usefulness shown in [7]. 
Note that with the usual definition L(oo, co) would be L™®, and L(oo, g) = {0}, for g < oo. The 
key point here is that the use of the oscillation operator introduces cancellations that make the 
spaces defined in this fashion nontrivial (cf. section “The Rearrangement Invariant Hull of BMO 
and Gagliardo Coordinate Spaces”, Example 1). 
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The Sobolev inequality (13) is best possible, and for p = g = n it improves on the 
endpoint result of Brezis—Wainger-Hanson—Maz’ ya’ (cf. [13, 35, 67]) much as the 
Bennett—DeVore-Sharpley inequality (8) improves upon (3). The improvement over 
*best possible results* is feasible because, once again, the spaces that correspond to 


p=n, 


L(0o, gq) = tf = Il llico,g) < OOF: 


are not necessarily linear!® 
Moreover, the Sobolev inequality (13) persists up to higher order derivatives,” as 
was shown in [75], 


nil 1 ek : 
llega So VFlig 1 SPS eae 1 <q <00, f € CM(R’). 


In particular, when p = { and q = ov, we have the BMO type result!® 


I llisco.c0) VF lice coy oF € COR"). 


Using the space L(0o, oo) one can improve (2) as follows (cf. [53]): 


1— 
I lle < Cag We! Wl eit) LSP <q < om. (14) 


In my work with Jawerth!! (cf. [43]) we give a somewhat different interpretation 
of the L(co, g) spaces using Gagliardo diagrams (cf. [12, 27]); this point of view 
turns out to be useful to explain other applications of the oscillation operator f** (t)— 
F* (t) (cf. [29, 63] and section “Recent Uses of the Oscillation Operator and L(co, q) 
Spaces in Analysis”). The idea behind the approach in [43] is that of an “optimal 
decomposition,” which also makes it possible to incorporate the L(oo, q) spaces into 
the abstract theory of real interpolation, as we shall show below. 

Lett > 0, andletf € X (X) = X, +X». Out of all the competing decompositions 
for the computation of K(t, f; x), an optimal decomposition 


7Which in turn improves upon the classical exponential integrability result by Trudinger [87]. 


SLet X be a rearrangement invariant space, Pustylnik [79] has given necessary and sufficient 
conditions for spaces of functions defined by conditions of the form 


* — ft Ilx < 00 


to be linear and normable. 
°The improvement is also valid for Besov space inequalities as well (cf. [59]). 
'0The spaces L(0o, q) allow to interpolate between L°° = L(oo, 1) and L(oo, 00) C et. 


"The earlier work of Herz [36] and Holmstedt [38], that precedes [11], should be also mentioned 
here. 
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f=DiOf + Diff, with Dif € X;,i = 1,2, 
satisfies 
K(t,f;X) = ||DiOfllx, + 1]D2Ofllx, » (15) 


(resp. a nearly optimal decomposition obtains if in (15) we replace = by ~). For an 
optimal decomposition of f we have! (cf. [38, 43]) 


ss d e 
ID: Ofllx, = KULX) — tA KGAXD: (18) 
d > 
ID2Of lly = SKS. (19) 


In particular, for the pair (L',L©), we have (cf. section “Extrapolation of 
Inequalities: Burkholder-Gundy—Herz Meet Calderén—Maz’ ya and Cwikel et al.”), 


d 
Dif lla = K(f: L', L°°) — tks i) 
=f" O-f"O, 


and 
d 1 (oe) ok 
|DoOfllice = GKUWAL'L™) =f". 


Thus, reinterpreting optimal decompositions using Gagliardo diagrams (cf. [38, 43]), 
one is led to consider spaces, which could be referred to as “Gagliardo coordinate 
spaces.” These spaces coincide with the Lions—Peetre real interpolation spaces for 
the usual range of the parameters (cf. [38]), but they also make sense at the end 
points (cf. [43]), and in this fashion they can be used to complete the Lions—Peetre 
scale much as the generalized L(p, g) spaces defined by (11), complete the classical 
scale of Lorentz spaces. The “Gagliardo coordinate spaces” nie ,i = 1,2, are 


formally obtained replacing K(t, f; X) in the definition of the Xog norm of f (cf. (6) 


"Interpreting (||D, (fly, . ||D2@fllx,) as coordinates on the boundary of a Gagliardo diagram 
(cf. [12]) it follows readily that, for all e > 0,t > 0, we can find nearly optimal decompositions 
x = x,(t) + y,(t), such that 


z d 2 2 d m 
C1 —e\KG FX) —t KGS X)] S IxeOllx, = A + [KOA X) te KOFAX (16) 


(1-92 KA) < billy $+ 9SKOAY. (17) 
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above), by ||Di (Of |lx, (esp. ||D2(flly,) (cf. [38]. In particular, we note that the 


X, x?) 7 Spaces correspond to the k-spaces studied by Bennett [8]. 
‘This point of view led us to formulate and prove the following general version 
of (7) (cf. Theorem | below): 


Ifllgo <caIifllx,? flea .9€ O.1,1-0 = (20) 
0,q(9) XI 60 


1 
q(O)’ 
which can be easily seen to imply an abstract extrapolation theorem connected with 
the John-Nirenberg inequality. 

Underlying these developments is the following computation of the K-functional 
for the pair (L', BMO) given in [10] (cf. section “Self Improving Properties of BMO 
and Interpolation” below): 


K(t,f, L'(R"), BMO(R")) = tf** (1), (21) 


where f* is the sharp maximal function of Fefferman—Stein [32] (cf. (23) below). In 
this calculation BMO(R") is provided with the seminorm! (cf. section “The John- 
Nirenberg Lemma and Rearrangements’) 


lflamo = lf les : 


In [19], the authors show that (2) can be used to give a strikingly “easy” proof of an 
inequality first proved in [52] using paraproducts, 


Ifgllae < cf ll W8llamo + Wille llamo). 1 < p < oe. (22) 


The argument to prove (22) given in [19] has a general character and with suitable 
modifications (in particular, using the *reiteration theorem” of interpolation theory) 
the idea'* can be combined with (20) to yield a new endpoint result for bilinear 
interpolation for generalized product and convolution operators of O’Neil type 
acting on interpolation scales (see section “Bilinear Interpolation” below). Further, 
in section “Recent Uses of the Oscillation Operator and L(oo, qg) Spaces in Analysis” 


'3BMO(R") can be normed by [f| pmo if we identify functions that differ by a constant. 
'4We cannot resist but to offer here our slight twist to the argument 


Welln < Wf lle» Welle» 
= llfll er, BMO}1/2.2p llsll [LP BMO]1/2,2p 

1/2: 1/2 1/2 1/2 

< WAI? Uf llgizo Well)” lgllgizo 


X Wlflly Ilgllamo + Ilgllr lif llamo - 
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we collect applications of the methods discussed in the paper, and also offer some 
suggestions!> for further research. In particular, in section “On Some Inequalities 
for Classical Operators by Bennett-DeVore—-Sharpley and Bagby and Kurtz” we 
give a new approach to well-known results by Bagby—Kurtz [5], Kurtz [56], on the 
linear (in p) rate of growth of L’ estimates for certain singular integrals; in sec- 
tion “Good-Lambda Inequalities” we discuss the connection between the classical 
good-lambda inequalities (cf. [17, 21]) and the strong good-lambda inequalities of 
Bagby—Kurtz (cf. [56]) with inequalities for the oscillation operator f** — f*; in 
section “Extrapolation of Inequalities: Burkholder-Gundy—Herz Meet Calderén— 
Maz’ya and Cwikel et al?’ we show how oscillation inequalities for Sobolev 
functions are connected with the Gagliardo coordinate spaces and the property of 
commutation of the gradient with optimal (L!, L°) decompositions (cf. [29]), we 
also discuss briefly the characterization of the isoperimetric inequality in terms of 
rearrangement inequalities for Sobolev functions, in a very general context. 

The intended audience for this note are, on the one hand, classical analysts 
that may be curious on what abstract interpolation constructions could bring to 
the table, and on the other hand, functional analysts, specializing in interpolation 
theory, that may want to see applications of the abstract theories. To balance these 
objectives I have tried to give a presentation full of details in what respects to 
interpolation theory, and provide full references to the background material needed 
for the applications to classical analysis. In this respect, I have compiled a large set 
of references but the reader should be warned that this paper is not intended to be a 
survey, and that the list intends only to document the material that is mentioned in 
the text and simply reflects my own research interests, point of view, and limitations. 
In fact, many important topics dear to me had to be left out, including *Garsia 
inequalities* (cf. [33]). 

I close the note with some personal reminiscences of my friendship with Cora 
Sadosky. 


The John-Nirenberg Lemma and Rearrangements 


In this section we recall a few basic definitions and results associated with the 
self improving properties of BMO functions.'° In particular, we discuss the John- 
Nirenberg inequality (cf. [46]). In what follows we always let Q denote a cube with 
sides parallel to the coordinate axes. 

Let Qo be a fixed cube in R”. For x € Qo, let 


'S However, keep in mind the epigraph of [68], originally due Douglas Adams, The Restaurant at 
the End of the Universe, Tor Books, 1988 :“For seven and a half million years, Deep Thought 
computed and calculated, and in the end announced that the answer was in fact Forty-two—and so 
another, even bigger, computer had to be built to find out what the actual question was.” 


'6For more background information, we refer to [9] and [83]. 
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1 
fay) = _ sup 


1 
ces. — fo| dx, wh = — | fax. 23 
x390,0C Qo |O| fw Fol a ere So |O| [f ‘ 


The space of functions of bounded mean oscillation, BMO(Qo), consists of all the 
functions f € L'(Qy) such that to, € L™(Qo). Generally, we use the seminorm 


Iflemova) = [fool . - (24) 


The space BMO(Qo) becomes a Banach space if we identify functions that differ by 
a constant. Sometimes it is preferable for us to use 


If llamo) = Wlemow) + WWF llz(o) - 


The classical John-Nirenberg Lemma is reformulated in [9, Corollary 7.7, p. 381] 
as follows!’: Given a fixed cube Qo C R’", there exists a constant c > 0, such that 
for all f € BMO(Qp), and for all subcubes Q C Qo, 


6|Q| 


[(f —fo) rol" Se Iflamowo) log*(——),# > 0. (25) 


In particular, BMO has the following self improving property (cf. [9, Corollary 7.8, 
p. 381]). Let 1 < p < oo, and let!® 


1 1/p 
foop) = sup tay |, —fel asl ; 


x30,0C Oo 


and 


II llamor (oo) = lfo0.p || 20 + Il lean) « 


Then, with constants independent of /, 


ILF ll esor (09) x IF llamocoo) : 


It follows that, for all p < 00, 


BMO(Qo) C L?(Qo). 


‘For a recent new approach to the John-Nirenberg Lemma we refer to [31]. 
'8Note that f, 1 = tou 
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Actually, from [44] we have 


[(f —fo) xol* 


= |lf —foll.c@ » 
log (“P!) 


(f — fo) Xoll a(2@, © sup 
P t 


which combined with (25) gives 


lf —foll uo Sc IfXolemow) ’ 


and therefore (cf. [9]) 
BMO(Qp) Cc eh. 


In other words, the functions in BMO(Qo) are exponentially integrable. 
The previous results admit suitable generalizations to R” and more general 
measure spaces. 


Interpolation Theory: Some Basic Inequalities 


In this section we review basic definitions, and discuss inequalities of the form (4) 
that are associated with the classical methods of interpolation. 

The starting objects of interpolation theory are pairs X= (X,,X2) of Banach 
spaces that are “compatible,” in the sense that both spaces are continuously 
embedded in a common Hausdorff topological vector space V.!? In real interpolation 
we consider two basic functionals, the K-functional, already introduced in (5), 
associated with the construction of the sum space =(X) = X, + X, and its 
counterpart, the J-functional, defined on the intersection space A(X) = X,M Xp, by 


I(t, f:X) = Jt, f;X1,X2) = max {lf lly, -tllflly,} .t > 0. (26) 


The K-functional is used to construct the interpolation spaces (X1, X2)o,q (cf. (6) 
above). Likewise, associated with the J-functional we have the (X1, X2)o,9;7, Spaces. 


'9We shall then call ¥ = (Xo, X) a “Banach pair’. In general, the space V plays an auxiliary 
role, since once we know that X is a Banach pair we can use 4(X) as the ambient space. In 
particular, the functional K(t,f; X) is in principle only defined on ©(X). On the other hand, the 


functional f > 4K (t,f3 X), can make sense for a larger class of elements than © (X). This occurs 
for significant examples: For example, on the interval [0, 1], 


L(1,00) = {fF : supif*(1) < oo} GLI +L = 1, 
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Let 6 € (0,1),1 < q < ov; and let Ug, be the class of functions u : (0,00) > 
A(X), such that”? lull uy, = {f° (¢-8(t, u(t); Xi, Xa) ae} < oo. The space 
(X1, X2)6,9;7 consists of elements f € X; + X2, such that there exists u € Ug,, with 


ca ds . 
f= [Woy Ginx +X) 
0 AY 
provided with the norm 


Illex xedear = itt Allllong 
(X1.X2) 6g fae u(s) V6.4 


A basic result in this context is that these two constructions give the same spaces 
(*the equivalence theorem”) (cf. [12]) 


(X1, X2)o.q = (X1, X2)o.g:. 
where the constants of norm equivalence depend only on @ and q. 

In practice the J-method is harder to compute, but nevertheless plays an 
important theoretical role. In particular, the following interpolation property holds 
for the J-method. If X is a Banach space intermediate between X; and X2, in the 
sense that A(X) CxcCyd (X), then an inequality of the form 


liflly < Wfllx,” If ll, for some fixed 6 € (0, 1), and forall f € A(X), (27) 
is equivalent to 


IF lx < WW lloxxo)o1, > for all f € (X1, X2)ea;7- (28) 


One way to see this equivalence is to observe that (cf. [9]) 


Lemma 1. Let 6 € (0,1). Then, for all f € X, NX, 
Ills” WF, = ime E FX, Xo}. (29) 
The preceding discussion shows that, in particular, 


1—6 6 
ll oxr.x)o49 < If llx, ” Ilfllx, .9 < @ <1, forf ¢X,M Xo. 


20With the usual modification when g = 00. 
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More generally (cf. [44, 70]) we have7!: for all fEX NX, 


—1/q' —8 1 61/4 
Ifllxix)o,) <(A- 90)" Illa” fll, 0 <@<1,1<¢<00, (30) 
where ; + 7 =, 
Likewise, for the complex method of interpolation of Calderén, [.,.]g, we have 
(cf. [14]), 
—6 p18 
I llixv xo < fll,” Wfllk, 0 < @ <1, forf X11 Xs. 


For the “K” method we also have the following result implicit?” in [44], which we 
prove for sake of completeness. 


Lemma 2. 


[1 — 9)64]'" Fllocxedog < Wille’ UIfllx, £€%1N%,0<A<1. (31) 


Proof. Let f € X;  X2. Using decompositions of the form f = f + 0, orf = 0+f, 
we readily see that 


K(f, t;X1,X2) < ming |[fllx,. tllfllx.}- 


Therefore, 


Soa dt\'/4 
[Aln.xoe, = (fo EPR Gx XPS) 
Wy /Wlxs do f® 7 ay 
[ fll + | litle 
0 t Iifllx, /Ilf lx. t 
= [iris (tain + _ + Ig (its . 
72% | li (1—-6)q “UNM Fly. 0q 


= wise, (—— + Ly" 
= Wile (aay t ae) 
= [1 —0)0gr UF PFS, 


IA 


For more results related to this section we refer to [44, 70] and [49]. 


2! Here and in what follows we use the convention oo° = 1. 
See also [26]. 
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Self Improving Properties of BMO and Interpolation 


The purpose of this section is to provide a new proof of (2) using interpolation tools. 
One the first results obtained concerning interpolation properties of BMO is the 
following (cf. [9, 32] and the references therein) 


[L', BMO], = L‘, with ae (32) 
, oo i=@ © 


In particular, it follows that 
L'N BMO CL’. 
Therefore, if we work on a cube Qo, we have 


L'(Qo) N BMO(Qo) = BMO(Qp) C L4(Qo). 


In other words, the following self-improvement holds: 
f € BMO(Q) > f € { \L"(Qo). 


qz1 


While it is not true that f € BMO(Qo) => f € L™(Qo), we can quantify precisely 
the deterioration of the L4 norms of a function in BMO(Qp) to be able to conclude 
by extrapolation that 


f € BMO(Qo) > f € eh, (33) 


Let us go over the details. First, consider the following inequality attributed to Chen— 
Zhu [19]: 


Lemma 3. Let f € BMO(Qp), and let 1 < p < oo. Then, there exists an absolute 
constant that depends only on n and p, such that for all q > p, 


Illes < Cog WFP UF en? - (34) 


The point of the result, of course, is the precise dependency of the constants in 
terms of q. Before going to the proof let us show how (33) follows from (34). 


Proof (of (33)). From (34), applied to the case p = 1, we find that, for all g > 1, 


1 1-1 
Illes < Coa WFINY.! Ufllame” 


< Cig |lf llamo - 
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Hence, using, for example, the “A” method of extrapolation?’ of [44], we get 


llflla 
q 


Ill g(t) = sup © (lee S en if llamo - 
q q>l 


We now give a proof of Lemma 3 using interpolation. 


Proof. It will be convenient for us to work on R” (the same results hold for cubes: 
See more details in Remark | below). We start by considering the case p = 1, the 

general case will follow by a re-scaling argument, which we provide below. 
The first step is to make explicit the way we obtain the real interpolation spaces 
between L! and BMO. It is well known (cf. [9, 10], and the references therein) that 
(L', BMO)\-1/qq = L',q > 1. (35) 


Here the equality of the norms of the indicated spaces is within constants of 
equivalence that depend only on g and n. In particular, we have 


flan < c(g.n) Il u!.BM0)1 1/44 : 
The program now is to give a precise estimate of c(g,n) in terms of g, and then 
apply Lemma 2. We shall work with BMO provided by the seminorm |-|giyo (cf. (24) 
above). 
The following result was proved in [10, Theorem 6.1]: 


K(t,f, L'(R"), BMO(R")) © tf** (0), (36) 


with absolute constants of equivalence, and where f* denotes the sharp maximal 
operator” (cf. [9, 32, 83]) 


1 1 
#0) = fils) = 90 [ 0) ~foldy. and fo = = 7 FO)dy. 


Let f €¢ L'M BMO, q > 1, and define 6 by the equation = = q. Combining (36) 
and (31), we have, with absolute constants that do not depend on gq, 0, orf, 


(oe) - rm dt 1/q 
(aeyag) | Fb ne oy Sh [1-0)8 a) Uflas canoer 


1 1-1 
< Wee! lt ligand: 


3For more recent developments in extrapolation theory cf. [4]. 
For computations of related K-functionals and further references cf. [2, 42]. 
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Thus, 


7 4 q 1/ 1-1/ 
Pf stotah <2 yn iad! Gn 
Now, we recall that by [11], as complemented in [85, (3.8), p. 228], we have 


f"O-F Os F"O,.t> 0. (38) 
Combining (38) with (37), yields 
= ve q \1 1/ 1-1/ 
if or@-rovat (SL yenritit lad! (9) 
Observe that, since [#f**(t)]/ = Coe (s)ds)’ = f*(t), we have 
[= * _ f (t) —! (t) 


Moreover, since f € L!, then f**(oo) = 0, and it follows from the fundamental 
theorem of calculus that we can write 


es d 
mos f ro-ros. 
Consequently, by Hardy’s inequality, 
oe) 1/q ro) 1/q 
if sroral <a} [ yro-rerat 
0 0 


Inserting this information in (39) we arrive at 


00 1/q 
[ prota Sc) Wa (40) 
; 


We now estimate the left-hand side of (40) from below. By the sharp reverse Hardy 
inequality for decreasing functions (cf. [80], [69, Lemma 2.1], see also [88]) we can 


write 
oe) 1/q 
fl, = / Frcpvath 


= oo 1/ 
< (Aye | f*cavarh . (41) 
q 0 
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Combining the last inequality with (40) we obtain 


oo 1/q 
fl, = / preorath 


tty ei q " 
<(—) 7 P(t 


=| oo 
< yD yea) [eof ora 
q q 0 


1/q 


1 1-1 
< elif lz!" Ufllane”. 


as we wanted to show. 
Let us now consider the case p > 1. Let g > p. By Holmstedt’s reiteration 
theorem (cf. [12, 38]) we have 
(L’, BMO)\-p/q,q = ((L' , BMO)\-1/pp; BMO) \—p/qsq ; 


and, moreover, with absolute constants that depend only on p, 


yP 1/p P 1/p 
i oh gtoy S| = | [ rosra 7 
0 5 0 


By Lemma 2 it follows that, with constants independent of g,f, we have 


K(t,f; L’?, BMO) ~ 


1/q 


86 p 1/p i 
—=(j— * 
| [ P/4) i f** (s)Pds leg x INF (x ("), BMO(R")) 1p /acg 


— = 1-— 
xp '/4{q—-p] Vag AFP UF llev 
Now, 


1/q 


ae p q/P - 

i [r-CP/9a | f'* (s)Pds = 

0 0 t 
p q/p 

[cevione | ES [ reste dt 

0 P Jo t 


1/q 
[ . Lf a q/P e 
; ? Ih s)Pds ; 


1/q 


II 
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I/q 
1\!/4 os) 1 se a/P g 
= (<) if wef Fcoras| as 
Pp 0 u Jo u 
1\1/4 oo( 4 su ap) P/4 
= (<) | ef Fras du 
Pp 0 Uu Jo 
rif 4 74° p00 1/4 
=()" [ada] Urol” 
P q/p—\ 0 


where in the last step we have used the reverse sharp Hardy inequality 
(cf. [69, Lemma 2.1]). Consequently, 


1/p 


o M4 vg (ae-1]* Val 14) ¢1—P/ 

= _ D —p/q 

tf Ftd <p] ee pg — py /4q'4 UF eh" If llamo 
0 


1— 
~ WFNS Us laa 


Hence, by the analysis we already did for the case p = 1, we see that 


os) 1/q q—-1 i 5/ \-p/ 
/ Foner} < gurus last 


_ 
< glee Wfllnt 
as we wished to show. oO 


Remark 1. If we work on a cube Qo, the replacement of (38) is (cf. [9]) 


f"O-FO s f*(,0 < t <|Qol /3. 
In this situation, we have BMO(Qo) C L'(Qo), and we readily see that 
1/q 
{fool [ete vagt nye is an equivalent seminorm for (L'(Qo),BMO 
(Qo))1—1/¢,q- The rest of the proof now follows mutatis mutandis. 


Remark 2. For related Hardy inequalities for one-dimensional oscillation operators 
of the form f(t) = t Jo f(s)ds — f(t), cf. [76] and [54]. 


The Rearrangement Invariant Hull of BMO and Gagliardo 
Coordinate Spaces 


In this section we introduce the “Gagliardo coordinate spaces” (cf. [38, 43, 60]) and 
we use them to extend (2) to the setting of real interpolation. 
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Let 6 € [0,1],q € (0, co]. Following the discussion given in the Introduction, 
we define the “Gagliardo coordinate spaces” as follows” 


(X1,X2)5), = rex + Xo: [fllox, m= oo} 


where 


K(t,f;X1,X ; we) 
Mex xy = f ( [ee - K'(t,f; x1.X9)]) aye , 


and 


2 
KI = [EX +X Mea ray <ort 


[o.) ata dt 1/q 
Ilse, =| tw eric xe 


and we compare them to the classical Lions—Peetre spaces (X1, X2)9,¢- 
The Gagliardo coordinate spaces in principle are not linear, and the correspond- 


ing functionals, |[/|| (%.%) ,i = 1,2, are not norms. However, it turns out that, 
Xn)oy 


when 0 € (0, 1),q € (0, co], we have, with *norm* equivalence (cf. [38, 43]), 
(Xi, Xa)g) = (X1,Xa)go, = (Xi. X2)0.9- (42) 


More precisely, the “norm” equivalence depends only on @ and q. On the other hand, 
at the endpoints, 9 = 0 or 6 = 1, the resulting spaces can be very different. 


Example 1. Let (X,,X2) = (L', L©). Then, if 9 = 1,q = 00, we have 
All oxy xy, = IIF Il z(c0,00) » (43) 
while 
Ulla sanico = Wl aye, = Wa 
For? = 1,q<o, 


Wllae.ay = Wilco 


25Think in terms of a Gagliardo diagram, see, for example, [12, p. 39], [43, 46]. 
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On the other hand, 


Res Beye srr? tes 
lnm =| f Pott sl froth =the: 


and 
WPM x, x2) <oof=0. 
For 6 =0,q=o0, 

II llx.x2)0.00 = nue f*(t) = Wha. 

while 
Allo xy, = es f*() = WF llic.ec) - 

Moreover, 

lle xa, = SUPA — FO) 


= sup Ap(s)ds. 


re) 
Therefore, if f* (oo) = 0, then 
oo 
Wx. = ff eds 
= Ilflla - 


Also, if f** (co) = 0, 
a d 
View = { Fto-relt 


ag d 
= iim [ rr@-rol? 
MmO-LO) 


d 
= lim (/**(7) —f**(00)) (since =(—f"*() = —— 


= flac - 


251 
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Theorem 1. Let 0 € [0,1), and let 1 < q < oo. Then, there exists an absolute 
constant c such that 


1-0 = a 
Illy Sea (1+ [0 )a)/1) (0 ar* Ufllx” Wllgn44) 
In particular, if (1 — 6)q = 1, 
Wllg Scalix,” Willa (45) 


Before going to the proof let us argue why such a result could be termed a 
generalized John-Nirenberg inequality. Indeed, let Q be a cube in R”, and consider 
the pair X = (L'(Q), L©(Q)). As we have seen [cf. (43)] 


UFlg, = Wlesc0.00) 


By definition, if f € L(oo,00)(Q), then f € L'(Q). We now show that, moreover, 
II llc: < [Ql Il llz(co,00) - Indeed, for all t > 0 we have (cf. [1, Theorem 2.1 (ii)]) 


i lf(x)| dx < i Ay(r)dr + tAp(t) 
{ifl>o -(t)) 


S*Ag(t 
= AOL ALO) — fF AP(O)] + APO 
< Ag(d) (lf llz(eo,00) + #) 
< |O| (lf Ilz(o0,00) + 4) 5 (46) 


where in the second step we have used the formula (do a graph!) 
io, 
sf") =F) = [Ayu 
f*(s) 


Let t — 0 in (46) then, by Fatou’s Lemma, we see that 


[LF llzr < 1QI IF llz(c0,00) « (47) 


Now, let 6 € (0,1), and 5 = 1 — 6. Then, 
oo dt 1/q 
Uflae = | fo orton’ engi! tye} 
0.4 0 


oo dt) '/4 
=| [mr oy 


= Illa: 
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Therefore, by (45) and (47), 
1 1/q 
Willer < ca WA WA e.00) 


S ¢q|Q| Ii lli(co,00) 


< cq IF linicess.eoay 


Consequently, 


sc IF ll z(c0,00) « 


lf lloa 
fll © IF cet = sup —— < 
4 q 4 


Proof (of Theorem (1)). Let us write 


ee ig = du\'/4 
isa ( [wrt ws: iy) 
0.9 0 du u 


t d . d 1/q fore d ~ d 1/q 
— (/ (ult KS iy) + (/ (ul? £ KU f:ky) 
= (1) + (IN. 


We estimate these two terms as follows: 


1/ 
o=( [ (SK (uf) «) ‘ 


: Fy 1/q . 
< (/ uo RED ye) ide key So 
° du 7 


u 


aN = 2 
On the other hand, since (Sue) = Kf Xue K us 9) , we have that, for0 < u <t, 
) 
u 


u r r 


u t 


Kf) _ KAX) (- K(f:X) 


t 


K(t,f;X) 4 (log “) sup (ef — K'(r,f; ») 
i u J 


rst 


K xX 
< OE tog ig. 
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Therefore, by the triangle inequality, 


(1) 


A 


II 


os I/q 
( [outro SRE 4 top * Irigy “) 


K(t,f:X) 


; du Bees t\¢ du\\/4 
: ([« (1-6)q ote + lifll ga (/ ya (log ~) *) 
t 0 u 1,00 0 u u 


K(t,f:X) 1-9 du 
[aca * Willie, ([« (ioe) oe 


(a) + (0). 


For the term (a) we have 


re 
OS oar 


—6 


ee 
[Ce 2yal'4 


lim. K(t,f; X) (since K(-,f; x) increases) 


Ilfllx, - 


To deal with (b) we use the asymptotics of the gamma function as follows: let s = 
log £, then u = te, du = —te~‘ds, du = —ds,u0-%4 = ¢0-%4e-s'-9)4 and we 


have 


(b) 


~ [A= [a — Aql'4 
Pll 1 
= (dq (A — Aq" 


t 1/q 
fllew [trons 
X1 60 0 Uu 
0° 1/q 
If llew p-? (/ eat-Mstas) 
Xi 00 
’ 0 


oo q d 1/q 
Alga a (/ a . ) , (let tT = s(1 — 8)q) 


1,00 


lg 1 


[1 — @)q}¢ [1 — @)q] 


H-§ r(¢+ 1)" 


pi? 


qd. 


Combining inequalities for (a) and (b) we have 


1-8 Allg, 1 


Os Gragg lx + @oHg aoa 


#4 


—60 
t! q. 
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We now estimate (//) : 


oo) —1 1/q 
ay =( / yay (Sewn) («Kw.%) ) 


A 
td 
Va 
Mg 
pode 
Se. 
ahs 
——~ 
~ 
Fai 
= 
Th 
S 
— 
we Y, 
Is 
sfi 
— 
—_—_ 
ee 
8 
=| 
<= 
A 
pan 
= 
ch 
>< 
Neate 
Q 
<= 
eer, 
= 
o& 


The factors on the right-hand side can be estimated as follows: 
; = = \1/q 
(d) = (lim KW. f:%) — K(.f:%)) 
ur>Oo 
: =. \!/4 
< (lim K(w.f:X)) 
uF> CO 
1 
= Wil’ 


Also, since K(.,f; X) is concave, £K(u,f; X) < Ku tiX consequently, 


(=#@)q—-1 _ qo 


(0) = Illy, /?suptu "7 } 


1-1 a) 
< Illy,“ {supu*} 
u>t 
1-1/q .-6 
= Wl 0. 


Thus, 


1 1-1 —6 
(HD) < Wl, Uf lly, 4 
= IIflly, 0°. 


Combining the estimates for (J) and (//) yields 


1+[(-4)ql'/4\ I | 1-6 
Iho s (ee) t If llx, cu [(d—4)q] ia— agua” len 


a ae _ ase =f 
< ra alia 1( +[d —4)q]! 3) * iifllx, + A Ilhzo_ 


ae 
[d — @)q] 


255 


(48) 
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We balance the terms on the right-hand side by choosing t such that 


1 
(1+ [G — )a]'/4) 7 Ilfllx, = dood lhe 


whence, 


llfllx, 


r= (1+ [0-4 (0 — Oa) 
X00 


Inserting this value of t in (48) we find 


1 _ 
[a-aqa (1+ = A)gl/) (= Aad? Ml” UA Ga 


1 -6 = = 
<4 (ag) (1 + = a)" = Ba" WE 


=(1) 3 
XI 00 


Ifllze <¢g 


as we wished to show oO 


Remark 3. As an easy application of (45), we note that, if X. C X 1, we can write 


=sup(1—4)|Ifllseo  <cllfllew . 
Wl (aoe ,) = PO - 8 We, Sela, 
‘1-6 


‘I-60 


We believe that similar arguments would lead to computations with the A, method 
of extrapolation (cf. [44, 48]) but this lies outside the scope of this paper so we leave 
the issue for another occasion. 


Recent Uses of the Oscillation Operator and L(oo, q) 
Spaces in Analysis 


We present several different applications connected with the material developed in 
this note. The material is nothing but a sample of results. The results presented are 
either new or they provide a new treatment to known results.”° This section differs 
from previous ones in that we proceed formally and, whenever possible, we refer 
the reader to the literature for background material and complete details. Further 
development of materials in this section will appear elsewhere, e.g., in [29, 72, 73]. 


6See also [82], Lesson #3. 
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On Some Inequalities for Classical Operators 
by Bennett-DeVore—Sharpley and Bagby and Kurtz 


In this section we show how the methods developed in this paper can be applied 
to give a new approach to results on singular integrals and maximal operators that 
appeared first in [5, 11], and [56] (cf. also the references therein). 

Let 7 and U be operators acting in a sufficiently large class of testing functions, 
say the space S of Schwartz testing functions on R”. Furthermore, suppose that there 
exists C > 0, such that for all f € S, the following pointwise inequality holds: 


(Tf)* (x) < CUf(x). 
Then, taking rearrangements we have 
(7f)** (1) < C(Uf)* (0,1 > 0. 


Therefore, 


on) 1/p roe) 1/p 
[ (Tf)"* ora =C | cpr orat . 
0 0 


Now, by (38) above, and the analysis that follows it, we see that 


oo 1/p _ 1/p oo 1/p 
{fan ora” = (2) “oc} [wnroral © 
0 Pp 0 


[oe] 1/p 
<r} [unr orat} 
0 
In other words, 


Zl, < <P UF,» (49) 


and we recover the main result of [56]. 

We should also point out that the method of proof can be also implemented to 
deal with the corresponding more general inequalities for doubling measures on R” 
(cf. [21, 56], and the references therein). 


Remark 4. It may be appropriate to mention that once one knows (49) then one 
could use the extrapolation theory of [44] to show (cf. [56, Lemma 5]) that there 
exist absolute constants C, y > 0, such that, 


ca x, ds 
(Uf) (s)—, for all f € S. (50) 


t 


mrosc f 
¥ 
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Good-Lambda Inequalities 


These inequalities apparently originate in the celebrated work of Burkholder-Gundy 
[17] (cf. also [16]) on extrapolation of martingale inequalities. They have been used 
since then to great effect in probability, and also in classical harmonic analysis, 
probably beginning with [18] and Coifman—Fefferman [21]. Inequalities on the 
oscillation operator f** — f* are closely connected with good-lambda inequalities. 
This connection was pointed out long ago by Neveu [77], Herz [36], Bagby and 
Kurtz (cf. [5, 56]), among others. In this section we formalize some of their ideas. 

To fix matters, let 44 be a measure on R”, and let T and H be operators acting 
on a sufficiently rich class of functions. A prototypical good-lambda inequality has 
the following form: for all A > 0,¢ > 0, there exists c(e) > 0, with c(e) > 0, as 
€ — 0, such that 


LA|TS| > 2A, |Hf| < eA} < c(e)mt|Tf| > A}. (51) 


The idea here is that if the behavior of H is known on r.i. spaces, say on L’ spaces, 
then we can also control the behavior of T. Indeed, the distribution function of Tf 
can be controlled by the following elementary argument: 


MATS] > 2A} S mAITP > 2A, |Hfl S ed} + wAITP] > 2A, |Hf| > eA} 
S c(e)mt|Tf] > At + MAlAfl > eA}. 


Then, since 
[o.e) 
Urls =p f Vl wllfl > Ada, 


we readily see that we can estimate the norm of || 7f Ilr in terms of the norm of ||Hf Il; 
by means of making ¢ sufficiently small in order to be able to collect the two || Tf II; 
terms on the left-hand side of the inequality. 

In [56], the author shows the following stronger good-lambda inequality for f* : 
There exists B > 0, such that for all ¢ > 0,4 > 0, and all locally integrable f, we 
have 


wilfl > BFE + A} < en{lfl > A. 
This inequality is used to show the following oscillation inequality (cf. [56, p. 270]): 
oK oK *K t 
FO -F 20 < CF G).t > 0, 


where C is an absolute constant. 
More generally, the argument in [56] can be formalized as follows: 


Oscillations: Self-Improvement 259 


Theorem 2. Suppose that T and H are operators acting on the Schwartz class S, 
such that, moreover, for all ¢ > 0, there exists B > 0, such that for all 4 > 0, 


HA\TS| > B\Hf| + A} < eut|Tf| > A}. (52) 
Then, there exists a constant C > 0 such that for allt > 0, and for allf € S, 
(Tf)* () = (Ef)* 22) = CHA)" ). (53) 


Proof. Let e = 4, and fix B := B(+) such that (52) holds for all A > 0. Let f € S, 
and select A = (Tf)* (2t). Then, 


1 
MITA > BIAF| + (1/)* (20) = ZatITYl > (ON 2D} = 5. 


By definition we have, 
ue t 
mlHfl > (H)* (5) S 5- 


Consider the set A = {|7f| > B(Hf)*(5) + (Zf)* (2t)}. Then, it is easy to see, by 
contradiction, that 


AC {7f| > BIAf| + (Zf)* 29} MAP| > (A)* (¢/2)}. 


Consequently, 


t t 
A)<—+-. 
HAS Sts 


Now, since 
(Tf)* (t) = inf{s : w{|Tf| > 5} < 8, 
it follows that 


(I/)* () = BEIP)*(5) + (T/)* (20. 


as we wished to show. oO 


Remark 5. It is easy to compare the oscillation operators (Tf)* (t) — (Tf)* (21) and 
(Tf)** (t) — (Tf)* (t). For example, it is shown in [7, Theorem 4.1, p. 1223] that 


(Tf)" 6) — Tf)" © = 2(H)" O- GA"), 
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and 
2k * 1 : « /5 * 
(an © - ap" 0) = + | (ap G)- an" @) a 
+ (If) G) = TP)" 0. (54) 


Combining Theorem 2 and the previous remark we have the following: 


Theorem 3. Suppose that T and H satisfy the strong good-lambda inequality (52). 
Then, 


(IN* @ — Gy") = BEND. 


Proof. The desired result follows combining (53) with (54). oO 


Remark 6. It is easy to convince oneself that the good-lambda inequalities of the 
form (52) are, in fact, stronger than the usual good-lambda inequalities, e.g., of the 
form (51) (cf. [56]). 


Remark 7. Clearly there are many nice results lurking in the background of this 
section. For example, a topic that comes to mind is to explore the use of good- 
lambda inequalities in the interpolation theory of operator ideals and its applications 
(cf. [20, 66], and the references therein). On the classical analysis side it would be 
of interest to explore the connections of the interpolation methods with the maximal 
inequalities due to Muckenhoupt—Wheeden and Hedberg—Wolff (cf. [3, 40], and the 
references therein). 


Extrapolation of Inequalities: Burkholder-Gundy-—Herz Meet 
Calder6n—Maz’ya and Cwikel et al. 


The leitmotif of [17] is the extrapolation of inequalities for the classical operators 
acting on martingales (e.g., martingale transforms, maximal operators, square 
functions). There are two main ingredients to the method. First, the authors, 
modeling on the classical operators acting on martingales, single out properties 
that the operators under consideration will be required to satisfy. Then they usually 
assume that an L’ or weak type L’ estimate holds, and from this information they 
deduce a full family of L? or even Orlicz inequalities. The main technical step of the 
extrapolation procedure consists of using the assumptions we have just described in 
order to prove suitable good-lambda inequalities. The method is thus different from 
the usual interpolation theory, which works for all operators that satisfy a pair of 
given estimates. 

In [29] we have shown how to formulate some of the assumptions of [17] in 
terms of optimal decompositions to compute K-functionals. Then, assuming that the 
operators to be extrapolated act on interpolation spaces, one can extract oscillation 
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inequalities using interpolation theory. In particular, the developments in [29] allow 
the extrapolation of operators that do not necessarily act on martingales, but also on 
function spaces, e.g., gradients, square functions, Littlewood—Paley functions, etc. 
The basic technique involved to achieve the extrapolation is to use the assumptions 
to prove an oscillation rearrangement inequality.”’ 

Unfortunately, [29] is still unpublished, although some of the results have been 
discussed elsewhere (cf. [63]) or will appear soon (cf. [72]). In keeping with the 
theme of this note, in this section I want to present some more details on how one can 
extrapolate Sobolev inequalities and encode the information using the oscillation 
operator f** — f*. 

Let us take as a starting point the weak type Gagliardo—Nirenberg—Sobolev 
inequality in R” (cf. [58]): 


IF llcen’.coy = MWe), 2°°")) moo S Cn IVF lls Ff € Lipo(R"). (55) 


Let f € Lipo(R”), and assume without loss that f is positive. Let f > 0, then an 
optimal decomposition for the computation of 


K(f) = KOS LUR) LR) = [f(s 


is given by 
f=fro + (f — fr), (56) 
where 
" — JfO-FO #€f"O <f@) 
frut= {4 iff) < f*00) ou 


By direct computation we have 


K(f) < | 


fol +t fol po 


=([ roa-ro) +00 


= [ f*(s)ds. 


On the other hand, if f = fo + fi, with fo € Lf, € L®, then 


[reas [gious [ reas 
< [lle +t Ufillzeo 


27Herz [37] also developed a different technique to extrapolate oscillation rearrangement inequali- 
ties for martingale operators. 
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Therefore, 


Kf) = [fol +f —folln- 


Also note that, confirming (18) and (19) above, by direct computation we have 


froln = [ Poa - 20 
=1("() -f"0), 
lf —Fro lo =f 0. 


The commutation of the gradient with truncations”* implies 


Viole sf 


|Vf| dx. 
a} 


>f*( 


Therefore 


t 
IVicola =f Isl ds 
We apply the inequality (55) to f+). We find 


UO | (L1(R"),L©(R")) 1 /n,00 Sen | Vireo ls 
t 
Soy f (Vfl (as 
0 


We estimate the left-hand side 


—1 
freo| (L'(R"),L°°(R))1 noo — SUP S "K(s, fp) 


s>0 


II 


sup s~'/"K(s,f — (f — fren) 


s>0 


IV 


t'"K(,f —(¢ —fro)) 
t'/"{K(t,f) — K(f —fprw)}- 


IV 


where the last inequality follows by the triangle inequality, since K(t,-) is a norm. 
Now, 


Ki. =f", 


8 (cf. [6, 34, 65, 67]). 
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and 


K(t,f —fyxw) < t | fre =f | ps 
= tf*(t). 
Thus, 


Combining estimates we find 


=] 
Fr oll cree ,22°@) noo 2” (FO — 0). 


(@- FO)" Soy [IWF as, 
0 
which can be written as 
f™(O—fO < cnt!" |VFI 0. (58) 


This inequality had been essentially obtained by Kolyada [50] and is equivalent 
(cf. [65]) to earlier inequalities by Talenti [86] but its role in the study of limiting 
Sobolev inequalities, and the introduction of the L(co, g) spaces, was only pointed 
out in [7]. In [65] it was shown that (58) is equivalent to the isoperimetric inequality. 
More generally, Martin-Milman extended (58) to Gaussian measures [62], and 
later’? (cf. [64]) to metric measure spaces, where the inequality takes the following 
form: 


aK * t OK 
i ay O <7 IV (1), (59) 


where J is the isoperimetric profile associated with the underlying geometry. In fact 
they show the equivalence of (59) with the corresponding isoperimetric inequality 
(for a recent survey cf. [64]). 

One can prove the Gaussian Sobolev version of (59) using the same extrapolation 
procedure as above, but taking as a starting point Ledoux’s inequality [57] as 
a replacement of the Gagliardo—Nirenberg inequality (cf. [63]). Further recent 
extensions of the Martin—Milman inequality on Gaussian measure can be found 
in [89]. 

Let us now show another Sobolev rearrangement inequality for oscillations, 
apparently first recorded in [65]. We now take as our starting inequality for the 
extrapolation procedure the sharp form of the Gagliardo—Nirenberg inequality, 
which can be formulated as 


lew ay = IVICA (aa eed < cen ||Vf ll .f € Lipo(R"). 


?°See also [47] for a maximal function approach to oscillation inequalities for the gradient. 
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We apply the inequality to fy«(). The right-hand side we have already estimated, 


t 
* 
Via) L e24@,220(8) ym = an | IVT 4s)as: 


Now, 


ad —1/n ds 
fll cigey.12°0)n1 = ‘ 5 K(s. fpr) 
' —1/n ds 
= fo "Ks.f - ff) = 
0 
a a ds 
= fo UNK6.N Koff S 
0 
; —I1/n 3K ds 
=f MPO KOF feos. 


0 


Note that since f* decreases, for s < t, we have 


K(s,f —f) < 8 |[f —fo| p00 


= sf*(0) 
< sf*(s). 
Therefore, 
. —I1/n ok ok ok ds 
IUMICAN aa XO) OP ap s'/"{sf**(s) — sf ()}— 
‘ —l/ny¢** ok ds 
= f simpy pont. 
0 S 
Consequently, 


t d. J 
[ si Wager" (5) — FS < cy [ VAI" (s)ds, 
0 Ss 0 


an inequality first shown in [65]. 


Bilinear Interpolation 


In this section we show an extension of (22) to a class of bilinear operators that 
have a product or convolution like structure. These operators were first introduced 
by O’Neil (cf. [12, Exercise 5, p. 76]). 
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Let A, B, C , be Banach pairs, and let IT be a bilinear bounded operator such that 


Ao X By > Co 
II: Ag X By} > C) . 
Ai X By > Ci 


For example, the choice Ag = By = Co = L™®, and Ay = By = Cy = L, 
corresponds to a regular product operator I]i(f, g) = fg, while the choice Ap = 
Bo = C; = L', and A; = By = GC = LX, corresponds to a convolution operator 
Tl(f, g) = f * g on R", say. The main boundedness result is given by (cf. [12, 
Exercise 5, p. 76]): 


ING, dle, < Ila, ,,, Ulli... (60) 


where 6,6; € (0,1),0 = 6, + 0,g;,r € [l,co],i=1,2,and'< 144 


r— qr ' gar 
Example 2. To illustrate the ideas, make it easy to compare results, and to avoid 
the tax of lengthy computations with indices, we shall only model an extension 
of (22) for II;. Let us thus take A = B = C = (Ao, Aj), and let X = (Xp, Xi) = 
(A, Ao). Further, in order to be able to use the quadratic form argument outlined in 
the Introduction, we choose g; = q2 = 2,r = p, ® = & = Z. Then, from (60) 
we get 


IMG Dl. = Uli, 9, lalla, 9, 61) 


22 


Since (1 — $)( —60)+ 51 =1- g we can use the reiteration theorem to write 
Kesiys = (X1-0.p- Xi) 4 9p» 
and find that 
IT, Bi op = WG o5104 9, Mlnopatdg (62) 
By the equivalence theorem” (cf. (42) above), 


y Yy (2) 
(X1-6p,X1)1 a) = (Xi-op, XI), 


30Tn this example we are not interested on the precise dependence of the constants of equivalence. 
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Therefore, 
IMG. Dlix_,, = Napa), Isle _o xy 
3 2p 3 2p 


1/2 1/2 1/2 1/2 
<e? A w dele? etl ” 
Xap (X1—-0p-X1 loo X1—6p (%1-07:X1)} 60 


where in the last step we have used (45) applied to the pair (4s). Conse- 
quently, by the quadratic formula, we finally obtain 


‘2 ~< * 7 . is 
IMG... SW ., Hell, , xy, + Ulex? lel, 


Remark 8. The method above uses one of the more powerful tools of the real 
method: the re-scaling of inequalities. However, in this case there is substantial 


difficulty for the implementation of the result since techniques for the actual 
() 


are not well developed at present time.”! 
oe) 


computation of the space (Xo, x) 
Therefore we avoid the use of (62) and instead prove directly that if? 6 = ol we 


have 


oh 


. Z 1/2 1/2 
Ile, 9, SU? Wg (63) 


(1) 
X1 60 


This given, applying (63) to both terms on the right-hand side of (61) and then using 
the quadratic form argument we find 


ITL(f. Dlhz,_,, <li, ., Isle, + llally,_., lfllze, (64) 
In the particular case of product operators and L’ spaces, 1 < p < oo, (64) reads 


[fll X [lA lle» Isllz(c0.00) + Ils lax IWF llz(c0.00) » 


which should be compared with (22) recalling that 


IF lle(co,c0) = € MWh llamo - 


3'It is an interesting open problem to modify Holmstedt’s method to be able to keep track, in a 
nearly optimal way, both coordinates in the Gagliardo diagram, when doing reiteration. For more 
on the computation of Gagliardo coordinate spaces see the forthcoming [74]. 

3?To simplify the computations we model the L’ case here. Another simplification is that in this 
argument we don’t need to be fuzzy about constants. 
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Proof (of (63)). To simplify the notation we let K(t,f; X) = K(t). Then, 


oo __ax\2 ds 1/2p 
Ile = {f (koehy” St 
1— 5 2p 0 AY 


= tf (Kis-e-D)" | 1/2p . { /* (Keyed) | 1/2p 
= (1) + (2). 


We proceed to estimate each of these two terms starting with (2) : 


7 1/2p 
Q) = a (K(s)s-9-9)? sO 5-0- $7 (Kis =| 
t S 


() a Ve me Pp ds ‘ep 
< fsupstt-msrt— (Ks)| ff (K(s)s-"-) = 
sat t 


S 
K 1/2 
og 


X1—6p 


IA 


1/2 
lf lle! 


X1-6p 


= {£ar" 


t 


= W292 CK (py OO? py? 
Xi-6.p 


—1 
<P Urls 


Moreover, 


1/2p 
_ : K(s) —(1-$)+1 if ds 
w= i (“ ) . 
Z [(e-2| repu) "a aan [ ie 1/2p 
~ 0) RY t S 0 t 5 


= (a) + (b). 


The term (b) is readily estimated: 


t 1/2p 
oy = ROL int” 
t 0 


AY 


_*K (t) AYE 
t 
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= KROHjrO Of Op 
—1/2, 
< Wily," 


Next we use the familiar estimate 


K(s) K(t)] __ ["[ K(s) ; ds 
[AO - AO} = [FO xo] 4 


ft 
< Iifllz, . los - 


; 
S 


to see that 


t t\ 2 ds)" 
@ <Ifts,.. | fs (lee) 3 


1/2p 
x t 3 
= If llgo, 
Collecting estimates, we have 
% —1/p2 = . 1/2p 
Ile, sr Mill, + Ufllgen 0°. 
Balancing the two terms on the right-hand side we find 


1/2 1/2 
i ~< 5 : 
Wl, 4, SU? 


ZU) 
XI 60 
as we wished to show. oO 


Remark 9. It would be of interest to implement a similar model analysis for 
Il,(f,g) = f * g. We claim that it is easy, however, we must leave the task to 
the interested reader. 


Remark 10. The results of this section are obviously connected with Leibniz rules 
in function spaces. This brings to mind the celebrated commutator theorem of 
Coifman—Rochberg—Weiss [22] which states that if T is a Calderén—Zygmund 
operator (cf. [83]), and b is a BMO function, then [7, b]f = bTf — T(bf), defines a 
bounded linear operator** 


[T, b] : L?(R") > L?(R"),1 <p <o. 


The result has been extended in many different directions. In particular, an abstract 
theory of interpolation of commutators has evolved from it (cf. [28, 81], for recent 


33In fact, the boundedness of [T, b] for all CZ operators implies that b € BMO (cf. [41]) 
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surveys). In this theory a crucial role is played by a class of operators Q such 
that, for bounded operators T on a given interpolation scale, the commutator [T, Q] 
is also bounded. The operators Q often satisfy some of the functional equations 
associated with derivation operators. At present time we know very little about 
how this connection comes about or how to exploit it in concrete applications 
(cf. [30, 51]). More in keeping with the topic of this paper, and in view of many 
possible interesting applications, it would be also of interest to study oscillation 
inequalities for commutators [T, Q] in the context of interpolation theory. In this 
connection we should mention that in [61], the authors formulate a generalized 
version of the Coifman—Rochberg—Weiss commutator theorem, valid in the context 
of real interpolation, where in a suitable fashion the function space W, introduced 
in [76], plays the role of BMO : 


W = {f €L;,,(0,0): sup + [ fos —f(t)| < co}. 


Obviously, f € L(co, 00) iff f* € W. 


A Brief Personal Note on Cora Sadosky 


I still remember well the day (circa March 1977) that I met Mischa Cotlar and Cora 
Sadosky at Mischa’s apartment in Caracas (cf. [71]). I was coming from Sydney, 
en route to take my new job as a Visiting Professor at Universidad de Los Andes, 
in Merida. And while, of course, I had heard a lot about them, I did not know 
them personally. Mischa and I had exchanged some correspondence (no e-mail 
those days!). I had planned to come to spend an afternoon with the Cotlars, taking 
advantage of a 24-h stopover while en route to Merida, a colonial city in the Andes 
region of Venezuela. As it turns out, my flight for the next day had been cancelled, 
and Mischa and Yani invited me to stay over at their place. 

When I came to the Cotlar’s apartment, Corita and Mischa were working in 
the dining room. Mischa gave me a brief explanation of what they were doing 
mathematically. In fact, he dismissed the whole enterprise.** I would learn much 
later that what they were doing then, would turn out to be very innovative and 
influential research.*> 

Corita, who also knew about my impending arrival, greeted me with something 
equivalent to *Oh, so you really do exist*!*° Being a *portefio* myself, I quickly 


34] would learn quickly that Mischa’s modesty was legendary. 
35From this period I can mention [23-25]. 


3°Existence here to be taken in a non mathematical sense. Of course at point in time I did NOT 
*exist* mathematically! 
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found Corita’s style quite congenial and the conversation took off. We formed a 
friendship that lasted for as long as she lived. 

As I later learned, most people called her Cora, but the Cotlars, and a few 
other old friends, that knew her from childhood, called her Corita.*” Having been 
introduced to her at the Cotlar’s home, I proceeded to call her Corita too. .. and that 
was the way it would always be.*® 

By early 1979 I moved for one semester to Maracaibo and afterwards to Brasilia. 
Mischa was very helpful connecting me first with Jorge Lebowitz (Maracaibo), and 
then with Djairo Figuereido (Brasilia). In the mean time, Corita herself had moved 
to the USA, where we met again, at an AMS Special Session in Harmonic Analysis. 

At the time I had a visiting position at UI at Chicago, and was trying to find 
a tenure track job. She took an interest in my situation, and gave me very useful 
suggestions on the job hunting process. She would remain very helpful throughout 
my career. In particular, when she learned,*? on her own, about my application for a 
membership at the Institute for Advanced Study in 1984, she supported my case.... 
I did not know this until she called me to let me know that my application had been 
accepted! 

Corita and I met again many times over the course of the years. There were 
conferences on Interpolation Theory*? in Lund and Haifa, on Harmonic Analysis in 
Washington D.C., Madrid and Boca Raton, there were Chicago meets to celebrate 
various birthdays of Alberto Calderon, a special session on Harmonic Analysis in 
Montreal, etc. Vanda and I went to have dinner with Corita and her family, when 
we all coincided during a visit to Buenos Aires in 1985. She was instrumental in my 
participation at Mischa’s 80 birthday Conference in Caracas, 1994. We wrote papers 
for books that each of us edited. At some point in time she and her family came to 
visit us in Florida. 

A few months before she passed I was helping her via e-mail, with the texting*! 
of a paper of hers about Mischa Cotlar. 

Probably the best way I have to describe Corita is to say that she was a force of 
nature. She was a brilliant mathematician, with an intense but charming personality. 
Having had to endure herself exile, discrimination, and very difficult working 
conditions, she was very sensitive to the plight of others. I am sure many of the 
testimonies in this book will describe how much she helped to provide opportunities 
for younger mathematicians to develop their careers. 


37In Spanish *Corita* means little Cora. 


38Many many years later she told me that by then everyone called her Cora, except Mischa and 
myself and that she would prefer for me to call her Cora. I said, of course, Corita! 


3°She had a membership at IAS herself that year. 


“0Harmonic analysts trained in the 1960s had a special place in their hearts for Interpolation theory. 
It was after all a theory to which the great masters of the Chicago school (e.g., Calderén, Stein, 
Zygmund) had made fundamental contributions. 


41] mean using TeX! 
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Some things are hard to change. As much as I could not train myself to call her 
*Cora*, in our relationship she was always “big sister.” I will always be grateful to 
her, for all her help and her friendship. 

I know that the space BMO had a very special place in her mathematical interests 
and, indeed, BMO spaces appear in many considerations throughout her works. For 
this very reason, and whatever the merits of my small contribution, I have chosen to 
dedicate this note on BMO inequalities to her memory. 
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Abstract Mapping properties of bilinear pseudodifferential operators with symbols 
of limited smoothness in terms of Besov norms are proved in the context of 
Lebesgue spaces. Techniques used include the development of a symbolic calculus 
for certain classes of symbols considered. 
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Introduction and Main Results 


In this article we present results concerning boundedness properties in the setting 
of Lebesgue spaces of bilinear pseudodifferential operators associated to symbols 
of limited smoothness measured in terms of Besov norms. Closely connected to 
such symbols are the bilinear H6rmander classes BS: m € R, whose elements are 
infinitely differentiable complex-valued functions o = o(x, &,), x, &, € R", that 
satisfy 


sup sup (E, 9)" |9%9L 97 a(x, E, 9)| < 00 (1) 
ja|<N x,€,n€R" 
\Bl.lylsM 


J. Herbert 
Maranatha Baptist University, 745 W Main St., Watertown, WI 53094, USA 
e-mail: jodi.herbert@ mbu.edu 


V. Naibo (XX) 

Department of Mathematics, Kansas State University, 138 Cardwell Hall, 
Manhattan, KS 66506, USA 

e-mail: vnaibo @math.ksu.edu 


© Springer International Publishing Switzerland 2016 275 
M.C. Pereyra et al. (eds.), Harmonic Analysis, Partial Differential Equations, 

Complex Analysis, Banach Spaces, and Operator Theory (Volume 1), Association 

for Women in Mathematics Series 4, DOI 10.1007/978-3-319-30961-3_14 


276 J. Herbert and V. Naibo 


for all N,M © No and where (&,7) := 1+ |&| + |n|. Given 1 < pj,po,p < co 
verifying Hélder’s condition + = = i it was proved in [3] (see also [10] for 
a related result) that T, is bounded from L’'(IR") x L??(R") into L?(R") for all 
o € BSo\y if m < m(p1,p2), where 
m(p1, P2) ‘= —nmax{;, Pe a 1- ; : 

It was then shown in [11] that such mapping property also holds if m = m(p,, p2) 
and 1 < pi,p2,p < ov; in addition, the condition m < m/(p1,p2) is necessary 
for every operator with symbol in BSj\) to be bounded from L?!(IR”) x L??(R”) 
into L?(R"). 

The results from [3] were improved in [8], where boundedness from L?!(R") x 
LP? (IR”) into L?(IR"), p => 2, was shown to hold for operators with symbols in certain 
Besov spaces of product type By”, (IR3") (see definitions in section “Preliminaries”) 
of which BSp') are proper subspaces. The index s is a vector that measures regularity 
of the symbols in each of the variables; a by-product of the results in [8] is an explicit 
bound of the smallest numbers N and M for which condition (1) is sufficient for 
boundedness of the associated operator. 

We next present the results in this article, which continue the work originated in 
[7, 8]. See section “Preliminaries” for notation. 


Theorem 1.1. Consider 1 < p\,p2 < co and p = 1 such that a + 7 = 7 


or, 2 < pi,p2 < o and p satisfying ai + > = - Ifm < m(p,,p2), s(p) is as 


in Definition 2.1 and s is a vector of the same dimension as s(p), the following 
statements hold true: 


(a) If0 <q < 1ands = s(p) component-wise, then 
IToF- Mlle S lola, Ulflli Isla » 


for all f, g € S(R") and all x-independent symbols o in Bs" (R*). 
(b) If1 <q < oands > s(p) component-wise, then 


IToF, lle S lo llase, Illa Wgllae » 


for all f, g € S(R") and all x-independent symbols o in Be (R*). 


If2 < pi,p2,.p < o with = + Pa = = the above statements hold for any 


o € Bm (R®). 


Theorem 1.2. Consider 1 < p\,p2,p < © such that 7 + m = ; andm < 
m(P1, p2). 
(a) fO<q<l,s= (s1, 52, 5) e€Rors= (Sijsies8tn 5062) 5) € R* and 


oe€ Br (R™) is such that 


G(y, a,b) = : a(x, &, ne 27ortest+on dy dédn, y,a,b € R" 
R3n 
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Fig. 1 Visualization of 1 
m(P1,P2). 4. + oe =F D2 
(0, 1) (1,1) 
(0, 5) 
A. 
(0,0) (3,0) (1,0) ” 


(b 


ae 


has compact support in y and a uniformly in b, then T, is bounded from 
L?'(R") x L??(R") into L?(R"), where 2 < p\,p2,p < coor 1 < p,p, < 2 
and 2 < pz < o. The same conclusion is true for q > 1 and s = (s,, 82,53) 
with s3 > 5 or S = (S1,...,53n) with s; > 5 forj = Q2n+1...,3n. 

f0<q< 1,5 = (1, 5,53) € R? ors = (s1,....8ns Speen Sie kay) € 
R*" anda € Bsr (R™) is such that 


G(y,a,b) = | a(x, &, ne 2mOrteE+b dy dé dn, y,a,b € R" 
R3n 


has compact support in y and b uniformly in a, then Ts is bounded from 
L?P'(R") x LP?(R") into L?(R"), where 2 < pi,p2,p < coor 1 < p,p2 < 2 
and 2 < p, < o. The same conclusion is true for q > 1 and s = (5), 82,53) 
with s> > 5 Ors= (S1,..+,53n) with sj > $ forj = n+1...,2n. 


Figure 1 shows the value of m(p1, p2) according to the region in the square [0, 1] x 


[0, 1] to which the point (+, +) belongs. Theorem 1.1 states, in particular, that 


Pi’ p2 


operators with symbols in ae (R*") are bounded from L?'(IR") x L??(IR”) into 
LP(R") if m < m(p,,p2) and (+, +) belongs to region II, and that operators with 


Pi” p2 


x-independent symbols in Borde) are bounded from L?!(R”) x L??(IR") into 
L?(R") if m < m(p,, p2) and Ce a) belongs to region I or to the line segment 
joining (1,0) and (0,1). The mapping properties of Theorem 1.2 correspond to 
regions II and III for item (a) and to regions II and IV for item (b). 
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P 
or, 2 < pi,p2 < © and p satisfying x + = = ;-Ifm< m(P1,p2), then T, 
is bounded from LP'(IR") x L??(IR") into L?(IR") for any o satisfying one of the 
following conditions: 


Corollary 1.3. Consider 1 < pj,p2 < © and p = 1 such that = + = =e 
1 


(a) If2<p<m, 


sup sup. (& 7) ™|d% dL a(x, E,9)| < 00 (2) 
lals(Z]+1 x.§.neR" 
IB lvls[$]+1 
or 
sup sup_(E, 9)" |8% 92 9 o(x, &, n)| < 00. (3) 


a,B,y €{0,1}" x.€,nER" 


(b) Ifl\<p<2, 


sup sup (&, n)™ ae a o(E, n)| < co (4) 
[Bl lvlSIG1+1 &.neR" 


or 


sup sup (&,7) "0292 0(E, 9)| < 00, (5) 
B,y€{0,1}" Ene” 


with {0, 1}" replaced by {0, 1, 2}" ifp = 1. 


Corollary 1.4. Consider 1 < pj,po,p < co such that Ape ee 2 and 


Pl P2 P 
m < m(pj, p2). 


(a) Ifo = o(x,&,n), x, &, 1 € R", is such that 
G(y,a,b) = i a(x, &, ne 2mOr teeth) dy dé dn, y,a,b € R" 
R3n 


has compact support in y and a uniformly in b, and 


sup sup (E,)"™|d% 2 I? a(x, &, )| < 00 (6) 
|a|<1,|B|<1 ~§.nER" 
lvlsi5]4+1 
or 
sup sup (E,n) 8% 92. o(x, &, n)| < 00, (7) 


a.B,yE{0,1}" x.€.nER" 


then T, is bounded from L?' (IR") x LP?(IR") into L?(R"), where 2 < pi,po, 
p<worl<p,pi <2and2<pr< oH. 
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(b) Ifo = a(x, &,), x, &,n € R", is such that 
G(y, a,b) = i: a(x, &,n)e27Ort2E+b dy dé dn, y,a,b € R" 
R3n 


has compact support in y and b uniformly in a, and 


sup sup (E,n)"|8%d2 9 o(x, E, n)| < 00 (8) 
lal<1,|y|<1 x.€.7€R" 
\BIS[$]+1 
or 
sup sup (&, n)™|a% af AY a(x, €, n)| < 00, (9) 


a,B.yE{0,1}" x.€.7ER" 


then T, is bounded from L?' (IR") x LP?(IR") into L?(IR"), where 2 < pi, po, 
p<oworl<p,po<2and2<pi < oH. 


The proofs of Theorem 1.1 for the case 1 < p < 2 and of Theorem 1.2 are based 
on results regarding a symbolic calculus for Besov spaces, which we state next. The 
notations o*! and o*? stand for the symbols of the first and second transposes of the 
bilinear operator T,, respectively. 


Theorem 1.5. (a) Letme R,O<q<l,se R4 orse R%, and suppose that o 
is an x-independent symbol. Then 


o € Bx (R™) > oF CBS M(R™), f= 1,2, 


where s*! is as in Definition 2.2. Moreover 


I|o" 


pitin S lola. f= 1,2, (10) 


with the implicit constant independent of o. 
(b) LetmeR,O<q<l,se R32 orse RY, and o € ee CR). 


(i) If 6(y, a,b), y,a,b € R", has compact support in y and a uniformly in b, 
then o*! € Le R"). 
(ii) If 6(y, a,b), y,a,b € R", has compact support in y and b uniformly in a, 


then o*? € Boa R"). 


The statements of Theorem 1.1 and Corollary 1.3 for the case 1 < p < 2 
correspond to operators associated to x-independent symbols, i.e., bilinear multipli- 
ers. Additional results concerning minimal smoothness conditions for the symbols 
of related bilinear multipliers that are sufficient for boundedness can be found in 
[6, 12, 13] and the references therein. In particular, a consequence of the results in 
[13] is that bilinear multipliers with symbols o = o(é, 7), &,n € R", satisfying 


sup sup (§, n)merrr) ab ava (E, n)| < 0 
|B+y|<[-m(p1.p2)]+1 &,neR" 
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are bounded from L?!(IR") x L??2(IR") into L?(R"). Restricting our attention to the 
line segment corresponding to p = 1 or to region I in Fig. 1, we see that the above 
condition is weaker than (4) but does not compare to (5). Finally, we mention that 
the class BSp'y is part of the family of bilinear H6rmander classes BS. s where 0 < 
6 < p < 1; for results regarding the Hérmander classes BS”, and boundedness 
properties of the associated bilinear pseudodifferential operators consult [1-3, 8, 
10, 11, 14-16]. 

The organization of the manuscript is as follows. In section “Preliminaries” 
we introduce some preliminaries and definitions. Theorem 1.5 is proved in sec- 
tion “Symbolic Calculus: Proof of Theorem 1.5”. The proofs of Theorems 1.1 
and 1.2 and Corollaries 1.3 and 1.4, along with an improved version of Theorem 1.1, 
are presented in section “Proof of Theorems 1.1 and 1.2 and Their Corollaries”. 
In section “Complex Interpolation of Besov Spaces of Product Type” we show an 
interpolation result for Besov spaces of product type that is useful in the proof 
of Theorem 1.1. Section “Boundedness from L© x L© into L© for ate IR"), 
m < m(oo, co) = —n’” is devoted to the proof of the L°(IR”) x L°(R") > L°°(R") 
mapping property for operators associated to symbols in BOP (Ry with m < 
m(Co, Oo). 


Preliminaries 


The Fourier transform of f € S’(IR”) will be denoted by f ; in particular, 


7®:= [ feed iff e S(R’), 


where S(R”) denotes the Schwartz class in R”. 

The notation < means < C, where C is a constant that may only depend on some 
of the parameters used and not on the functions or symbols involved. 

Given a complex-valued function 0 = o(x,&,7), x,& 1 € R", the bilinear 
pseudodifferential operator associated to the symbol o, denoted by 7, is defined as 


Tolf. a0) = fol EMR ORE EM AEd) Ve ER" fg € SR), 


The conditions imposed on o will be such that the above integral is absolutely 
convergent for every f, g € S(R”). 

In the definition of Besov spaces of product type and throughout the proofs, 
we will consider Littlkewood—Paley partitions of unity in R* (for different 
dimensions N), {w;}jeno, Satisfying the following conditions: 
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wo € S(R™), supp(wo) C {€ € R™ : |&| < 2}, 
we S(R"),  supp(w) c {E € RY: 5 < |g] < 2}, (11) 
wj(€) = w(27€) forge R"andjeN, SY 'w(é)=1 VEER. 

j=0 


Given such a Littlewood—Paley partition of unity we set 


2 
w(E) = S° w(28) for E € RN, 
l=—2 
j+2 
(E) = W(27E) = D> wi(€) forj = 2 and & € RY, (12) 
j=j-2 
jt+2 
w(E) := a) forj = 0,landée€ RY. 
1=0 


Note that w;(€) = 1 for 2? < || < 2/*? and j > 2, and that w;() = 1 for 
|§| < 2/*? and j = 0, 1; therefore ww; = w; for all j € No. 


Besov Spaces of Product Type 


Form € R, 0 <r, g < ow, ands € R’ ors € R®*”, the Besov spaces Bs"(R*) are 

defined as follows: 

* Given s = (5), 52,53) € R? and {wj}jen, satisfying (11) with N = n, Bsn(R™) 
denotes the space of complex-valued functions a(x, &, 7), x, €, 7 € R”, such that 


1 


a < 00, 


loose = | >) (2°* En) FO) 


3) 
keN} 


where for k = (ky, ko, k3), wely, a, b) := we, (vy) we, (a) We, (D), the inverse Fourier 
transform and Fourier transform as well as the L” norm are taken in R®”, and with 
the corresponding modification for g = oo. 
* Givens = (s1,...,53n) € R*” and {w;}jen, Satisfying (11) with N = 1, Bs"(R™) 
denotes the space of complex-valued functions o (x, &, 7), x, €, 7 € R”, such that 


lols = | Do (2 | ny "F717 | < 00, 
keNe” 
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where for kK = (kj,...,k3n), Y = (O1,---5¥n)) @ = (Q,.--,4,) and 
b = (by,..-,bn), We, 4, B) = Wye, (V1) ++ Why, Vn) Wh 1 (1) Why (Qn) When 
(b1)+++W,;,(b,), the inverse Fourier transform and Fourier transform as well 
as the L” norm are taken in R*”, and with the corresponding modification for 
q=o. 


It can be proved that, for all s,m,r,q as in the definitions above, the space 


a, (R*") is independent of the choice of {w;}jeny satisfying (11) and is contained 
in S’(R*”), that it is a quasi-Banach space (Banach space if 1 < r, q < 00), that it 
contains S(R*"), and that S(R*”) is dense if 0 < r, g < oo. We refer the reader to 
[17], where a variety of Besov spaces of product type are defined and many of their 


properties are presented; see also Proposition 2.1 below. 


The Classes C5, (IR3") 


We next define classes of symbols that are closely connected with both By? 
and the Hérmander classes BS{'). Given s € Nj or s € Nj” and m € 


R*") 


R, a 


complex-valued functions o(x, ,), x, €&, € R”, belongs to C5 (R*”) if it satisfies 


the following conditions: 


¢ Ifs = (sj, 52,53) eN}: 


atae avo € C(R™) for w, B,y € Nj, |oe| < s1,|B] < s2.|y| < 53, and 


lIolles = sup sup (&,n) "0202 a(x, €,)| < 00. 
Ja|<s1 x,€,nER” 


|BlSs2,ly|<s3 


° Ifs = (51,...,53n) € NB": 


gi fix gee wanes 2n) gore geet On) € C(R*") for Qj € No, a; < Sid =1,..., 3n, and 
IIolles = sup sup (é, nym a greed gh ie pees og ee gee 30) (x, é, n)| <0. 


ajSsj x,€,nER” 


We note that condition (2) corresponds to the norm in CS,(R*”) with s = (FI + 
1, [5] + 1,[5] + 1) and that condition (3) corresponds to the norm in C; (R*") with 


m 


s = (1,1,...,1) € R*”. Analogous comments apply to the rest of the conditions 


appearing in Corollaries 1.3 and 1.4. 
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Connections Between the Spaces 


The following chain of continuous proper inclusions shows the relations between 
the spaces introduced in this section and the bilinear H6rmander classes: 


BSfio S S chI+l aR) ¢ Cc ae sm (R*”) g cl (R*’), (13) 


m m 


where s has positive components, [s] denotes the vector of the same dimension as 
s and components given by the integer parts of the components of s, and adding 
1 to a vector means adding 1 to each component of the vector. The first inclusion 
in (13) is straightforward and the rest of the inclusions are a consequence of the 
following proposition, which will be useful in the proof of some of our results (see 
[17, Theorems 1.3.2, 1.3.5, and 1.3.9 and Corollary 1.3.1] for a proof). 


Proposition 2.1. (a) Let 0 < r < ow, 8s and 5S be vectors of real numbers of 
the same dimension (dimension 3 or 3n), and m,m € R. Then the following 
continuous inclusions hold: 


() Bea(R™) C BYR), if0 <q < | < 00 and m < in: 
(ii) Bre R*")c Bra (R”), if0 <4q,q < wands < s component-wise; 


(iii) C* (R" S Bsn R*"), if0 < q < ~, 0 <5 < s component-wise and s 
m FOO 


has components in N; 
(iv) Boo’ (R™) Cc C3 (R*"), if s has components in No. 


(b) fl < r,7 < ~w,0 < 4,q < ©, 5,5 are vectors of the same dimension 
(dimension 3 or 3n) with positive components, and m € R, then Ben (R*") — 

s,m 3 7 ss _. ais 

By (R°") if and only ifr =7,q = qands =5. 
(c) Lett <r<w,0<q<ow,meR,s = (51,...,53n) € R” with % > 0 for 


k=1,...,3n, ands = (5, +... +n, Spt it... +S2n, Sont1 +... +53n). Then 
the following continuous inclusion holds: 


B* m™(R") S Cc BY mn mR”). 
We end this section with the following definitions: 


Definition 2.1. Given | < p < ov, s(p) will denote the three-dimensional 
vector given by (min(5, “),max(>, 7), max(5, ae or the 3n-dimensional vector 
Pp 2? p 


(s1, tee , 53n) where 5) = +++ = Sy = min(5, = and Sntl S00 = 83n = max(5, 3): 
This is 
1 
s(p) = (§, 8, 8) or s(p) = G,---5 903 a l<p<2, 
n ial 
nnn 1 1 1 
s(p) = G5, 5) or s(p=) = (- Gi gutaera yi 2<p<o. 
Pa ee 


It will be clear from the context which of these definitions of s(p) is being used in 
each case. 
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Definition 2.2. If s = (s1,52,53) € Ri, then s*! := (51,82 — 93,53) and 

s*? := (51,52, 93 — 82). If s = (51,...,53n) € RY, then s*! := (51,...,5n,Sn4t1 — 
*2 6 

S2nt+15-++>S2n — S3n,S2n+15-+ » 53) and s = (s1, oe ey Sn, Spt, ++ +5 S2n, SQn+1 — 

Sn+1s+++553n — San). 


Symbolic Calculus: Proof of Theorem 1.5 


We start with some preliminaries in relation to the symbols of the transposes of T, 
foro € Be" (R™), where m € R and s is a vector in R32 or in, For such o let 
x € S’(R*”) be given by 


y= F!(G(y, —a, b — aje?™™?), 


where F—! and“are taken in R*” and the tempered distribution 6(y, —a, b—a)e?"!*” 
is understood in the usual sense, this is 


(6(y, —a, b — ae", F) = (6, F(y,-a,b — aye"), Fe S(R®), 


where (T, g) denotes the action of a tempered distribution T on a Schwartz function 


gy. Assume that © € nie (IR*”) for some 5 with positive components; let us see that 


o*! = ¥. Indeed, define 


V(f.g, A), a,b) = : ero bas4 OM F(E)B( ne" ESM h(x) dxdédn 
R30 


- [ eth (xf (x 4 a)g(x + b) dx, 
R 


which belongs to S(IR*”) for any f, g,h € S(R"). Set 
Vif.g. A). a,b) = e" V(f, g, h)(y, —a, b — a) = V(h, g.f)(y, 4, b) 


and note that since 0 € Be | (R*”) Cc cll (R*”) the action of o as a tempered 


distribution in R*” is given through absolutely convergent integrals in R*”. We then 
have 


[tetearearenas = fo. mi@ ane" adgdy 
= 6, V(h.8.f) = (6, V(F,8.h) = (EV 8,h)) 


= [ 4 ee mf (E)a(ne™™ =" h(x) dxdédn 


- [ Toff, g) (ahs) de, 
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which shows that o*! = ©. In the second to the last equality we have used the fact 
that D € B (R*”") c cil (IR*”) and therefore the action of © over the function in 
S(R3") given by f(E)a(n)e2™" EF n(x) : pes integration. 

An analogous explanation leads to o** = F—!(6(y, a — b, —b)e?""””). We also 
observe that in the particular case when o is x-independent, then o*!(&,7) = 
o(—§ — n,m) and o**(E,n) = o(§,—n — €). 

We next make a remark about the norm of x-independent symbols belonging to 
the Besov spaces Bee" (R*). Let {wj}jeny be as in (11) with N = n, s = (81, 52,53) € 
R3,me€ Rand0 <q <o. Ifo =o(€,n), €,n € R", is an x-independent symbol 
in Bee) it easily follows that 


lola, ~ {D> (2 Em) "F OB) poo)" | (14) 
kEN} 


where 5 = (52, 53), we(a, b) = wz, (a)wz, (D) for k = (ki, ka) € N?, F—! and“denote 
inverse Fourier transform and Fourier transform in R2”, respectively, and the L©° 
norm is taken in R?”. This is, an x-independent symbols o = o(€, 7), &,n € R", 
belongs to B32’ (R*”) if and only if o € B2”’,(R”), where By”’| (R°”) is defined as 
the class of symbols t = t(&,7), &,71 € R", such that the right-hand side of (14), 
with t replacing o, is finite. An analogous remark corresponds to the case s € R>”, 
with 5 being the vector in R2” whose components are the last 2n components of s. 
Lemma 3.1 below will be useful in the proof of Theorem 1.5. We state it in 
R" and R*" because it is convenient for our settings, but more general versions 
also hold (compare with [17] or [18, pp. 25—28]). If A is a function defined in 
IR” and d = (d,...,dy) € RY, denote ee = h(d\y,,...,dyyn) 


and Sy-i(h)(1,..., yn) := A(dy!y1,...,dylyy). In particular, if h(é, = = (&,7) 
for &,n € R” andd € R", we write (&,) -1 instead of S,-1(h) and we have 
(E.n)a-i = ((dy7'&1,....d,'&,), (Gat. ---.d5,'m)). In Lemma 3.1, integration 


is in R®” in part (a) and in R*” in part (b); additionally, the inverse Fourier transform 
and the Fourier transform are taken in R” in part (a) and in R* in part (b). 


Lemma 3.1. Let 1 <r<ooandteR. 


(a) For every continuous function g(&,n) defined for —,n € R" such that 
Il (E. 7)‘gll_. < 00 and every M € S(R”"), 


(5) 


[Em F'mal, < |e me 


a KEM 


foranyd € IR”. In particular, ifd = (d\,..., don) andd; > \ fori=1,...,2n, 


|em'7 < |(¢ 0)" 


Esl, (16) 
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(b) For every continuous function g(x,&,n) defined for x,&,n € R" such that 
II(§. n)"gllir < 00 and every M € S(R™), 


|éng rma] <|ent rim 


(Emias), 7) 


Li 
for any d € R*" and where d is the vector in R2" whose components are the 


last 2n components of d. In particular, if d = (d\,...,d3,) and d; => 1 for 
i=n+l1,...,3n, 


|. 0)'F "mg 


ws | Em" FSM) 


| (&. m)'g 


’ | Pe (18) 
Proof of Lemma 3.1. We prove item (a), with part (b) following analogously. We 


have (u + y,v +z)! S (u, v)!"l(y, z)! for all u, v, y, z € R”. Then 


(én) FM May(é. ml < [ ka BO La, B)|(E — a. — bY |g — a. — B)| da db, 


n 


from where (15) follows by Minkowski’s integral inequality. For (16), apply (15) 
with M replaced by Sa(M) and g replaced by S;-1(g) and note that (&, ae < 
(&, )!"' since d; > 1 fori = 1,...,2n. o 


Proof of Part (a) of Theorem 1.5. We will prove the result for o*!, with the result 
for o*? following in an analogous way. We will also assume g = 1; the case 0 < 
q < 1 can be deduced in the same way. Fix m € R and let o be an x-independent 
symbol in BS?" (IR*"). We have o*!(€,) = o(—& — n,n) for &,n € R". 

Consider first the case when s = (51, 52,53) € Ri, then s*! = (),52 — 53,53). 
As already observed, since o is x-independent, s; does not play any role here. 
Let w and wo be radial functions that satisfy (11) for N = n and let {w;}jen, be 
the corresponding Littlewood—Paley partition of unity. In view of (14) we have to 
prove that 


bs 7 (82-83.83)-k | (E, ny" F—! (wyo*!) | a > 7 (s2.83)-k | (E, ny" F—! (w,6) | ,20 
Le 
kENG keNe 
(19) 

where w;,(a,b) = wz, (a)wi,(b) for k = (ki,k2) € N35, F7! and* denote inverse 
Fourier transform and Fourier transform in R?”, respectively, and the L® norm is 
taken in R”. 22. 

Given k = (ki, ko) € Nj and noting that o*!(a,b) = G(—a, b — a), a change of 
variables gives 


Fm Y(, n) = FO" (Wr, (a) We, (b — a)6 (a, b))(—n — €,n). 
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Since (&, 7) ~ (§ + n,n), it then follows that 


|e mF ono), | ~ [EMF Ore @wig b= 6 (A,b)) po 
(20) 


We will split the summation in (k;, ky) € Nj according to the following regions: 


R=N’, R, = {(k1,0) 2k = 3}, Ryo = {(0,ky) : ky = 3}, 
R3; = {(0,0), (0, 1), (0, 2), (1, 0), (2, 0)}. 
Let {W;}jeny be as in (12). Recall that w;(a) = 1 for 2/-? < |a| < 2/*? andj > 2, 


and that W;(a) = 1 for jal < 2/t? andj = 0,1; in particular, wjwv; = w; for all 
JE No. For (k1, k2) € No and a,b € R" set Ne ko) (A, b):= Wk; (a)Wz, (db). 


Summation in Region R Consider the following subregions: 


Ra => {(k,, ka) E N? & ky —kp > 2}, Rp => {(k1, ko) € N? a ky —kp < —2}, 
Rc = {(k1, ko) € NW’ : 2 < ky — ky < 2}. 


We first estimate the summation in region Rg. If (k), ka) € Ra, 
supp(Wx, (a)wi, (b‘—a)) C {(a, b) : Wirl< ja| < 2+ and 5 2-1 < |b| < ao) 
and therefore w;, (a)wz,(b—a) = Wz, (a)Wk, (b— a)wz, (a), (b). Then (20) implies 


[Kem Fon). ~ [KE nF ie, orig = OFF ayy )V@. De - 


By (16) in Lemma 3.1 it follows that, 
|| (E.0)-"F | Dig, (QW, (b — a) F (FO (ne) 5))@, BY |] ,00 


IE. 0) "Fra 18) || p00 


S | (Em) F—"birn 2am, (2b — a))] 


Li 
An elementary computation shows that for | < ky < k, — 3, 
| (¢. minF fin, 2a, 2—a)l],, <1. 


therefore 


> 7 (82-83.83)-(k1 ka) 


(ki ko)ERA 


(E, n)"F | (w,0*!) | 


co k\-3 


= > > (52-83 83)-(k1 Jka) | (E, n) "F(A yS) esse 


kj=4k.=1 
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We have then obtained 


dae 6 MF mo") 


kERA 


[oe 
Oe ea Ce) marae Ce | pe (21) 
ky=4 


We now look at the summation in the region Rg. Note that if (k,, ky) € Rg, then 
supp(Wx, (a)wx, (b—a)) C {(a, b) : 2k! << Jal < 247! and 52 ~!=|p| < 29h". 


For | < ky < ky —3 we have wz, (a) Wx, (b — a) = We (b — a)We (dD) we, (A) We, (0), 
and (20) implies 


[een omoD] , ~ [ME 0) Fr = adie, FF "hay (0B) p20 - 
By (16) in Lemma 3.1 and noting that 


| (¢, mF or, 2(b = ain, 2B) |, S 1 


we obtain 


pa 7 (s2-83.83)"k | (E, ny" F"ono™) | . 
kERB p 


co ko—3 
SDE DE 2 er), Fegan) @) || po0- (22) 


ky=4k=1 
For (k,, ko) € Rc it follows that 
supp(Wx, (a) wz, (b — a)) C {(a, b): 2h! < Jal < 267! and |b] < 10-2}. 


Set Xx, (= Beate w; for k; € N; since y,,(b) = 1 for all b in the set {b : |b] < 


10-2} then 
ky+4 


We (A)We (b— a) = D> wig (b = a) Xu, (We, (a)Wj(d). 
j=0 
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From this and (20) it follows that for k; € N, 


ky +2 
7982-83 83)- (kt k2) 


(En) -"F | (wey yo| 
ky=max(0,k1 —2) Leo 


ki+4 ki +2 
SDP D281 9) "FA fig & = @) te OFF wee. 92. BY 00 
J=0 ky=max(0,k1 —2) 


By (16) in Lemma 3.1 and since 


ky +2 
2 (s2—s383)-(k1 .k2) 


(E.1)™ Fig 26 — QD) zy 2B) |, SA HNMELAD, 
kg =max(0,kj —2) h 


it follows that 
co +4 


SLY 2294 D | (E, 1) "Fa, | p00 


Le ky=1 j=0 


(& "Fo! 


~ 7 (82-8383) *k 


kERc 


(23) 


Summation in Region R; In view of (20), we have to estimate 


CO 


Yo 20 (En) FH" 4, (@Qwo(b = 26 (a, b))| poo - 


b=3 
For k, > 3 it holds that 
supp(Wz, (a)wo(b — a) C {(a,b) : 287! < Jal < 24+! and 2~7=|b| < 2677} 
and therefore 
Wk, (a)Wo(b — a) = wo(b — awe (byw, (a) Wx, (0). 


It easily follows that 


| €.0)!mF—"o(b — adn, II), 1 


and reasoning as above we obtain 


co 


a yO | ear iene) ess 


(En) "FO! (wea!) | 
L ky=3 


s 7(s2-93,83)k 


kER, 


(24) 
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Summation in Region R2 In this case we have to estimate, again by (20), 
lo ) 

Yo 2° || En)" Wo(a)wa b — a6 (a, b))|) p00 - 

kn=3 
For ky > 3 it holds that 

supp(Wo(a) wz, (b — a)) C {(a, b) : |a| < 2 and Qhe-25 |p| < Bert) 
and therefore 
Wo(A)Win (b — a) = Win (b — a)Wr (b)Wo(a) We, (0). 

Since 


| (én) MF" 2b —a))irng 21], <1. 


by (16) in Lemma 3.1, we get 


va es) 
a gls2—s3,93)k | (& nF no") 2 » 2s3ko | (E, n)"F—* (hiony6) Tes 
kER2 ky=3 


(25) 


Summation in Region R3 We first observe that for (k), kz) € R3 
supp(Wx, (a)wz, (b — a)) C {(a, b) : |a| < 8 and |b] < 16}. 


Therefore, for (k,, k) in region R3 it follows that 


a 3 (52-83.83) | (&, n)"F | (wyo*!) | oc 


kER3 


3 4 
< > (5283.93) ka) | (é, n)—"F-" (wea to) 6) Wags (26) 
k,=0 ky=0 


Inequalities (21)—(26) then lead to the desired estimate (19). 

We now briefly describe the proof corresponding to o*! when s = (51,...,53n) € 
R* in which case stl = (51, oe 02 Sy9Sy41 — SQntls+++9 88m — S3no SQnt1.-++5 S3n)- 
Let w and wo be radial functions that satisfy (11) for N = 1 and {w;}jen, be the 
corresponding Littlewood-—Paley partition of unity. It must be proved that 


- sthk | (E, mF") = > ork | (E, n)-"F 1 (w6) | 100 , 


keNgn keNgn 
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where for k = (k1,..., kan), a= (@1,...,4n), b = (1, ..., bn) we have w;(a, b) = 
Wk (41) ++ * Wk, (Gn) We, 4.) (B1) ++ * Wha, (Bn), 5 and s*! are the vectors in R2” made of 
the last 2n components of s and s*!, respectively, F—' and” denote inverse Fourier 
transform and Fourier transform in R?”, respectively, and the L® norm is taken 
in R2". For such k, we have 


|e mmr Mono] | ~ [En Fl 0r4, (awa (b — ECA. 5) poo 


where wx,(a) = We, (a1) +++ We, (Gn) and wx,(x) = Wx,4, (01) +++ Wk, (bn). The 
process is now similar to the case previously treated but much heavier in notation 
and the result follows by splitting the summation in (k,,...,kan) € NY based on 
the regions R, R,, Ry, and R3 for each pair (kj, kn+j),j = 1,...,n. | 


Proof of Part (b) of Theorem 1.5. We prove item (i), with item (ii) following in an 
analogous way. Without loss of generality, we assume gq = 1. 

Let m € R, 5 = (s,,52,53) € Ri, {wihjen, as in (11) for N = n, {Wj hjeny 
as in (12) for N = n, we(x,&,) = We X)Win(E)wig(m) and hy (x, €,7) 
Wk; (x) wz, (E) We, () fork = (ki, ko, ks) € No, and Ry, Rp, Rc, Ri, Ro, R3 as in the 
proof of part (a) of Theorem 1.5. Consider o € BY’, (R°”); recall that o*'(y, a,b) = 
G(y, —a, b — a)e?*"*” and define T € S’(R%”) by Ty, a,b) = G(y,a, bye", It 
then follows that 


| Enron E)|  ~ [Em-"F0rn Oy Oy S-OPO,a,5))] 


where k = (k,, ko, k3) € N : Similar calculations to those in the proof of part (a) of 
Theorem 1.5 (using item (b) of Lemma 3.1) give 


CO 
> = 2 (s1-52.93)- (kr ,kak3) 


ky =0 (kp ,k3)ER4 


| (En) "FF! (We kaka) O™) | 


os) 
< (91 ,82,93)-(k1 .k2,k2) 
sd)? 


kj =0 ko=4 


fore 
> > 72 65182053)-(k1 ka.k3) 


ki =0 (ko,k3)ERB 


(En) "Fo! Aas toto) ie 


IG mF bay) | 0 


k3—3 


0° 
2 dX 7265182083) (k kak) 
kg=4 =] 


ie 


(E,n)-"F (hg dots l) | 


lo e) 
> _ 7(51,82.83)- (kr .ka,k3) 


ki =0 (k2,k3)ERc 


| a i (Waray) 
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i iM 


[o.@) [o.e} 
papa 
ky=0kb=1 


261, 52 +53 ,0)-(k1 kj) |( é, n) ap ‘we pal) | 


3 ye (5192.83) kaka) 


k1=0 (kz,k3)ER, 


| (En) "FO" (We fag) 0*) | oc 


oo «00 
< > > (51,82,0)-(k1 ko ke) 


ky =0 kn =3 


00 
= ys 7(5152,83) (ko ka) 


ky, =0 (ko,k3)ERo 


(E,n)-"F "(ha fot) lhe 


IG n)"F—' (Weg ko.ks)O"") | oc 


ome’) 
< (81 ,82,53)+(k1 ,0,k3) 
syd? 


ky =0 k3=3 


3 oe 2651.92.83) Jka,k3) 


k1 =0 (ko,k3)ER3 


En)" F'(ta.oay 8] 


| (E,n)-"F" (Wek hod)" | 


| (En) "Fo (Wee dota) | oc 


love) 3 4 
< > » > (5182.83) (kr ka,ks) 


The inequalities above imply that 


lor! ‘eS [Pll gersatsva (27) 


We next estimate |(en-F'ouh | for k = (ki,ko,ko) € No (the 
Lo 


same computations apply to the factors with h instead of w.) Set w,(x,&,7) := 
We, (X) We, (E) We; (7) and use part (b) of Lemma 3.1 to get 


[em Foret) 


= | (2-2, aks ny lal Fo! (w(y)w(a)w(bye7 27 tay) 


1 ME)" FO") p00. (28) 


where w should be replaced by wo in the corresponding cases when kj = 0 or ky = 0 
or kx = 0. With A := 2—“1 +) | it follows that 


Fo" (w(yyw(ayw(bye 7" "x, Em) = to(MA" Vg (WO) (0%, -AE), 


where Vi(h)(x, €) := fen h(a)w(a—x)e~>"**" da is the short-time Fourier transform 
of 4 using the window w. An estimate of the L' norm in (28) is based on a bound for 
the L! norm with respect to x and & of (1 + |2~@&])"!A"V,.(w(A-))(x, -A€). After 
a change of variables and using that 2" > 1 and 0 < A < 1, we obtain 
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i (1+ [2g )"A"|VasQv(A-)) (x, -A8)| dxdé 
< hie F (1+ IEDM VG or(A) 8) drag 2m am" — abit gh, 
R20 


The last inequality follows from the scaling properties of the modulation spaces 
M4 R") with t € R (see [5, Theorem 3.2]). 
From (27) and the above computations we then have that 


1 
| o* Bun < | T | (81.82 +53,83),m < | Oo | (91 + lm|-Fn,s2 +53 +7,53),m + 
00,1 Boo Boo, 
If we now assume the hypothesis that o(y, a, b) has compact support in y and a uni- 
formly in b, then the summations in k, and k> appearing in ||o'| poitinistns-tss-tnss).m 
Boo 


are finite and therefore |[O|| 6) +im+tntytesm S Co loll, (1ess)m 4 where C, 


depends on the size of the ait of o in the variables y and a. 

For the case s € R*” we can proceed in a similar way by splitting the summation 
in (ki,...,k3n) € N3" based on the regions Ry, Rg, Rc, Ri, Ro, R3 for each pair 
(Kj. kn+j),f =nt1,...,2n. oO 


Proof of Theorems 1.1 and 1.2 and Their Corollaries 


In this section, we start by explaining how Corollaries 1.3 and 1.4 follow from The- 
orems |.1 and 1.2, respectively. We then continue with the proofs of Theorems 1.1 
and 1.2. Finally, we state some improvements of Theorem 1.1 corresponding to the 
case l <p <2. 

Corollary 1.3 follows directly from Theorem 1.1 in view of the definition of 
s(p) (see Definition 2.1) and the fact that chet! (IR*") is continuously contained in 
per (IR*") (see (13)). As for Corollary 1.4, the assumptions (6) and (13) imply that 


€ € Cn OR c Be fa rR) for any 0 < 51,52 <1; ey (7) and a) 


interval (0, 1). Then part (a) of Cou 1.4 follows from part (a) of Theorem 1.2. 
An analogous reasoning shows that part (b) of Corollary 1.4 follows from part (b) 
of Theorem 1.2. 

We next proceed to prove Theorem 1.1. Recall that if s = (s), 82,583) € R° or 
Ss = (S1,..., 82) € R*", § denotes the vector (s7,53) € R? or the vector 
(Sp41,++++53n) € R2”, respectively. Moreover, an x-independent symbol o belongs 
to By (R*") if and only ifo ¢€ By" (R”) (see (14) and the corresponding 
discussion). 


Proof of Theorem 1.1. The boundedness results pon LP! (R") x LP? (R") into L?(R") 
for 2 < pi,p2 < wand2<p<o satisfying > = <a l= > (region II of Fig. 2) and 
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for all symbols in BS (R”) with m < m(p1,p2) and s and q as in the hypothesis 
were proved in [8]. Boundedness corresponding to p) = po = p = ov follows 
with a slight change in the proof of the latter case (see section “Boundedness from 
EP? % E into. L© for gern), m < m(oo, 00) = —n”). 

We next prove the rest of the cases. By parts (a) and (c) of Proposition 2.1, it is 
enough to work with the apace Bee "R3") where s(p) is in R32" and m < m(pj, po). 


If 1 < p, < 2 and - + a = |, then Ca p) 8 is in the line segment 
joining e i and GG, 5) in Fig.2 and m(pi,p2) = . We have s(1) = 
Geigy tel lds 1) eR and BO)" (R") Cc Bin " R) where t € R*” 


ne its Lily on components equal to those of s(1) and its last n components equal to 
5. Since r*! = S(p2) (recall that 2 < pz < oo), then part (a) of Theorem 1.5 implies 
a as € pe (R*") for any x-independent symbols o € Bi’ (R*”). Note at 

ai is in the segment joining (0, 0) with (0, ) of Fig. 2 and m(oo, p2)=-7F= 


— me = m(pj,p2). In view of the results corresponding to region II in Fig. 3. it 


follows 


ITF. lin < o* 


po UlFllzce llr. 
co,l 


for all f,g ¢€ S(R") and all x-independent symbols o € Bee (R*”) with 
m < m(pi, p2). Duality and (10) imply 


IToF. all < |lo™ 


pea [Fla Uhsllave S Molla Mla Iga» 


for all f,g € S(R") and all x-independent symbols o € Bo R*") with m < 


m(p1,p2). This holds in particular for all x-independent symbols in ae (R3”) 
and for those symbols we have lol gum Ss loll com. If 2 < py < ow and 
x + = |, then Ce a) is in the line segment joining (0, 1) and (G. 5) in Fig. 2 
and bon p2)=—- a We can proceed in a similar way as above, using o*? instead 
of o*!, to get the desired result. 

We next consider 2 < pi, p2 < oo with | < p < 2 given by + a a= =5 (region 
I in Fig. 2). Let the trilinear operator T be defined as T(o,f, g) := T,(f, g). By the 
previously treated cases, T satisfies the following boundedness properties: 


T is bounded from BO). i; R?”) x L?(R") x L®(R”) into L?(R") for m < —3, 


T is bounded from Be). 7 (R2") x LR") x L?(R") into L?(R") for m < —2, 


T is bounded from Bo. 1" (R*”) x L?(R") x L’(R") into L'(R”) for m < —3. 


From the facts shown in section “Complex Interpolation of Besov Spaces of Product 
Type”, it follows that 


(BOR), BO (R"))) = BOR”), 1 = 846, meR. 
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Fig. 2 Interpolation (0, 1) 
argument in the proof of 
Theorem 1.1 


(0,0) G9) G0) (2,0) 


Using trilinear complex interpolation (see [4, Theorem 4.4.1]), we conclude that 
T is bounded from Bee (IR) x L?(R") x L?2(R") into L?(R") for m < —§ and 
Po, p such that 4 oa - and Ca 
G. 5) i in Fig. 2. Similatly, we obtain the desired mapping properties for the indices 
corresponding to the segment joining (0, 5) and (, ) in Fig. 2. If Gs =) is a point 
in the interior of region I in Fig.2, the boundedness result for operators with x- 


) is on the line segment joining (, 0) and 


independent symbols in Filed "(R*), m < m(p1,p2) = —§, follows by complex 
pe aa ane the boundedness ages to the indices given by the pairs 
(, +) and (5, +) that satisfy + +5 i+} Poiytial oO 


P1 p2 P 


Proof of Theorem 1.2. In view of Proposition 2.1 it is enough to consider g = 1. 
Also, s € R? will be assumed; a similar argument applies to the case s € R*”. 
We first observe that if 0 € BY”, (IR*”) is a symbol as in part (a) of Theorem 1.2, 


the assumption on the support of 6 allows to conclude that 0 € ie (R*") for any 
5 = (51,52,5) € >. By taking § = C 5,35) the boundedness corresponding to 
2 < pi, p2,p < © is a particular case of Theorem 1.1. The same reasoning is valid 
for symbols as in part (b) of Theorem 1.2. 
Fix now | < pj,p < 2 and2 < po < c such that fe 7 = a8 = (%1, 52,5) € 
SI 


R?3,m < m(pj,p2) and leto € By. ,(R*") be a syanbors as in part (a) of Theorem 1.2. 
From the assumptions on the support of G@ it follows that 0 € a ,(R*") for 5 = 
“. 4,5). By item (i) in part (b) of Theorem 1.5 we have that o*! € BY (R*”); 


cee the mapping properties corresponding to region II in Fig. 2, it follows that 
T,*1 is bounded from LP (R") x L?2(IR") into LP (R"). Duality then implies that T, 
is bounded from L?! (IR”) x L??(IR") into L?(IR") as desired. 

Part (b) of Theorem 1.2 follows analogously through the use of o*?. oO 
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An Improved Version of Theorem 1.1 for 1 < p <2 


We present an improvement of Theorem 1.1 in the sense that boundedness into 
L?(R"), | < p < 2, holds for operators with x-independent symbols belonging to 
certain Besov spaces that have regularity index below s(p). 


If s is a vector in R* or R* and o = o(€,7) is in BS’ |(R") for some m € R, 
we define ||o'|| Ban = I|o||,,5m, where S is a vector in R? or R*"”, respectively, such 
oO, co] 


that S = s (see (14) and the corresponding discussion). 
For | < pi,p2 < 00 such that 7 + = = | define s(p;, pz) as the vector in R? 
given by 


(n,5) ifl <p; <2, 
(5m) 12 <= pi = co, 


S(P1,P2) = 


or as the vector in R” given by 


Orel eine) eee, 
_—OT eS 

5(P1,P2) = : " ; 
piteigg lca) U2 Spi Sos, 


n n 


Note that s(2,2) receives two possible values in each dimension considered. The 
proof of Theorem 1.1 and part (c) of Proposition 2.1 give that 


Zo Fs lhe S ol gore. Mlflla Isla » 


for all f, g € S(R”) and all symbols o € ne "(R2") with m < m(pi,p2) and 
where s(p},p2) is in R? or in R*”. This is an improvement on the corresponding 


result in Theorem 1.1 since isa R7")¢ asi 2)" (R2"). Recall that s(1) = (n,n) 
or s(1) = (1,..., 1) € R?", then the above states that boundedness still holds even 
if the symbol has 5+ fewer derivatives (in the sense of Besov spaces) with respect to 
one of its frequency variables. 

For 2 < pi,p2 < oo such that 7 + - = 7 and p; = 2 or p2 = 2 (segments 
joining points G. 5) and G. 0) and points G, 5) and (0, +), respectively, in Fig. 2) 
define s(p;, pz) as the vector in R* given by 

(4,7) ifp, = 2, 
Spy, 7 2. 
CG. 7 if pz = 2, 


or as the vector in R?” given by 
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S(p1,p2) = 1 " 1 


n n 


In this case we also have Bw?" (R) g pe Rs), if (p1,p2) # (2,00) and 
(p1,P2) # (co, 2). Symbols in the latter class are allowed to have 3 — 5 > 0 fewer 


derivatives (in the sense of Besov ope) i those in Be stp). (R), 


Finally, if p;, p2 are such that + at om = and Ca = +) is in the interior of region 
I of Fig. 2, define s(p1,p2) := (1 — 8)s(u, 2) + @s(2, v) where 6 € (0,1) is such 


that (4, De d- ay(4, 4 + ACs, +) and u and v are as in Fig. 2. Once more, 


Pi’ p2 
Be" (R2") iS Ren), 
An analogous proof to that of Theorem 1.1 gives then the aac 


Theorem 4.1. Consider 1 < p\,p. < ona = 1 such that —- . a = : or, 


2 < pj,p2 < coand | < p < 2 satisfying + a ps = 5. Afm < i aG ae) 


P\ 
is as defined above and s is a vector of the same Bc as S(P1, p2), the following 
statements hold true: 


(a) If0 <q < 1ands > s(p1, p2) component-wise, then 
IToF Mlle S lola, Ulflla Isla » 


for all f, g € S(R") and all symbols o in Bey" (R™). 
(b) If1 <q< cands > s(pi,p2) component-wise, then 


IZoF lle S Wo lase, Wl Walla 


for all f, g € S(R") and all symbols o in By (Rk). 


Corresponding improvements of (4) and (5) in Corollary 1.3 follow from 
Theorem 4.1. 


Complex Interpolation of Besov Spaces of Product Type 


We refer the reader to [4, Chap. 4] regarding the method of complex interpolation 
and some of the notation used in this section. The following theorem is a particular 
case of [17, Theorem 1.3.3] (see also [9, Theorem 4]): 


Theorem 5.A. Let 1 < 70,11, 90,91 < © (excluding the cases rp = r; = oo and 
qo = G1 = 0©), mp, m € R, So, 5; both in R? or both in R*". If0 < 6 <1, 
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(Be (R°"), Be" (R™))io) = BEN(R™), (29) 
a es R*")) (6) = Be), (30) 


where + = 642 121848 m= (1—6)m9+ 6m, ands = (1—6)5) +05). 


ro rn? gq q0 q’ 
In this section we will address the case rp = r} = co and myo = m, and show 
that (29) and (30) also hold in such situation. This is, with the parameters as in the 
statement of Theorem 5.A and mp = m, = m, 


(BSf,(R"), Bos, R"))o] = BSR”), GL) 
(BS, (R™"), BL” (R™")) 9) = BE, (R”). (32) 


For the sake of notation, only (31) will be treated; a completely analogous reasoning 
leads to (32). 

We start by introducing some definitions and notations. Given a Banach space 
X, 1 < q < ov, ands € R’, denote by /4(X) the Banach space of all sequences 
X = {Xk}eent in X such that 


% sk 
Ixllgey = | D5 @™ Meal? | < 00, 


. L 
kenk 


with the appropriate changes if g = oo. If m € R, s € R¢ with L = 3 or L = 3n, 
and | < q < w, then foro € Be Re”), we have that 


oO sm F! W, or ’ 
lores, = |tF'O% yen ace gary 
Where {Wk}zent iS as in the definition of BS" (R°"). (Note that F-'(w,6) is a 


continuous function in R*” since it is analytic in C*” as it is the inverse Fourier 
transform of a compactly supported tempered distribution in R*”). 

A Banach space X is said to be a retract of a Banach space Y if there are linear 
bounded mappings .4 : X > Yand A: Y > X such that Yo Y = Id. 


Lemma 5.1. [fm € R,s € R* with L = 3 or L = 3n, and 1 < q < &, then 
se R°”) is a retract of I2(C°(R°")). 
Proof. Let {wi},ent be as in the definition of Bey" (R°") for s € R”. Define F : 
Be) = 12(C2 (R*")) as Z(a) := {FTO Vent: Then .¥ is linear and 
IF () llacco a3) a lollase - 

Let {W;}jen) be as in (12) and set W(x, &,) = We, (XWin (E)We,()) for k = 
(ki, ky, ks) € NO if L = 3, or wea, &,1) = We, 1) +++ Why On) Why (EL) * + Wesy (Mn) 
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fork = (ki,..., kan) € N}* if L = 3n, then wyw, = wy for all k € Ne. Note that 
Du<m | (WeXx) converges in S’(R*") as M — 00 if Oibeene € 14(C2(R*")). 

Define F : 12(C°(R*")) > Bs" (R*”) as P (ident) = Dikent Fo (WyXx,). 
The mapping # is bounded. Indeed, for k = (k,,..., kz) € N5 we have 


F'\mnF(PBvvens) = DF Ove aet).- 
J= (i. JL EZE 
liclS2, ke+je=0 


Therefore, by part (b) of Lemma 3.1, 


| FOr F(P Co} sens) 


om IF ‘om eDleg 
J= (id) ENS 
liel<2. ke-+ie=0 

< c(w, Wo) ye [>x+:llco ; 


J=(i.i LENS 
lielS2.ke+je=0 


which implies that | P (xis cent) Moreover, # is 


- | tx L 
cae KENo | 4 (c9,R")) 


linear and we clearly have Yo Y = Id. Oo 


Lemma 5.2. Let so,s; € R”, 1 < qo,qi < cw and0 < @ < 1. If Xo and X, are 


Banach spaces then, with equal norms, 
(1 (Xo), 1 (X1)) fo) = HEX), 


where s = (1 — @)s0 + 851, 7 = re + ae and X = (Xo, X1) (6). 


Proof. This is a consequence, for instance, of Bergh and Lofstrém [4, Theo- 
rem 5.6.3], where the case corresponding to L = | is proved. Oo 


Proof of (31). Note that .Y and Y in the proof of Lemma 5.1 are independent of the 

parameters of the spaces involved. In particular .% and Y are linear mappings from 
SQ.M 3n 51 ,m Bn); 0 3n 0 3n 0 3n 

Bog (R™) + Bosig, (R°") into 1% (C,,(R°")) + U4 (C,, (R")) and from 17° (C,, (R°")) + 


0 3n\)\ ; 50 3n 51m 3n s Oe 
I) (C,CR°")) into BY”, (R°") + By", (R°"), respectively, such that 7 is linear and 


2,40 
bounded from BX”, (R*”) into 14 (C),(R™)) for k = 0,1, F is linear and bounded 
from 1% (CP (R3")) into By” (R™”) fork = 0,1, and A(.%(c)) = o forallo € 
5, 3n 51, 3n 7 * 
Bog) (R") + Bxo'G, (R"). By complex interpolation we then conclude that the space 
ae RF" (R*”)) (9) is a retract of (14 (C)(R*”)), If! (C2 (R*"))) 9, with the 
mappings -¥ and Y. This implies that 
P (CR), 2 (CAR) po) = (BY%, (R”), BE", (R*)) 9)- 


m m 00.40 007.941 
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By Lemma 5.2 and the fact that (C? (R*”), C° (R*”))j9) = C9 (R3"), we have 


m 


P(E(CR(R*")) po) = (BE, (R*”), BI" (R*")) 9)- 
Since A(I4(C(R*"))) = Bee (R), (31) follows. The equality of the norms 
follows from the fact that .Y is an isometry and from the equality in norms given in 
Lemma 5.2. oO 


Remark 5.1. The above reasoning in the proof of (31) breaks down when 
mo ¥ my. Indeed, assume without lost of generality that mo < my); then 
(Cp, CR”), Ch, (R*")) 0) # C°(R*) for m = (1 — A)mo + Amy since Cin (R*”) ial 
Cie) =c is dense in (C2, (R*"),C® (R°"))i9) while C°, (R*”) is not dense 


0 
mo (R3” ) mo m\ mo 
in C°(R™"), 


Boundedness from L® x L® into L® for on R3"), 
m <m(oo,0oo) = —n 


Boundedness from L?'(IR") x L??(IR”) into L?(IR”) for operators associated to 
symbols in BOR) with m < m(pj,p2), 2 < pi,p2 < &,2 < p < oo and 
x + a = 7 was shown in [8]. The proof of such result can be adapted to obtain the 
corresponding mapping property for py = p2 = p = oo as explained in this section. 


Given f,g,4,~, vw, @ € S(R"), define 


V(f. g.h)(y. a,b) = f mobos ton FE Me™ ETM h(x) ded&dn 


JR3n 
~ iA EAC e+ age + b) de, WE 8h. 9. Ws ONC EM) | 


= [cometh oo (@O WV (F. 8. (0.4, b) dydadb. 


The following estimate was shown in [8, Theorem 4] for 2 < p,,p2. < oo and 


2 <p < oo satisfying > + 5; = = 


[16 "WEF... 0, 4. )04.8. 09] addy 


SD Wz 218” Pll Wl Miglh ve Ally’ 
a,B,y €{0,1,2,3}" 


for all functions f, g,4, ¥,@ € S(R") and ¢ of the form g(x) = TTja1 g;(xj), where 
x = (x1,...,%,) and g € S(R),j = 1,...,n. 
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We now prove that the above inequality also holds for p = py = p2 = ov, this is 


[16 8. 9.97 Bl.) dr (33) 


SDE a ve ez N07 e218” gles Uf llnce Uigllzs Walla 


a,B,ye{0,1,2,3}" 


Once (33) is proved, the same ideas used in [8] give that 


Zo (F, B)Ilzco S loll groom MIF llace Illzse 


a 


for all f,g € S(R”) and allo ¢€ BIO" (R3") with m < m(oo,oo) = —n and 
s(0o) in R3 or in R*”. The corresponding statements in Theorem 1.1 for g # 1 and 
Ss => s(oo) follow by the embedding properties of Proposition 2.1. 


Proof of (33). Defining 


Te = GF = (ieee in) € (ye Pf FHL A Lj <0 <jedeg <2 <jn} 


fork = 0,...,n, and denoting W(f, g,h, y, w, 0) by W, the proof in [8, Theorem 4] 
shows that 


WH EM = D> oj W380), 


k=0,...,0 


where for k = 0,...,nandj = Gi,---sJn) € Se 
Wg, En) i= oe 2nile(—E—n tO +&a+0) (7) F(a) 9(b) Sh, t, &,, a, b) dtdadb, 
: = : 


5,3 0, §,7,4,b) 2= a 9 or — & — ) O37. MAaw() dy, 


Aap(t) = Wat pdb + t), 


k 
Q(t — § — 0) : TT ene — & — Njr)s (Yj(t — & — n) =), 


n 1 
= (1) 
®,30, T,€, i= I] mf Gi, (Sidi + Te — Ein — Ni) Sir 
l=k+1 


= Virti °°" Yin / 
k-+1 (ope, 


with ® = := 1 and g denoting the first derivative of g;,. It is then enough to prove 
the inequality (33) for each Wi}: 


n 


(1) 
Gj, (Si Yin ar Tj, Ei =. Ni) Sj, , a ds;,, 
=k+1 
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For the case k = n, define F(a) := f(a) (a — x), Gx(b) = g(b)0(b — x), and 
H,(t) := h(t)G(x — T), and obtain as in [8, Theorem 4] that 


J eonvmlw,30. 8. dragdy 
R3n 


1 


sf Wale WGlle (Gone + Pagan) a 


2n 


Then 


[eons 8m) dragdy 
R3n 


S sup (lFrxllz2 Gell) 
xeER" 


( [LsenPmise + meagan) 


SZ MWh lizce Wellzco Iv llz2 Il lle 


pl 


( [ewetee + mPagan) 
R 


2n 


L! 
Since m(co, co) = —n and m < m(oo, co), we have m = —n—e for some ¢ > 0. 
Set m, = my := —5 — 5. The change of variable n — 7 — & and the fact that 


Gq=i" a+ EG + lq)? imply 


2n 


<([ a+ eve a8) 


The integral in & is finite and 


( / (1+ bnb?™\FOpP dn) -( i (1+ Ind") ean) 
R" R 


< | 


( [emntce + maga) 


1 


(f+ npemeimitan) 


Nie 


Nie 


oo 5 lalla = [ROPE— I, 


which implies 


| ([,(e.m?mie + Pagar) 


Nie 


S llAlle Wella - 
Li 
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We then obtain 
:. (&, 0)" |W, (x, &, | dxd&dn < Ve lc2 NAllc2 Olle Wf lice Ugllzce All 1- 


For the case k € {0,...,2 — 1}, set Fray, (a) = f(a(a@t"w)(a + 1), 
G1.0,y)(b) 2= g(b)(0"*”6)(b + t) and 


Ay, 5 (T) = A(t - Eo ame (10 ( I] aor") (r) eo 2ti Lise SIT 
l=k+1 


where 5, := (se41,---55n) € [0, 1]"~*, Ye = Onetis--»s¥n) € R™, x, 7 € R" and 
gy denotes the j; derivative of g with j; < 3. Proceeding as in [8, Theorem 4], it 
is enough to analyze 


e2tiv(E+N) p—2ri(xt)-y H(y) 
W520; é, n) = | n : 2 
R2" J [0,1)"-* T= (1 + i(t; + x))) 


x Fran (E)Grarn (MF | (He sps) (& +0) dse41.-. dsn dydt, 


where H is an appropriate fixed function on L!(IR”) and aj, yj, i = 1,2, are 
multiindices with components at most equal to 3. We have 


|| Fecer.v1 lis | Gi.a,2 l.2 
[0,1]"-* T]j-10 + |t; + x;|7) 


[Gann zate$.mlagands sf 10) 
R3” R3n 


2 
x (fe m?MF" (sas) E+ WP dy) dies... dy dy dc, 
and therefore 


[ (6. n)"|Wy5o(%.6. Ml dédndx S sup | Fray 12 | Gra2. le i #0) (34) 


R3n 
} 
x [, = ( [ . ( a _ ene (H.3.51) + MIP dba) i) Ads41 ... dsp dy. 


The first factor in the right-hand side above satisfies 


sup [Frou l2 [Goal $ 3 yl] ,21]8*74l],2 [Uf llzollgllzso- GS) 
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For the other factor, we proceed as in the case k = n and recalling that s; € [0, 1], it 
follows that 


i. (/. (&, ne (3.5, ) (E + meagan) dx (36) 


s( [i Wrastolarar) soba Jay TT of? 


j=k+1 1 


Putting (34)—(36) together and using that H € L'(R"), we get 


[6.1 gas 6] aan 


n —=_ 

—— _—_—. _ 5 
Sat yl? |Gy TT ef? | Uflleollgllec Wale. 
j=k+1 rl 


oO 
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Metric Characterizations of Some Classes 
of Banach Spaces 


Mikhail Ostrovskii 


Dedicated to the Memory of Cora Sadosky. 


Abstract The main purpose of the paper is to present some recent results on metric 
characterizations of superreflexivity and the Radon—Nikodym property. 


2010 Mathematics Subject Classification: Primary: 46B85; Secondary: 05C12, 
20F67, 30L05, 46B07, 46B22 


Introduction 


By a metric characterization of a class of Banach spaces in the most general sense 
we mean a characterization which refers only to the metric structure of a Banach 
space and does not involve the linear structure. Some origins of the idea of a metric 
characterization can be seen in the classical theorem of Mazur and Ulam [75]: Two 
Banach spaces (over reals) are isometric as metric spaces if and only if they are 
linearly isometric as Banach spaces. 

However study of metric characterizations became an active research direc- 
tion only in mid-1980s, in the work of Bourgain [13] and Bourgain—Milman— 
Wolfson [16]. This study was motivated by the following result of Ribe [106]. 


Definition 1.1. Let X and Y be two Banach spaces. The space X is said to be finitely 
representable in Y if for any ¢ > O and any finite-dimensional subspace F C X 
there exists a finite-dimensional subspace G C Y such that d(F, G) < 1 + «, where 
d(F, G) is the Banach—Mazur distance. 

The space X is said to be crudely finitely representable in Y if there exists 
1 < C < © such that for any finite-dimensional subspace F C X there exists a 
finite-dimensional subspace G C Y such that d(F, G) < C. 
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Theorem 1.2 (Ribe [106]). Let Z and Y be Banach spaces. If Z and Y are uniformly 
homeomorphic, then Z and Y are crudely finitely representable in each other. 


Three proofs of this theorem are known at the moment: 


¢ The original proof of Ribe [106]. Some versions of it were presented in Enflo’s 
survey [39] and the book by Benyamini and Lindenstrauss [11, pp. 222-224]. 

¢ The proof of Heinrich-Mankiewicz [52] based on ultraproduct techniques, also 
presented in [11]. 

¢ The proof of Bourgain [14] containing related quantitative estimates. This paper 
is a very difficult reading. The proof has been clarified and simplified by Giladi— 
Naor—Schechtman [44] (one of the steps was simplified earlier by Begun [8]). 
The presentation of [44] is easy to understand, but some of the ¢-6 ends in it do 
not meet. I tried to fix this when I presented this result in my book [90, Sect. 9.2] 
(let me know if you find any problems with e-6 choices there). 


These three proofs develop a wide spectrum of methods of the nonlinear Banach 
space theory and are well worth studying. 

The Ribe theorem implies stability under uniform homeomorphisms of each 
class P of Banach spaces satisfying the following condition LHI (local, hereditary, 
isomorphic): if X € P and Y crudely finitely representable in X, then Y € P. 

The following well-known classes have the described property: 


¢ superreflexive spaces (see the definition and related results in section “Metric 
Characterizations of Superreflexivity” of this paper), 

* spaces having cotype q, q € [2, 00) (the definitions of type and cotype can be 
found, for example, in [90, Sect. 2.4]), 

* spaces having cotype r for each r > q where g € [2, 00), 

* spaces having type p, p € (1, 2], 

* spaces having type r for each r < p where p € (1, 2], 

* Banach spaces isomorphic to g-convex spaces q € [2,00) (see Definition 2.7 
below, more details can be found, for example, in [90, Sect. 8.4]), 

* Banach spaces isomorphic to p-smooth spaces p € (1, 2] (see Definition 1.6 and 
(90, Sect. 8.4]), 

¢ UMD (unconditional for martingale differences) spaces (recommended source 
for information on the UMD property is the forthcoming book [103]), 

e Intersections of some collections of classes described above, 

¢ One of such intersections is the class of spaces isomorphic to Hilbert spaces 
(by the Kwapien theorem [62], each Banach space having both type 2 and cotype 
2 is isomorphic to a Hilbert space), 

¢ Banach spaces isomorphic to subspaces of the space L,(Q, 2X, 4) for some 
measure space (Q, %, 4), p # 2, 00 (for p = oo we get the class of all Banach 
spaces, for p = 2 we get the class of spaces isomorphic to Hilbert spaces). 


Remark 1.3. This list seems to constitute the list of all classes of Banach spaces 
satisfying the condition LHI which were systematically studied. 
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By the Ribe Theorem (Theorem 1.2), one can expect that each class satisfying the 
condition LHI has a metric characterization. At this point metric characterizations 
are known for all classes listed above except p-smooth and UMD (and some of the 
intersections involving these classes). Here are the references: 


¢ Superreflexivity—see section “Metric Characterizations of Superreflexivity” of 
this paper for a detailed account. 

¢ Properties related to type—[76] (see [16, 40, 102] for previous important results 
in this direction, and [42] for some improvements). 

¢ Properties related to cotype—[77], see [43] for some improvements. 

* q-convexity—[78]. 

* Spaces isomorphic to subspaces of L, (p # 2,00). Rabinovich noticed that 
one can generalize results of [71] and characterize the optimal distortion of 
embeddings of a finite metric space into L,-space (see [74, Exercise 4 on p. 383 
and comment of p. 380] and a detailed presentation in [90, Sect. 4.3]). Johnson, 
Mendel, and Schechtman (unpublished) found another characterization of the 
optimal distortion using a modification of the argument of Lindenstrauss and 
Petczynski [70, Theorem 7.3]. These characterizations are very close to each 
other. They are not satisfactory in some respects. 


Ribe Program 


It should be mentioned that some of the metric characterizations (for example of 
the class of spaces having some type > 1) can be derived from the known ‘linear’ 
theory. Substantially nonlinear characterizations started with the paper of Bourgain 
[13] in which he characterized superreflexive Banach spaces in terms of binary trees. 

This paper of Bourgain and the whole direction of metric characterizations was 
inspired by the unpublished paper of Joram Lindenstrauss with the tentative title 
“Topics in the geometry of metric spaces.” This paper has never been published 
(and apparently has never been written, so it looks like it was just a conversation, 
and not a paper), but it had a significant impact on this direction of research. 
The unpublished paper of Lindenstrauss and the mentioned paper of Bourgain [13] 
initiated what is now known as the Ribe program. 

Bourgain [13, p. 222] formulated it as the program of search for equivalent 
definitions of different LHI invariants in terms of metric structure with the next 
step consisting in studying these metrical concepts in general metric spaces in an 
attempt to develop an analogue of the linear theory. 

Bourgain himself made several important contributions to the Ribe program, now 
it is a very deep and extensive research direction. In words of Ball [3]: “Within a 
decade or two the Ribe programme acquired an importance that would have been 
hard to predict at the outset.” In this paper I am going to cover only a very small part 
of known results on this program. I refer interested people to the surveys of Ball [3] 
(short survey) and Naor [81] (extensive survey). 
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Many of the known metric characterizations use the following standard 
definitions: 


Definition 1.4. Let 0 < C < co. Amapf : (A,d4) > (Y, dy) between two metric 
spaces is called C-Lipschitz if 


Vu,v €A_ dy(f(u),f(v)) < Cda(u, v). 


A map f is called Lipschitz if it is C-Lipschitz for some 0 < C < ow. 
Let 1 < C< w.Amapf:A — Y is called a C-bilipschitz embedding if there 
exists r > 0 such that 


Vu,v €A_ rda(u,v) < dy(f(u), f(v)) < rCdy(u, v). (1) 


A. bilipschitz embedding is an embedding which is C-bilipschitz for some 
1 < C < ~. The smallest constant C for which there exist r > O such that (1) 
is satisfied is called the distortion of f. 


There are at least two directions in which we can seek metric characterizations: 


(1) We can try to characterize metric spaces which admit bilipschitz embeddings 
into some Banach spaces belonging to P. 

(2) We can try to find metric structures which are present in each Banach space 
X€EP. 


Characterizations of type (1) would be much more interesting for applications. 
However, as far as I know such characterizations were found only in the following 
cases: (1) P = {the class of Banach spaces isomorphic to a Hilbert space} 
(it is the Linial-London-Rabinovich [71, Corollary 3.5] formula for distortion of 
embeddings of a finite metric space into ¢2). (2) P = {the class of Banach spaces 
isomorphic to a subspace of some L,-space}, p is a fixed number p ¥ 2, 00, see the 
last paragraph preceding section “Ribe Program.” 


Local Properties for Which no Metric Characterization is Known 


Problem 1.5. Find a metric characterization of UMD. 


Here UMD stays for unconditional for martingale differences. The most compre- 
hensive source of information on UMD is the forthcoming book of Pisier [103]. 
Ihave not found in the literature any traces of attempts to work on Problem 1.5. 


Definition 1.6. A Banach space is called p-smooth if its modulus of smoothness 
satisfies p(t) < Cf’ for p € (1, 2]. 


See [90, Sect. 8.4] for information on p-smooth spaces. 


Metric Characterizations of Some Classes of Banach Spaces 311 


Problem 1.7. Find a metric characterization of the class of Banach spaces isomor- 
phic to p-smooth spaces p € (1, 2]. 


This problem was posed and discussed in the paper by Mendel and Naor [78], 
where a similar problem is solved for g-convex spaces. Mendel and Naor wrote 
[78, p. 335]: “Trees are natural candidates for finite metric obstructions to 
q-convexity, but it is unclear what would be the possible finite metric witnesses 
to the “non-p-smoothness” of a metric space.” 


Metric Characterizations of Superreflexivity 


Definition 2.1 (James [55, 56]). A Banach space X is called superreflexive if each 
Banach space which is finitely representable in X is reflexive. 


It might look like a rather peculiar definition, but, as I understand, introducing 
it (® 1967) James already had a feeling that it is a very natural and important 
definition. This feeling was shown to be completely justified when Enflo [38] 
completed the series of results of James by proving that each superreflexive space 
has an equivalent uniformly convex norm. 


Definition 2.2. A Banach space is called uniformly convex if for every ¢ > O there 
is some 6 > 0 so that for any two vectors with ||x|| < 1 and ||y|| < 1, the inequality 


1—|2 = | <6 
implies 
IIx —yll <. 
Definition 2.3. Two norms ||-||; and ||-||2 on a linear space X are called equivalent 


if there are constants 0 < c < C < oo such that 
ella||i < |lll2 < Cliath 
for each x € X. 


After the pioneering results of James and Enflo numerous equivalent reformula- 
tions of superreflexivity were found and superreflexivity was used in many different 
contexts. 

The metric characterizations of superreflexivity which we are going to present 
belong to the class of the so-called test-space characterizations. 


Definition 2.4. Let P be a class of Banach spaces and let T = {Tytwe, be a set 
of metric spaces. We say that T is a set of test-spaces for P if the following two 
conditions are equivalent: (1) X ¢ P; (2) The spaces {Ty}ve4 admit bilipschitz 
embeddings into X with uniformly bounded distortions. 
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Definition 2.5. A binary tree of depth n, denoted T,,, is a finite graph in which each 
vertex is represented by a finite (possibly empty) sequence of 0 and 1, of length 
at most n. Two vertices in T,, are adjacent if the sequence corresponding to one of 
them is obtained from the sequence corresponding to the other by adding one term 
on the right. (For example, vertices corresponding to (1,1,1,0) and (1,1, 1,0, 1) 
are adjacent.) A vertex corresponding to a sequence of length n in T, is called a leaf. 

An infinite binary tree, denoted Ty, is an infinite graph in which each vertex is 
represented by a finite (possibly empty) sequence of 0 and 1. Two vertices in Tyo are 
adjacent if the sequence corresponding to one of them is obtained from the sequence 
corresponding to the other by adding one term on the right. 

Both for finite and infinite binary trees we use the following terminology. The 
vertex corresponding to the empty sequence is called a root. If a sequence Tt is an 
initial segment of the sequence o we say that o is a descendant of t and that Tt is 
an ancestor of o. If a descendant o of t is adjacent to t, we say that o is a child of 
t and that t is a parent of o. Two children of the same parent are called siblings. 
Child of a child is called a grandchild. (It is clear that each vertex in Ty has exactly 
two children, the same is true for all vertices of T,, except leaves.) 


Theorem 2.6 (Bourgain [13]). A Banach space X is nonsuperreflexive if and only 
if it admits bilipschitz embeddings with uniformly bounded distortions of finite 
binary trees {T,}°°., of all depths, see Fig. 1. 


In Bourgain’s proof the difficult direction is the “if” direction, the “only if” is 
an easy consequence of the theory of superreflexive spaces. Recently Kloeckner 
[61] found a very simple proof of the “if” direction. I plan to describe the proofs 
of Bourgain and Kloeckner after recalling the results on superreflexivity which we 
need. 


Fig. 1 The binary tree of depth 3, that is, T3 
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Definition 2.7. The modulus of (uniform) convexity dx(e) of a Banach space X 
with norm || - || is defined as 


‘ x+y 
int} — [= 2) | px = ppl = and fx > « 


for ¢ € (0, 2]. The space X or its norm is said to be q-convex, q € [2, 00) if dy(e) = 
ce? for some c > 0. 


Remark 2.8. It is easy to see that the definition of the uniform convexity given in 
Definition 2.2 is equivalent to: X is uniformly convex if and only if 6x(¢) > 0 for 
each ¢ € (0, 2]. 


Theorem 2.9 (Pisier [101]). The following properties of a Banach space Y are 
equivalent: 


1. Y is superreflexive. 
2. Y has an equivalent q-convex norm for some q € [2, 00). 


Using Theorem 2.9 we can prove the “if” part of Bourgain’s characterization. 
Denote by cx(T,,) the infimum of distortions of embeddings of the binary tree T,, 
into a Banach space X. 

By Theorem 2.9, for the “if” part of Bourgain’s theorem it suffices to prove that 
if X is q-convex, then for some c; > 0 we have 


cx(Tn) > ¢1 (logy n)*. 
Proof (Kloeckner [61]). Let F be the four-vertex tree with one root ao which has 


one child a; and two grandchildren ap, dy. Sometimes such tree is called a fork, see 
Fig. 2. The following lemma is similar to the corresponding results in [73]. 


Lemma 2.10. There is a constant K = K(X) such that if g : F — X is D-Lipschitz 
and distance non-decreasing, then either 


(a) - ylan)h <2(D- 5) 


Fig. 2 A fork (a0) 
ag 


ay 
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or 


K 
l(a) - ety <2(D- 5) 


First we finish the proof of cx(T,) => ci(log, n)é using Lemma 2.10. So let 
gy : T, — X be a map of distortion D. Since X is a Banach space, we may assume 
that g is D-Lipschitz, distance non-decreasing map, that is 


dr, (u,v) S ||p(u) — o(v)|| S Dar, (u, v). 


The main idea of the proof is to construct a less-distorted embedding of a 
smaller tree. 

Given any vertex of T,, which is not a leaf, let us name arbitrarily one of its two 
children its daughter, and the other its son. We select two grandchildren of the root 
in the following way: we pick the grandchild mapped by ¢ closest to the root among 
its daughter’s children and the grandchild mapped by ¢ closest to the root among its 
son’s children (ties are resolved arbitrarily). Then we select inductively, in the same 
way, two grandchildren for all previously selected vertices up to generation n — 2. 

The set of selected vertices, endowed with half the distance induced by the tree 
metric is isometric to 72), and Lemma 2.10 implies that the restriction of ¢ to this 
set has distortion at most f(D) = D — mo : 

We can iterate such restrictions |log, n| times to get an embedding of T; whose 
distortion is at most 


K 
D—- [log, n| Drei 


since each iteration improves the distortion by at least K/D‘7~'. Since the distortion 
of any embedding is at least 1, we get the desired inequality. oO 


Remark 2.11. Kloeckner borrowed the approach based on “controlled improvement 
for embeddings of smaller parts” from the Johnson—Schechtman paper [58] in which 
it is used for diamond graphs (Kloeckner calls this approach a self-improvement 
argument). Arguments of this type are well known and widely used in the linear 
theory, where they go back at least to James [53]; but these two examples (Johnson— 
Schechtman [58] and Kloeckner [61]) seem to be the only two known results of 
this type in the nonlinear theory. It would be interesting to find further nonlinear 
arguments of this type. 


Sketch of the Proof of Lemma 2.10. Assume g(do) = 0 and let x1 = g(a), x2 = 
(az) and x, = y(a4). Recall that we assumed 


dr, (u, v) < ||e(u) — e(v)|| S Dar, (u, v). ) 


Metric Characterizations of Some Classes of Banach Spaces 315 


Consider the (easy) case where ||x2|| = 2D and ||x;|| = 2D (that is, the distortion 
D is attained on these vectors). We claim that this implies that x. = Xs In fact, it 


is easy to check that this implies ||x;|| = D, ||x2 — x1 || = D, and ||x, — x) || = D. 
Also atten) = D and ater) = D. By the uniform convexity we get 
||x1 — (%2 — x1)|| = 0 and ||x; — (x, —x))|| = 0. Hence x. = x4, and we get that the 
conditions ||x2|| = 2D and ||x,|| = 2D cannot be satisfied simultaneously. 


The proof of Lemma 2.10 goes as follows. We start by letting ||x2|| > 2(D — n) 
and ||x,|| => 2(D — n) for some n > 0. Using a perturbed version of the argument 
just presented, the definition of the modulus of convexity, and our assumption 
dx(e) = ce”, we get an estimate of ||x2 — x,|| from above in terms of 7. Comparing 
this estimate with the assumption ||x. — x4|| > 2 (which follows from dz, (u,v) < 
||p(u) — g(v)||), we get the desired estimate for 7 from below, see [61] for details. 

Oo 


Remark 2.12. The approach of Kloeckner can be used for any uniformly convex 
space, it is not necessary to combine it with the Pisier Theorem (Theorem 2.9), 
see [103]. 


To prove the “only if” part of Bourgain’s theorem we need the following 
characterization of superreflexivity, one of the most suitable sources for this 
characterization of superreflexivity is [103]. 


Theorem 2.13 (James [53, 55, 108]). Let X be a Banach space. The following are 
equivalent: 


1. X is not superreflexive 

2. There exists a € (0,1] such that for each m € N the unit ball of the space 
X contains a finite sequence x\,X2,...,Xm of vectors satisfying, for any j € 
{1,...,m— 1} and any real coefficients a,,..., Am, the condition 


m 


+] do ail]. (2) 


i=j+1 


za 


m 
y QjXj 
i=1 


J 
da 
i=1 


3. For each a € (0, 1) and each m € N the unit ball of the space X contains a finite 
sequence X1,X2,...,Xm of vectors satisfying, for any j € {1,...,m— 1} and any 
real coefficients a,,..., Am, the condition (2). 


Remark 2.14. It is worth mentioning that the proof of (1)=(3) in the case where 
ae (5, 1) is much more difficult than in the case a € (0, 5). A relatively easy 
proof in the case a € [5. 1) was found by Brunel and Sucheston [20], see also its 
presentation in [103]. 


Remark 2.15. To prove the Bourgain’s theorem it suffices to use (1)=>(3) in the 
‘easy’ case a € (0, +). The case a € (5. 1) is needed only for “almost-isometric” 
embeddings of trees into nonsuperreflexive spaces. 
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Remark 2.16. The equivalence of (2)<+(3) in Theorem 2.13 can be proved using 
a “self-improvement argument,’ but the proof of James is different. A proof of 
(2) (3) using a “self-improvement argument” was obtained by Wenzel [114], it is 
based on the Ramsey theorem, so it requires a very lengthy sequence to get a better 
a. In [84] it was proved that to some extent the usage of “very lengthy’ sequences is 
necessary. 


Proof of the “Only If” Part. There is a natural partial order on T,,: we say that s < t 
(s,t € T,) if the sequence corresponding to s is the initial segment of the sequence 
corresponding to f. 

An important observation of Bourgain is that there is a bijective mapping 


C2 = [hawt 1] 


such that g maps two disjoint intervals of the ordering of T,,, starting at the same 
vertex and going “down” into disjoint intervals of [1,...,2”*! — 1]. The existence 
of g can be seen from a suitably drawn picture of T,, (see Fig.3), or using the 
expansion of numbers in base 2. To use the expansion of numbers, we observe 
that the map {6;}"_, — {26; — 1};_, maps a 0, 1—sequence onto the corresponding 
+1—sequence. Now we introduce a map w : T, — [—1, 1] by letting y(@) = 0 and 


WA...) = >> 27 (26;- 1). 
i=l 
To construct g we relabel the range of y in the increasing order using numbers 
Deeg =: 
Let {1,%2,...,Xon+1_,} be a sequence in a nonsuperreflexive Banach space 
X whose existence is guaranteed by Theorem 2.13 ((1)=(3)). We introduce an 
embedding F’, : T,, — X by 


F,,(t) = peor 


S<t 


Fig. 3. The map of 7; into [—1, 1] 
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Fig. 4 % is the closest common ancestor of ¢, and tf, 


where s < ¢ for vertices of a binary tree means that s is the initial segment of 
the sequence t. Then F,,(t)) — F,(t2) = pee Xo(s) — Vice Xy(s), Where fo is 
the vertex of T,, corresponding to the largest initial common segment of f; and th, 
see Fig. 4. The condition in (2) and the choice of g imply that 


\|Fn(ti) — Fn(t2)|| = a(dr(th. to.) + dr(tr, to)) = adr, (th, 2). 


The estimate ||F',(t;) — F'n(t2)|| from above is straightforward. This completes the 
proof of bilipschitz embeddability of {7,,} into any nonsuperreflexive Banach space 
with uniformly bounded distortions. oO 


Characterization of Superreflexivity in Terms of Diamond 
Graphs 


Johnson and Schechtman [58] proved that there are some other sequences of graphs 
(with their graph metrics) which also can serve as test-spaces for superreflexivity. 
For example, binary trees in Bourgain’s theorem can be replaced by the diamond 
graphs or by Laakso graphs. 


Definition 2.17. Diamond graphs {D,}°2, are defined as follows: The diamond 

graph of level 0 is denoted Dp. It has two vertices joined by an edge of length 1. The 

diamond graph D,, is obtained from D,—; as follows. Given an edge uv € E(Dy-1), 

it is replaced by a quadrilateral u, a, v,b, with edges ua, av, vb, bu. (See Fig. 5.) 
Two different normalizations of the graphs {D,}°° , are considered 


¢ Unweighted diamonds: Each edge has length 1. 
¢ Weighted diamonds: Each edge of D,, has length 2~” 


co 


In both cases we endow vertex sets of {D,,}°° with their shortest path metrics. 
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Fig. 5 Diamond D, 


In the case of weighted diamonds the identity map D,-; +> D, is an isometry. 
In this case the union of D,, endowed with its the metric induced from {D,}°° , is 
called the infinite diamond and is denoted D,. 


To the best of my knowledge the first paper in which diamond graphs {D,}°2 
were used in Metric Geometry is [50] (a conference version was published in 1999). 


Definition 2.18. Laakso graphs {L,}P2, are defined as follows: The Laakso graph 
of level 0 is denoted Lo. It has two vertices joined by an edge of length 1. The 
Laakso graph L, is obtained from L,—; as follows. Given an edge uv € E(Ly-1), it 
is replaced by the graph L; shown in Fig. 6, the vertices u and v are identified with 
the vertices of degree | of Ly. 


Two different normalizations of the graphs {L,}°° 


n= 


, are considered 


¢ Unweighted Laakso graphs: Each edge has length 1. 
¢ Weighted Laakso graphs: Each edge of L, has length 4~” 


In both cases we endow vertex sets of {L,}°2, with their shortest path metrics. 

In the case of weighted Laakso graphs the identity map L,_, > L, is an isometry. 
In this case the union of L, endowed with its the metric induced from {L,}°° , is 
called the Laakso space and is denoted L,,. 


The Laakso graphs were introduced in [65], but they were inspired by the 
construction of Laakso in [63]. 


Theorem 2.19 (Johnson-Schechtman [58]). A Banach space X is nonsuperre- 
flexive if and only if it admits bilipschitz embeddings with uniformly bounded 


distortions of diamonds {D,}°< , of all sizes. 


Theorem 2.20 (Johnson—Schechtman [58]). A similar result holds for {L,}°° 


n=l" 
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Fig. 6 Laakso graph L; 


Without Proof. These results, whose original proofs (especially for diamond 
graphs) are elegant in both directions, are loved by expositors. Proof of 
Theorem 2.19 is presented in the lecture notes of Lancien [64], in the book of 
Pisier [103], and in my book [90]. oO 


Remark 2.21. In the “if” direction of Theorem 2.19, in addition to the original 
(controlled improvement for embeddings of smaller parts) argument of Johnson— 
Schechtman [58], there are two other arguments: 


(1) The argument based on Markov convexity (see Definition 2.26). It is obtained 
by combining results of Lee—Naor—Peres [67] (each superreflexive Banach 
space is Markov p-convex for some p € [2,00)) and Mendel—Naor [78] 
(Markov convexity constants of diamond graphs are not uniformly bounded 
from below, actually in [78] this statement is proved for Laakso graphs, but 
similar argument works for diamond graphs). 

(2) The argument of [87, Sect. 3.1] showing that bilipschitz embeddability of 
diamond graphs with uniformly bounded distortions implies the finite tree 
property of the space, defined as follows: 


Definition 2.22 (James [55]). Let 56 > 0. A 6-tree in a Banach space X is a subset 
{x;}rer,, of X labelled by elements of the infinite binary tree T5, such that for each 
Tt € Toy we have 


1 
i 5 a1 + Xo) and |x — Xo,|| = ||x- — Xo || = 4, (3) 


where 0; and 0 are the children of tr. A Banach space X is said to have the infinite 
tree property if it contains a bounded 6-tree. 
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A 6-tree of depth nin a Banach space X is a finite subset {x,},e7, of X labelled by 
the binary tree T,, of depth n, such that the condition (3) is satisfied for each t € T,, 
which is not a leaf. A Banach space X has the finite tree property if for some 6 > 0 
and each n € N the unit ball of X contains a 6-tree of depth n. 


Remark 2.23. In the “only if” direction of Theorem 2.19 there is a different (and 
more complicated) proof in [91, 96], which consists in a combination of the 
following two results: 


(i) Existence of a bilipschitz embedding of the infinite diamond D,, into any non- 
separable dual of a separable Banach space (using Stegall’s [111] construction), 
see [91]. 

(ii) Finite subsets of a metric space which admits a bilipschitz embedding into any 
nonseparable dual of a separable Banach space, admit embeddings into any 
nonsuperreflexive Banach space with uniformly bounded distortions, see [96]. 
(The proof uses transfinite duals [9, 33, 34] and the results of Brunel-Sucheston 
[20, 21] and Perrott [100] on equal-signs-additive sequences.) 


I would like to turn your attention to the fact that the Johnson—Schechtman 
Theorem 2.19 shows some obstacles on the way to a solution the (mentioned above) 
problem for superreflexivity: 

Characterize metric spaces which admit bilipschitz embeddings into some 
superreflexive Banach spaces. 

We need the following definitions and results. Let {M,}°2, and {R,}°2, be 
two sequences of metric spaces. We say that {M,,}°2 , admits uniformly bilipschitz 
embeddings into {R,,}°°, if for each n € N there is m(n) € N and a bilipschitz map 


n=1 


tn: Mn — Rin) Such that the distortions of {f,}°2, are uniformly bounded. 


n=1 


Theorem 2.24 ([92]). Binary trees {T,}°2, do not admit uniformly bilipschitz 
embeddings into diamonds {Dy}°°,. 


Without Proof. The proof is elementary, but rather lengthy combinatorial argument. 
oO 


There is also a non-embeddability in the other direction: The fact that diamonds 
{D,,} do not admit uniformly bilipschitz embeddings into binary trees {7,,} is well 
known, it follows immediately from the fact that D, (n > 1) contains a cycle 
of length 2”! isometrically, and the well-known observation of Rabinovich and 
Raz [105] stating that the distortion of any embedding of an m-cycle into any tree 
is 2 = 1. 


Remark 2.25. Mutual non-embeddability of Laakso graphs and binary trees is much 
simpler: (1) Laakso graphs are non-embeddable into trees because large Laakso 
graphs contain large cycles isometrically. (2) Binary trees are not embeddable into 
Laakso graphs because the Laakso graphs are uniformly doubling (see [51, p. 81] 
for the definition of a doubling metric space), but binary trees are not uniformly 
doubling. 
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Let us show that these results, in combination with some other known results, 
imply that it is impossible to find a sequence {C,}°2, of finite metric spaces 
which admits uniformly bilipschitz embeddings into a metric space M if and 
only if M does not admit a bilipschitz embedding into a superreflexive Banach 
space. Assume the contrary: Such sequence {C,}°2, exists. Then {C,} admits 
uniformly bilipschitz embeddings into the infinite binary tree. Therefore, by the 
result of Gupta [49], the spaces {C,}°2, are uniformly bilipschitz-equivalent to 
weighted trees {W,}°2, . The trees {W,}°°, should admit, by a result Lee—Naor-— 
Peres [67] uniformly bilipschitz embeddings of increasing binary trees (these 
authors proved that {W,,}°2, would admit uniformly bilipschitz embeddings into €2 
otherwise). Therefore, by Theorem 2.24 the spaces {C,,}°2 , cannot be embeddable 
into diamonds with uniformly bounded distortion. Therefore they do not admit 
uniformly bilipschitz embeddings into D, (since the union of {D;}%2, is dense in 
D,,). On the other hand, Theorem 2.19 implies that D,, does not admit a bilipschitz 
embedding into a superreflexive space, a contradiction. 

One can try to find a characterization of metric spaces which are embeddable 
into superreflexive spaces in terms of some inequalities for distances. Some hope for 
such characterization was given by the already mentioned Markov convexity intro- 
duced by Lee—Naor—Peres [67], because it provides a reason for non-embeddability 
into superreflexive Banach spaces of both binary trees and diamonds (and many 


other trees and diamond-like spaces). 


Definition 2.26 (Lee—Naor—Peres [67]). Let {X;};ez be a Markov chain on a state 
space (2. Given an integer k > 0, we denote by {X, (k)}:ez the process which equals 
X, for time t < k, and evolves independently (with respect to the same transition 
probabilities) for time t > k. Fix p > 0. A metric space (X, dy) is called Markov 
p-convex with constant 11 if for every Markov chain {X;};ez on a state space Q, and 
every f:Q—> X, 


[ax (F(X). f(%-v)?]- 4) 


raps a ALOE (= 2") op. = 


The least constant IT for which (4) holds for all Markov chains is called the Markov 
p-convexity constant of X, and is denoted I, (X). We say that (X, dy) is Markov 
p-convex if II,(X) < oo. 


Remark 2.27. The choice of the rather complicated left-hand side in (4) is inspired 
by the original Bourgain’s proof [13] of the “if” part of Theorem 2.6. 


Remark 2.28. It is unknown whether for general metric spaces Markov p-convexity 
implies Markov q-convexity for g > p. (This is known to be true for Banach spaces.) 


Lee—Naor-—Peres [67] showed that Definition 2.26 is important for the theory of 
metric embeddings by proving that each superreflexive space X is Markov q-convex 
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for sufficiently large g. More precisely, it suffices to pick g such that X has an 
equivalent g-convex norm (see Definition 2.7), and by Theorem 2.9 of Pisier, such 
q € [2, co) exists for each superreflexive space. 

On the other hand, Lee—Naor—Peres have shown that for any 0 < p < oo the 
Markov p-convexity constants of binary trees {T,,} are not uniformly bounded. Later 
Mendel and Naor [78] verified that the Markov p-convexity constants of Laakso 
graphs are not uniformly bounded. Similar proof works for diamonds {D,}. See 
Theorem 3.11 and Remark 3.13 for a more general result. 

Example 2.29 (Lee-Naor—Peres [67]). For every m € N, we have I[,(T2) 


1-2 1 
>2° P-m?, 


Proof. Simplifying the description of the chain somewhat (precise description of (2 
and the map f requires some formalities), we consider only times t = 1,..., 2” and 
let {X,}"_) be the downward random walk on 72» which is at the root at time tf = 0 
and X;+; is obtained from X; by moving down-left or down-right with probability 
5 each, see Fig. 7. We also assume that X; is at the root with probability | if t < 0 
(here more formal description of the chain is needed) and that for t > 2” we have 
X41 = X; (this is usually expressed by saying that leaves are absorbing states). 
Then 


qm 


2 : [drm (X,, X-1)" | =” 


t=1 


Moreover, in the downward random walk, after splitting at time r < 2” with 
probability at least 5 two independent walks will accumulate distance which is at 
least twice the number of steps (until a leaf is encountered). Thus 


Fig. 7 73, with the root (r) and leaves (1) marked 
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Slam On% (t—29)"]_ he 


a WF >a 3 ete 


k=0 t=1 k=0 t= 2k 


> m2!" 1 Ql 


= 2?-? m2", 


The claim follows. oO 


For diamond graphs and Laakso graphs the argument is similar, but more 
complicated, because in such graphs the trajectories can come close after separation. 

After uniting the reasons for non-embeddability for diamonds and trees one 
can hope to show that Markov convexity characterizes metric spaces which are 
embeddable into superreflexive spaces. It turns out that this is not the case. It was 
shown by Li [68, 69] that the Heisenberg group HR) (see Definition 3.9) is Markov 
convex. On the other hand, it is known that the Heisenberg group does not admit a 
bilipschitz embedding into any superreflexive Banach space [26, 66]. (It is worth 
mentioning that in the present context we may consider the discrete Heisenberg 
group H(Z) consisting of the matrices with integer entries of the form shown in 
Definition 3.9 endowed with its word distance, see Definition 2.35.) 

I suggest the following problem which is open as far as I know: 


Problem 2.30. Does there exist a test-space for superreflexivity which is Markov 
p-convex for some 0 < p < co? (Ora sequence of test-spaces with uniformly 
bounded Markov p-convexity constants?) 


Remark 2.31, The Heisenberg group H(Z) (with integer entries) has two properties 
needed for the test-space in Problem 2.30: it is not embeddable into any super- 
reflexive space and is Markov convex. The only needed property which it does not 
have is: embeddability into each nonsuperreflexive space. Cheeger and Kleiner [28] 
proved that H(Z) is not embeddable into some nonsuperreflexive Banach spaces, 
for example, into L, (0, 1). 


One more problem which I would like to mention here is 


Problem 2.32 (Naor, July 2013). Does there exist a sequence of finite metric spa- 
ces {Mj}, which is a sequence of test-spaces for superreflexivity with the following 
universality property: if {Aj}, is a sequence of test-spaces for superreflexivity, then 
there exist uniformly bilipschitz embeddings E; : A; > My, where {n(i)}%, is 
some sequence of positive integers? 


Characterization of Superreflexivity in Terms of One Test-Space 


Baudier [4] strengthened the “only if” direction of Bourgain’s characterization and 
proved 
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Theorem 2.33 (Baudier [4]). A Banach space X is nonsuperreflexive if and only if 
it admits bilipschitz embedding of the infinite binary tree Tyo. 


The following result hinted that possibly the Cayley graph of any nontrivially 
complicated hyperbolic group is the test-space for superreflexivity: 


Theorem 2.34 (Buyalo—Dranishnikov-Schroeder [22]). Every Gromov hyper- 
bolic group admits a quasi-isometric embedding into the product of finitely many 
copies of the binary tree. 


Let us introduce notions used in this statement. 
Definition 2.35. Let G be a group generated by a finite set S. 


¢ The Cayley graph Cay(G,S) is defined as a graph whose vertex set is G and 
whose edge set is the set of all pairs of the form (g, sg), where g € G,s € S. 

¢ In this context we consider each edge as a line segment of length 1 and endow 
Cay(G, S) with the shortest path distance. The restriction of this distance to G is 
called the word distance. 

e Let u and v be two elements in a metric space (M,dy). A uv-geodesic is 
a distance-preserving map g : [0,dy(u,v)]| — M such that 9(0) = wu and 
g(dy(u,v)) = v (where [0,dy(u, v)] is an interval of the real line with the 
distance inherited from R). 

¢ A metric space M is geodesic if for any two points u and v in M, there is a 
uv-geodesic in M; Cay(G, S), with edges identified with line segments and with 
the shortest path distance is a geodesic metric space. 

¢ A geodesic metric space M is called 6-hyperbolic, if for each triple u, v,w € M 
and any choice of a uv-geodesic, vw-geodesic, and wu-geodesics, each of these 
geodesics is in the é-neighborhood of the union of the other two. 

¢ A group is word hyperbolic or Gromov hyperbolic if Cay(G, S) is 6-hyperbolic 
for some 6 < oo. 


Remark 2.36. * It might seem that the definition of hyperbolicity depends on the 
choice of the generating set S. 

¢ It turns out that the value of 6 depends on S, but its existence does not. 

e The theory of hyperbolic groups was created by Gromov [46], although some 
related results were known before. The theory of hyperbolic groups plays an 
important role in group theory, geometry, and topology. 

¢ Theory of hyperbolic groups is presented in many sources, see [1, 18]. 


Remark 2.37. It is worth mentioning that the identification of edges of Cay(G, S) 
with line segments is useful and important when we study geodesics and introduce 
the definition of hyperbolicity. In the theory of embeddings it is much more 
convenient to consider Cay(G,S) as a countable set (it is countable because 
we consider groups generated by finite sets), endowed with the shortest path 
distance (in the graph-theoretic sense), in this context it is called the word distance. 
See [89, 95] for relations between embeddability of graphs as vertex sets and as 
geodesic metric spaces. 
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It is worth mentioning that although different finite generating sets S$; and S> in 
G lead to different word distances on G, the resulting metric spaces are bilipschitz 
equivalent: the identity map (G, ds,) —> (G, ds,) is bilipschitz, where ds, is the word 
distance corresponding to S; and ds, is the word distance corresponding to S>. 

We also need the following definitions used in [22]. A map f : X — Y between 
metric spaces (X, dy) and (Y, dy) is called a quasi-isometric embedding if there are 
a,,a2 > Oand b > 0, such that 


aydx(u, v) —b < dy(f(u), f(v)) < adx(u, v) + b (5) 


for all u,v € X. By a binary tree the authors of [22] mean an infinite tree in which 
each vertex has degree 3. By a product of trees, denoted (®/_,T(i))1, we mean their 
Cartesian product with the £;-metric, that is, 


d({ui}, (v3) = Yo dr (ui, vi). (6) 


i=1 


Observation 2.38. The binary tree defined as an infinite tree in which each vertex 
has degree 3 is isometric to a subset of the product in the sense of (6) of three copies 
Of Too. 


Therefore we may replace the infinite binary tree by T,, in the statement 
of Theorem 2.34. Hence the Buyalo—Dranishnikov—Schroeder Theorem 2.34 in 
combination with the Baudier Theorem 2.33 implies the existence of a quasi- 
isometric embedding of any Gromov hyperbolic group, which is embeddable into 
product of n copies of Tj5, into any Banach space containing an isomorphic copy 
of a direct sum of n nonsuperreflexive spaces. The fact that Buyalo—Dranishnikov— 
Schroeder consider quasi-isometric embeddings (which are weaker than bilipschitz) 
is not a problem. One can easily prove the following lemma. Recall that a metric 
space is called locally finite if all balls of finite radius in it have finite cardinality 
(a detailed proof of Lemma 2.39 can be found in [92, Lemma 2.3]). 


Lemma 2.39. Jf a locally finite metric space M admits a quasi-isometric embed- 
ding into an infinite-dimensional Banach space X, then M admits a bilipschitz 
embedding into X. 


Remark 2.40. One can easily construct a counterexample to a similar statement for 
general metric spaces. 


Back to Embeddings However, we know from results of Gowers—Maurey 
[45] that there exist nonsuperreflexive spaces which do not contain isomorphically 
direct sums of any two infinite-dimensional Banach spaces, so we do not get 
immediately bilipschitz embeddability of hyperbolic groups into nonsuperreflexive 
Banach spaces. 
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Possibly this obstacle can be overcome by modifying Baudier’s proof of Theo- 
rem 2.33 for the case of a product of several trees, but at this point a more general 
result is available. It can be stated as: 

Embeddability of locally finite spaces into Banach spaces is finitely determined. 

We need the following version of the result on finite determination (this statement 
also explains what we mean by “finite determination’): 


Theorem 2.41 ([88]). Let A be a locally finite metric space whose finite subsets 
admit bilipschitz embeddings into a Banach space X with uniformly bounded 
distortions. Then A admits a bilipschitz embedding into X. 


Remark 2.42. This result and its version for coarse embeddings have many prede- 
cessors: Baudier [4, 5], Baudier—-Lancien [6], Brown—Guentner [19], and Ostrovskii 
[85, 86]. 


Now we return to embeddings of hyperbolic groups into nonsuperreflexive 
spaces. Recall that we consider finitely generated groups. It is easy to see that in this 
case Cay(G,S) is a locally finite metric space (recall that we consider Cay(G, S) 
as a countable set G with its word distance). By finite determination, it suffices 
to show only how to embed products of n finite binary trees into an arbitrary 
nonsuperreflexive Banach space with uniformly bounded distortions (the distortions 
are allowed to grow if we increase n, since for a fixed hyperbolic group the number 
n is fixed). This can be done using the embedding of a finite binary tree suggested 
by Bourgain (Theorem 2.6) and the standard techniques for constructions of basic 
sequences and finite-dimensional decompositions. These techniques (going back 
to Mazur) allow to show that for each n and N there exists a sequence of finite- 
dimensional spaces X; such that X; contains a 2-bilipschitz image of Ty and the 
direct sum (@/_, Xj), is C(n)-isomorphic to their linear span in X (C(n) is constant 
which depends on n, but not on NV). See [92, pp. 157-158] for a detailed argument. 

So we have proved that each Gromov hyperbolic group admits a bilipschitz 
embedding into any nonsuperreflexive Banach space. This proves the corresponding 
part of the following theorem: 


Theorem 2.43. Let G be a Gromov hyperbolic group which does not contain 
a cyclic group of finite index. Then the Cayley graph of G is a test-space for 
superreflexivity. 

The other direction follows by a combination of results of Bourgain [13], 
Benjamini and Schramm [10], and some basic theory of hyperbolic groups [18, 82], 


see [92, Remark 2.5] for details. 
I find the following open problem interesting: 


Problem 2.44. Characterize finitely generated infinite groups whose Cayley graphs 
are test-spaces for superreflexivity. 


Possibly Problem 2.44 is very far from its solution and we should rather do the 
following. Given a group whose structure is reasonably well understood, check 


(1) Whether it admits a bilipschitz embedding into an arbitrary nonsuperreflexive 
Banach space? 
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(2) Whether it admits bilipschitz embeddings into some superreflexive Banach 
spaces? 


Remark 2.45. There are groups which do not admit bilipschitz embeddings into 
some nonsuperreflexive spaces, such as L;. Examples which I know: 


¢ Heisenberg group (Cheeger—Kleiner [28]). 

¢ Gromov’s random groups [48] containing expanders weakly are not even 
coarsely embeddable into L. 

¢ Recently constructed groups of Osajda [83] with even stronger properties. 


Remark 2.46. At the moment the only groups known to admit bilipschitz embed- 
dings into superreflexive spaces are groups containing Z” as a subgroup of finite 
index. de Cornulier—Tessera—Valette [35] conjectured that such groups are the only 
groups admitting a bilipschitz embedding into £2. This conjecture is still open. I 
asked about the superreflexive version of this conjecture on MathOverflow [97] 
(August 19, 2014) and de Cornulier commented on it as: “In the main two cases 
for which the conjecture is known to hold in the Hilbert case, the same argument 
also works for arbitrary uniformly convex Banach spaces.” 


Remark 2.47. Groups which are test-spaces for superreflexivity do not have to be 
hyperbolic. In fact, one can show that a direct product of finitely many hyperbolic 
groups is a test-space for superreflexivity provided at least one of them does not have 
acyclic group as a subgroup of finite index. It is easy to check (using the definition) 
that such products are not Gromov hyperbolic unless all-except-one groups in the 
product are finite (the reason is that Z? is not Gromov hyperbolic). 


Now I would like to return to the title of this section: “Characterization of 
superreflexivity in terms of one test-space.” This can actually be done using 
either the Bourgain or the Johnson—Schechtman characterization and the following 
elementary proposition (I published it [92], but I am sure that it was known to 
interested people): 


Proposition 2.48 ((92, Sect. 5]). 


(a) Let {S,}°2, be a sequence of finite test-spaces for some class P of Banach 
spaces containing all finite-dimensional Banach spaces. Then there is a metric 
space S which is a test-space for P. 

(b) Tf {S,}°2, are 


¢ unweighted graphs, 
* trees, 
¢ graphs with uniformly bounded degrees, 


then S also can be required to have the same property. 


Sketch of the Proof. Yn all of the cases the constructed space S$ contains subspaces 
isometric to each of {S,}°°2 ,. Therefore the only implication which is nontrivial is 


that the embeddability of {S,}°2, implies the embeddability of S. 


=1 
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Each finite metric space can be considered as a weighted graph with its shortest 
path distance. We construct the space S as an infinite graph by joining S, with S,+1 
with a path P,, whose length is > max{diamS,,, diamS,,4 1}. To be more specific, we 
pick in each S,, a vertex O, and let P,, be a path joining O, with O,41. We endow 
the infinite graph S with its shortest path distance. It is clear that {5,}P2, embed 
isometrically into S and all of the conditions in (b) are satisfied. It remains only 
to show that each infinite-dimensional Banach space X which admits bilipschitz 
embeddings of {S,}°2, with uniformly bounded distortions, admits a bilipschitz 
embedding of S. This is done by embedding S, into any hyperplane of X with 
uniformly bounded distortions. This is possible because the sets are finite, the space 
is infinite-dimensional, and all hyperplanes in a Banach space are isomorphic with 
the Banach—Mazur distances being < some universal constant. 

Now we consider in X parallel hyperplanes {H,,} with the distance between H,, 
and H,,41 equal to the length of P,, and embed everything in the corresponding way. 
All computations are straightforward (see [92] for details). oO 


Non-local Properties 


One can try to find metric characterizations of classes of Banach spaces which are 
not local. (We say that a class P of Banach spaces is not local if the conditions 
(1) X € P and (2) Y is finitely representable in X, do not necessarily imply that 
Y ¢€ P). Apparently this study should not be considered as a part of the Ribe 
program, and this direction has developed much more slowly than the directions 
related to the Ribe program. It is clear that even if we restrict our attention to 
properties which are hereditary (inherited by closed subspaces) and isomorphic 
invariant, the class of non-local properties which have been already studied in the 
literature is huge. I found in the literature only four properties for which the problem 
of metric characterization was ever considered asymptotic uniform convexity and 
smoothness, Radon-Nykodym property, reflexivity, infinite tree property. The goal 
of this section is to survey the corresponding results. 


Asymptotic Uniform Convexity and Smoothness 


One of the first results of the described type is the following result of Baudier— 
Kalton—Lancien, where by TSS we denote the tree defined similarly to the tree To, 
but now we consider all possible finite sequences with terms in N, and so degrees of 
all vertices of TSS are infinite. 
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Theorem 3.1 ([7]). Let X be a reflexive Banach space. The following assertions are 
equivalent: 


¢ TSS admits a bilipschitz embedding into X. 

¢ X does not admit any equivalent asymptotically uniformly smooth norm or X 
does not admit any equivalent asymptotically uniformly convex norm. 

¢ The Szlenk index of X is > w or the Szlenk index of X* is > @, where w is the 
first infinite ordinal. 


It is worth mentioning that Dilworth et al. [37] found an interesting geometric 
description of the class of Banach spaces whose metric characterization is provided 
by Theorem 3.1. 


Radon—Nikodym Property 


The Radon—Nikodym property (RNP) is one of the most important isomorphic 
invariants of Banach spaces. This class also plays an important role in the theory 
of metric embeddings, this role is partially explained by the fact that for this class 
one can use differentiability to prove non-embeddability results. 

There are many expository works presenting results on the RNP, we recommend 
the readers (depending on the taste and purpose) one of the following sources [11, 
Chap. 5], [12, 17, 36, 103, 113]. 


Equivalent Definitions of RNP 


One of the reasons for the importance of the RNP is the possibility to characterize 
(define) the RNP in many different ways. I would like to remind some of them: 


¢ Measure-theoretic definition (it gives the name to this property) X € RNP © 
The following analogue of the Radon—Nikodym theorem holds for X-valued 
measures. 


— Let (Q, X, ~) be a positive finite real-valued measure, and (Q, X,7) be an 
X-valued measure on the same o-algebra which is absolutely continuous with 
respect to yz (this means 44(A) = 0 = 1t(A) = 0) and satisfies the condition 
t(A)/2(A) is a uniformly bounded set of vectors over all A € © with (A) 4 
0. Then there is anf € L; (1, X) such that 


WAEX t(A)= [ Feoranco. 


¢ Definition in terms of differentiability (goes back to Clarkson [31] and Gelfand 
[41]) X € RNP © X-valued Lipschitz functions on R are differentiable almost 
everywhere. 
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¢ Probabilistic definition [24] X ¢€ RNP <} Bounded X-valued martingales 
converge. 


— In more detail: A Banach space X has the RNP if and only if each 
X-valued martingale {f,} on some probability space (Q,%, 2), for which 
{llf(@) ||: 2 EN, w € Q} is a bounded set, converges in L)(Q, D, pu, X). 


¢ Geometric definition. X¥ € RNP < Each bounded closed convex set in X is 
dentable in the following sense: 


— A bounded closed convex subset C in a Banach space X is called dentable if 
for each ¢ > 0 there is a continuous linear functional f on X and aw > 0 such 
that the set 


tye C: f(y) = suptf(x): xe C}—ay 


has diameter < e. 
e Examples (these lists are far from being exhaustive): 


— RNP: Reflexive (for example, L,, 1 < p < oo), separable dual spaces (for 
example, £;). 
— non-RNP: co, Li (0, 1), nonseparable duals of separable Banach spaces. 


RNP and Metric Embeddings 


Cheeger—Kleiner [26] and Lee—Naor [66] noticed that the observation of Semmes 
[109] on the result of Pansu [98] can be generalized to maps of the Heisenberg group 
into Banach spaces with the RNP. This implies that Heisenberg group with its sub- 
Riemannian metric (see Definition 3.9) does not admit a bilipschitz embedding into 
any space with the RNP. 

Cheeger—Kleiner [27] generalized some part of differentiability theory of Chee- 
ger [25] (see also [59, 60]) to maps of metric spaces into Banach spaces with the 
RNP. This theory implies some non-embeddability results, for example, it implies 
that the Laakso space does not admit a bilipschitz embedding into a Banach space 
with the RNP. 


Metric Characterization of RNP 


In 2009 Johnson [112, Problem 1.1] suggested the problem: Find a purely metric 
characterization of the Radon—Nikodym property (that is, find a characterization of 
the RNP which does not refer to the linear structure of the space). The main goal of 
the rest of section “Radon—Nikodym Property” is to present such characterization. 
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It turns out that the RNP can be characterized in terms of thick families of 
geodesics defined as follows (different versions of this definition appeared in 
[91, 93, 94], the following seems to be the most suitable definition). 


Definition 3.2 ((91, 94]). A family T of uv-geodesics is called thick if there is a > 
0 such that for every g € T and for every finite collection of points 7;,..., 7, in the 
image of g, there is another wv-geodesic g € T satisfying the conditions: 


(i) The image of g also contains r1,..., 7, (we call these points control points). 
(ii) Possibly there are some more common points of g and g. 

(iii) There is a sequence 0 = go < 51 < qi < S52 < Gz < ++: < Sm < Gm = 
du(u, v), such that g(qg;) = g(qi) G = 0,...,m) are common points containing 
riy..ostas and 7) du(g(si), 8(si) > @. 

(iv) Furthermore, each geodesic which on some intervals between the points 0 = 
qo < G1 < gz <+++ < Gm = duu, v) coincides with g and on others with g is 
also in T. 


Example 3.3. Interesting and important examples of spaces having thick families 
of geodesics are the infinite diamond D,, and the Laakso space L,,, but now we 
consider them not as unions of finite sets, but as unions of geodesic metric spaces 
obtained from weighted {D,}°2, and {L,}°2, in which edges are identified with 
line segments of lengths {2~"}°2 , and {4-"}°° ), respectively. Observe that for such 
graphs there are also natural (although non-unique) isometric embeddings of D,, into 
D,+; and L, into L,+41, and therefore the unions are well-defined. It is easy to check 
that the families of all geodesics in D, and L,, joining the vertices of Do and Lo, 
respectively, are thick. 


Theorem 3.4 ([91, 94]). A Banach space X does not have the RNP if and only if 
there exists a metric space Mx containing a thick family Tx of geodesics which 
admits a bilipschitz embedding into X. 


Remark 3.5. Theorem 3.4 implies the result of Cheeger and Kleiner [27] on 
nonexistence of bilipschitz embeddings of the Laakso space into Banach spaces 
with the RNP. 


It turns out that the metric space My whose existence is established in Theo- 
rem 3.4 cannot be chosen independently of X, because the following result holds: 


Theorem 3.6 ([91]). For each metric space M containing a thick family of 
geodesics there exists a Banach space X which does not have the RNP and does not 
admit a bilipschitz embedding of M. 


Because of Theorem 3.6 the following is an open problem: 
Problem 3.7. Can we characterize the RNP using test-spaces? 


Also I would like to mention the problem of the metric characterization of the 
RNP can have many different (correct) answers, so it is natural to try to find metric 
characterizations of the RNP in some other terms. 
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¢ Proof of Theorem 3.4 (in both directions) is based on the characterization of 
the RNP in terms of martingales. It will be presented in section “Proof of 
Theorem 3.4”. 

e It is not true that each Banach space without RNP contains a thick family of 
geodesics, because Banach spaces without RNP can have the uniqueness of 
geodesics property (consider a strictly convex renorming of a separable Banach 
space without RNP), so the words ‘bilipschitz embedding’ in Theorem 3.4 cannot 
be replaced by ‘isometric embedding.’ 

¢ Proof of Theorem 3.6 is based on the construction of Bourgain and Rosenthal 
[15] of ‘small’ subspaces of L; (0, 1) which still do not have the Radon—Nikodym 


property. 


¢ Studying metric characterizations of the RNP, it would be much more useful 
and interesting to get a characterization of all metric spaces which do not admit 
bilipschitz embeddings into Banach spaces with the RNP. 

¢ In view of Theorem 3.4 it is natural to ask: whether the presence of bilipschitz 
images of thick families of geodesics characterizes metric spaces which do not 
admit bilipschitz embeddings into Banach spaces with the RNP? 

¢ It is clear that the answer to this question in full generality is negative: we may 
just consider a dense subset of a Banach space without the RNP which does not 
contain any continuous curves. 

¢ So we restrict our attention to spaces containing sufficiently large collections 
of continuous curves. Our next result is a negative answer even in the case of 
geodesic metric spaces. Recall a metric space is called geodesic if any two points 
in it are joined by a geodesic. 


Theorem 3.8 ([93]). There exist geodesic metric spaces which satisfy the following 
two conditions simultaneously: 


¢ Do not contain bilipschitz images of thick families of geodesics. 
¢ Do not admit bilipschitz embeddings into Banach spaces with the Radon—Niko- 
dym property. 


In [93] it was shown that the Heisenberg group with its sub-Riemannian metric 
is an example of such metric space. Let us recall the corresponding definitions. 


Definition 3.9. The Heisenberg group H(R) can be defined as the group of real 
upper-triangular matrices with 1’s on the diagonal: 


1lxz 
Oly 
001 


One of the ways to introduce the sub-Riemannian metric on H(R) is to find the 
tangent vectors of the curves produced by left translations in x and in y directions, 
that is, 
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d 120 lxz Oly 
a 010]]01y}|=] 000 
4\--0] 991] {1001 000 
d 100 1xz 000 
- Ole}]|O01y]| =] 001 

=01901][001 000 


All elements of H(R) can be regarded as elements of R? with coordinates x, y, z. 
For u,v € H(R) we consider the set of all differentiable curves joining u and v 
with the restriction that the tangent vector at each point of the curve is a linear 
combination of the two tangent vectors computed above. Finally we introduce the 
distance between u and v as the infimum of lengths (in the usual Euclidean sense) 
of projections onto xy-plane of all such curves. 


This metric has been systematically studied (see [23, 47, 80]), it has very interest- 
ing geometric properties. The Heisenberg group H(R) with its subriemannian metric 
is a very important example for Metric Geometry and its applications to Computer 
Science. One of the reasons for this is its poor embeddability into many classes 
of Banach spaces. As we already mentioned, Cheeger—Kleiner [26] and Lee—Naor 
[66] proved that the Heisenberg group does not admit a bilipschitz embedding into 
a Banach space with the RNP. It remains to show that it does not admit a bilipschitz 
embedding of a thick family of geodesics. 


Remark 3.10. It is not needed for our argument, but is worth mentioning that 


¢ Cheeger—Kleiner [28] proved that H(R) does not admit a bilipschitz embedding 
into L,(0, 1). 

¢ Cheeger—Kleiner—Naor [29] found quantitative versions of the previous result for 
embeddings of finite subsets of HI(R) into L; (0, 1). These quantitative results are 
important for Theoretical Computer Science. 


We finish the proof of Theorem 3.8 by using the notion of Markov convexity 
(Definition 2.26), proving 


Theorem 3.11 ((93]). A metric space with a thick family of geodesics is not Markov 
p-convex for any p € (0,00). 


and combining it with the following result: 
Theorem 3.12 ([68, 69]). The Heisenberg group H(R) is Markov 4-convex. 


Remark 3.13. Since the infinite diamond D, and the Laakso space L,, contain thick 
families of geodesics, they are not Markov p-convex for any p € (0, 00). Since the 
unions of {D,}°2,, and {L,}°2) (considered as finite sets) are dense in D, and L,,, 
respectively; we conclude that Markov p-convexity constants of diamond graphs 
and Laakso graphs are not uniformly bounded for any p € (0, oo). 
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Remark 3.14. It is worth mentioning that the discrete Heisenberg group H(Z) 
embeds into a Banach space with the RNP. Since H(Z) is locally finite, this follows 
by combining the well-known observation of Fréchet on isometric embeddability 
of any n-element set into £%, (see [90, p. 6]) with the finite determination 
(Theorem 2.41, actually the earlier result of [6] suffices here). In fact, these results 
imply bilipschitz embeddability of HI(Z) into the direct sum (@°2,, £2,)2, which has 
the RNP because it is reflexive. 


Proof of Theorem 3.4 


First we prove: No RNP = bilipschitz embeddability of a thick family of 
geodesics. 

We need to define a more general structure than that of a 6-tree (see Defini- 
tion 2.22), in which each element is not a midpoint of a line segment, but a convex 
combination. 

Definition 3.15. Let Z be a Banach space and let 6 > 0. A set of vectors 
ead bof in Z is called a 5-bush if mp = 1 and for every n > 1 there is a partition 
{At}]' of {1,..., mn} such that 


lZnj _ Sn-14 I = ) (7) 


for every n => 1 and for every j € A?, and 


Zn—-1,k = >», Anjenj (8) 


jEAy 
for some A,,; > 0, Die" Anj = 1. 


Theorem 3.16. A Banach space Z does not have the RNP if and only if it contains 
a bounded $-bush for some 5 > 0. 


Remark 3.17. Theorem 3.16 can be derived from Chatterji’s result [24]. Apparently 
Theorem 3.16 was first proved by James, possibly even before Chatterji, see [57]. 


¢ We construct a suitable thick family of geodesics using a bounded 6-bush in a 
Banach space without the RNP. 

¢ It is not difficult to see (for example, using the Clarkson—Gelfand characteriza- 
tion) that a subspace of codimension 1| (hyperplane) in a Banach space without 
the RNP does not have the RNP. 

e Let X be a non-RNP Banach space. We pick a norm-one vector x € X, then 
a norm-one functional x* on X satisfying x*(x) = 1. Then (by the previous 
remark) we find a bounded 6-bush (for some 6 > 0) in the kernel ker x*. We shift 
this bush adding x to each of its elements, and get a (still bounded) 6-bush {x;;} 
satisfying the condition x*(x;;) = 1 for each i and j. 
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¢ Now we change the norm of X to equivalent. The purpose of this step is to get a 
norm for which we are able to construct the thick family of geodesics in X, and 
there will be no need in a bilipschitz embedding. (One can easily see that this 
would be sufficient to prove the theorem.) 

¢ The unit ball of the norm || - ||; is defined as the closed convex hull of the unit 
ball in the original norm and the set of vectors {+.;;} (recall that {x;;} form a 
bush in the hyperplane {x : x*(x) = 1}). It is easy to check that in this new norm 
the set {x;;} is a bounded 5-bush (possibly with a somewhat smaller 6 > 0, but 
we keep the same notation). Also in the new norm we have ||x;,;||1 = 1 for all i 
and j. For simplicity of notation we shall use || - || to denote the new norm. 

¢ We are going to use this 6-bush to construct a thick family Ty of geodesics in 
X joining 0 and x91. First we construct a subset of the desired set of geodesics, 
this subset will be constructed as the set of limits of certain broken lines in X 
joining 0 and x9,;. The constructed broken lines are also geodesics (but they do 
not necessarily belong to the family Tx). 

¢ The mentioned above broken lines will be constructed using representations of 


the form xo,1 = 7", zi, where z; are such that ||xo,1|| = 7", ||zil|. The broken 
line represented by such finite sequence z),...,Z is obtained by letting z7 = 0 
and joining > z with Bars z; with a line segment for k = 0,1,...,m— 1. 
Vectors aa zi, k = 0,1,...,m will be called vertices of the broken line. 


¢ The infinite set of broken lines which we construct is labelled by vertices of the 
infinite binary tree Tj. in which each vertex is represented by a finite (possibly 
empty) sequence of 0 and 1. 


e The broken line corresponding to the empty sequence @ is represented by the 
one-element sequence xo,1, So it is just a line segment joining 0 and x91. 
¢ We have 


Xo = Apixia tees FAL X1m> 


where ||x1,; — X0,1|| = 5. We introduce the vectors 


1 
vy = Phar + X01). 
e For these vectors we have 
Xor = Aqaiyia Hees FAL m Yim 


5 
Inj — xiyll = Iiy — xoall = 5, and ||yiyl] = 1. 


¢ As a preliminary step to the construction of the broken lines corresponding to 
one-element sequences (0) and (1) we form a broken line represented by the 
points 


Arayia, see Atm Yim - (9) 


We label the broken line represented by (9) by 9. 
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¢ The broken line corresponding to the one-element sequence (0) is represented by 
the sequence obtained from (9) if we replace each term Aj jy; by a two-element 
sequence 


= ii ie (10) 


¢ The broken line corresponding to the one-element sequence (1) is represented by 
the sequence obtained from (9) if we replace each term Aj jy; by a two-element 
sequence 
Aig Any 


eae “Wl: (11) 


¢ At this point one can see where are we going to get the thickness property from. 
* In fact, one of the inequalities above is ||x,; — xo,1|| = 5. Therefore 


Atj Aj 
[isu Ft 


Summing over all j, we get that the total sum of deviations is > g 

¢ In the obtained broken lines each line segment corresponds either to a multiple 
of xo,1 or to a multiple of some x). In the next step we replace each such line 
segment by a broken line. Now we describe how we do this. 

¢ Broken lines corresponding to 2-element sequences are also formed in two steps. 
To get the broken lines labelled by (0,0) and (0,1) we apply the described 
procedure to the geodesic labelled (0), to get the broken lines labelled by (1, 0) 
and (1, 1) we apply the described procedure to the geodesic labelled (1). 

e In the first step we replace each term of the form A yo by a multiplied by ae 
sequence Aj iyia,---,Atm Yim, and we replace a term of the form AU yy by 


the multiplied by ne sequence 


ajy2ajea?» (12) 


ordered arbitrarily, where yr; = ran) and A»j, x2;, and Az are as in the 
definition of the 5-bush (it is easy to check that in the new norm we have 


||v2,|| = 1). We label the obtained broken lines by (0) and (1), respectively. 


* To get the sequence representing the broken line labelled by (0,0) we do the 
following operation with the preliminary sequence labelled (0). 


— Replace each multiple Ay, ; present in the sequence by the two-element 
sequence 


jo a. 1 
3 ve) 
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— Replace each multiple Ay ;, with j € A?, present in the sequence by the two- 
element sequence 


pea eae 14 
BAS (14) 


¢ To get the sequence representing the broken line labelled by (0,1) we do the 
same but changing the order of terms in (13) and (14). To get the sequences 
representing the broken lines labelled by (1,0) and (1, 1), we apply the same 
procedure to the broken line labelled (1). 


e We continue in an “obvious” way and get broken lines for all vertices of 
the infinite binary tree T,o. It is not difficult to see that vertices of a broken 
line corresponding to some vertex (01,...,0,) are contained in the broken line 
corresponding to any extension (0),..., An) of (@1,..., 92) (m > n). 

e This implies that broken lines corresponding to any ray (that is, a path infinite in 
one direction) in Tg. has a limit (which is not necessarily a broken line, but is a 
geodesic), and limits corresponding to two different infinite paths have common 
points according to the number of common (6,..., 6,,) in the vertices of those 
paths. 

e A thick family of geodesics is obtained by pasting pieces of these geodesics in all 
“reasonable” ways. All verifications are straightforward; see the details in [94]. 


It remains to prove: 
Bilipschitz embeddability of a thick family of geodesics > No RNP. 


Proof. We assume that a metric space (M, d) with a thick family of geodesics admits 
a bilipschitz embedding f : M — X into a Banach space X and show that there exists 
a bounded divergent martingale {M;}°, on (0, 1] with values in X. We assume that 


ld(x, y) < |If@) —FO)I|x < d@.y) (5) 


for some £ > 0. We assume that the thick family consists of uv-geodesics for some 
u,v € M and that d(u, v) = 1 (dividing all distances in M by d(u, v), if necessary). 

Each function in the martingale {Mj}, will be obtained in the following way. 
We consider some finite sequence V = {v;}"_,) of points on any wv-geodesic, 
satisfying v9 = u, Vm = v and d(u, vg+1) = d(u, vg). We define My as the function 
on (0, 1] whose value on the interval (d(u, vx), d(u, ve4+1)] is equal to 


f(ve+1) —f (ve) 
A(ve, Vet1) 


It is clear that the bilipschitz condition (15) implies that ||My(t)|| < 1 for any 
collection V and any t € (0, 1]. Since {v;} are on a geodesic, is clear that an infinite 
collection of such functions {My)}?2, forms a martingale if for each k € N the 
sequence V(k) contains V(k— 1) as a subsequence. So it remains to find a collection 
of sequences {V(k)}?2 for which the martingale {My }?2 diverges. We denote 
Mv by M,. 
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Now we describe some of the ideas of the construction. 


¢ It suffices to have differences ||Mj, — My—1|| to be bounded away from zero for 
some infinite set of values of k. 

¢ On steps for which we achieve such estimates from below we add exactly one 
new point zy into V(k) between any two consequent points w;_; and w; of V(k—1). 
In such a case it suffices to make the choice of points in such a way that the values 
of M; on the intervals corresponding to pairs (wj-1, Zz) and (z, w;) are ‘far’ from 
each other, and thus from the value of M,—; corresponding to (wj_;, w;). Actually 
we do not need this condition for each pair (w;_1, w;), but only “on average.” 

¢ Using the definition of a thick family of geodesics and the bilipschitz condition, 
we can achieve this goal. A detailed description follows. 


We let V(O) = {u,v} and so Mo is a constant function on (0, 1] taking value 
f(v)—f(u). In the next step we apply the condition of the definition of a thick family 
to control points {u, v} and any geodesic g of the family. We get another geodesic g, 
the corresponding sequence of common points {w;}‘_) and the corresponding pair 
of sufficiently well-separated sequences {z;, z;}"_, on the geodesics g and g. The 
separation condition is )\/"_, d(z;, Z;) = @. 

We let V(1) = {w;}"9. Observe that in this step we cannot claim any nontrivial 
estimates for ||M, — Mo||z,(x) from below because we have not made any nontrivial 
assumptions on this step of the construction (it can even happen that M; = Mo). 
Lower estimates for martingale differences in our argument are obtained only for 
differences of the form ||Mox — Mox—-1||1:(x)- 

We choose V(2) to be of the form 


fe / J 
WO» Z1sW1s Zos Was +++ Zins Wns (16) 


where each z, is either z; or Z; depending on the behavior of the mapping f. We 
describe this dependence below. Observe that since z; or Z; are images of the same 
point in [0, 1], the corresponding partition of the interval (0, 1] does not depend on 
our choice. 

To make the choice of Zz, we consider the quadruple w;_1, z;, wi, Z;. The bilipschitz 
condition (15) implies ||f(z;) — f(Z)|| = €d(z;, Z;). Consider two pairs of vectors 
corresponding to two different choices of z}: 

Pair 1: f(wi) —f (zi), fi) —fwi-1). Pair 2: f0wi) — fi). fi) — f(wi-a). 

The inequality ||f(z;)—f(Z;)|| = €d(zi, z;) implies that at least one of the following 


is true: 
fw) —f) — f) —fwi-r) £ J 1 1 
| d(wizi) — A(Zj, Wi-) = 2 ae) (aa 7 Tam) a 
or 
fw) -—fR) fl) —f(wi-r) £ ~ 1 1 
| diwn2) d@awt) |= 2° aa . Tew) a 


Since in the definition of a thick family of geodesics we have )°; d(z;,Zi) > a, 
these inequalities show that if we choose z, to be the one of z; and Z;, for which 
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fowi“fe) and L Fw — are more distant from each other, we have a chance to get 


diz, dw 
re i ee (This is what we verify below.) 

We pick z} to be z; if the left-hand side of (17) is larger than the left-hand side of 
(18), and pick z; = Z; otherwise. 

Let us estimate ||M2. — Mj,||. First we estimate the part of this difference 
corresponding to the interval (d(wo, wi-1), d(wo, w;)|. Since the restriction of M 
to the interval (d(wo, wi-1), d(wo, W;)] is a two-valued function, and M, is constant 
on the interval, the integral 


d(wo,wi) 
| ||M2 — M,||dt (19) 
d(wo,wi-1) 

can be estimated from below in the following way. Denote the value of M> on the 
first part of the interval by x, the value on the second by y, the value of M on the 
whole interval by z, the length of the first interval by A and of the second by B. We 
have: the desired integral is equal to A||x — z|| + B||y — z|| and therefore can be 
estimated in the following way: 


Allx — z|| + Blly — z|| = maxf{||x — z]|, ILy — zl[} + mintA, B} 
1 
> 5 Ibe— yl mint, B}. 
Therefore, assuming without loss of generality that the left-hand side of (17) is 


larger than the left-hand side of (18), we can estimate the integral in (19) from below 
by 


| (For) - FD) _ FG) —FOr-1)) | Pee eee: 


d(wi, Zi) d(zi, Wi-1) 

> = cai 2) ( a ) in {d(wi, a), d(a, wi} 
mt is Zi - mun i> Zi), i, Wi- 

ie d(wi,zi) — d(z;, Wi-1) a a 
1 

Z 7 dG). 


Summing over all intervals and using the condition )~”", d(z;,z;) > a, we get 
||Mz —M,|| > 1a. 

Now we recall that the last condition of the definition of a thick family of 
geodesics implies that 


/ i. / 
WOs Zs W1, Zs W2s +++ 5 Zins Wms (20) 


where each Z; is either z; or Z; depending on the choice made above belongs to some 
geodesic in the family. 

We use all of points in (20) as control points and find new sequence {w;};~9 of 
common points and a new sequence of pairs {z?, Z7 ae with substantial separation: 
Ye de. 2) >a. 


ae 
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We use {w7}/, to construct M3 and the suitably selected sequence 


De AO De ID) oD /2 2 
Woo <1 > Wys 20 > Wa5 e+ + 2 Sings Wing 


to construct M,. We continue in an obvious way. The inequalities ||M>, —M>,—1|| = 
ilo imply that the martingale is divergent. Oo 


Reflexivity 


Problem 3.18. Js it possible to characterize the class of reflexive spaces using test- 
spaces? 


Some comments on this problem: 


Remark 3.19. It is worth mentioning that a metric space (or spaces) characterizing 
in the described sense reflexivity or the Radon—Nikodym property cannot be 
uniformly discrete (that is, cannot satisfy inf,z, d(u, v) > 0). This statement follows 
by combining the example of Ribe [107] of Banach spaces belonging to these classes 
which are uniformly homeomorphic to Banach spaces which do not belong to the 
classes, and the well-known fact (Corson—Klee [32]) that uniformly continuous 
maps are Lipschitz for (nontrivially) “large” distances. 


I noticed that combining two of the well-known characterizations of reflexiv- 
ity (Ptak [104]—Singer [110]—Petczyfiski [99]—James [54]—Milman and Mil- 
man [79]) and some differentiation theory (Mankiewicz [72]—Christensen [30]— 
Aronszajn [2], see also presentation in [11]) we get a purely metric characterization 
of reflexivity. This characterization can be described as a submetric test-space 
characterization of reflexivity: 


Definition 3.20. A submetric test-space for a class P of Banach spaces is defined as 
a metric space T with a marked subset S C T x T such that the following conditions 
are equivalent for a Banach space X: 


1X€P. 
2. There exist a constant 0 < C < o6 and an embedding f : T — X satisfying the 
condition 


Vay) eS dr(x,y) < lf) —fO)|| < Cdr(, y). (21) 


An embedding satisfying (21) is called a partially bilipschitz embedding. Pairs 
(x, y) belonging to S are called active. 


Let A > 1. The submetric space Xq is the space £, with its usual metric. The 
only thing which makes it different from £; is the set of active pairs Sa: A pair 
(x,y) € X, Xx Xq is active if and only if 


Metric Characterizations of Some Classes of Banach Spaces 341 


llx—yll = Allx—ylls, (22) 


where || - ||; is the summing norm, that is, 


tad ills = sup 


k 
dai 
i=l 


Theorem 3.21 ({[91]). Xa, A > 2 is a submetric test-space for reflexivity. 


The proof goes as follows. Let Z be a nonreflexive space. If you know the 
characterization of reflexivity which I meant, you see immediately that it implies 
that the space £; admits a partially bilipschitz embedding into Z with the set of 
active pairs described as above. 

The other direction. If £; admits a partially bilipschitz embedding with the 
described set of active pairs, then the embedding is Lipschitz on £;, because each 
vector in £, is a difference of two positive vectors. 

Now, if Z does not have the Radon—Nikodym property (RNP), we are done (Z is 
nonreflexive). If Z has the RNP, we use the result of Mankiewicz—Christensen— 
Aronszajn and find a point of Gateaux differentiability of this embedding. The 
Gateaux derivative is a bounded linear operator which is “bounded below in 
certain directions.” Using this we can get a sequence in Z which, after applica- 
tion of the non-reflexivity criterion (due to Pték—Singer—Petczynski—James— 
D.&V. Milman), implies non-reflexivity of Z; see [91] for details. 


Infinite Tree Property 


See Definition 2.22 for the definition of the infinite tree property. Using a bounded 
6-tree in a Banach space X one can easily construct a bounded divergent X-valued 
martingale. Hence the infinite tree property implies non-RNP. For some time 
it was an open problem whether the infinite tree property coincides with non- 
RNP. A counterexample was constructed by Bourgain and Rosenthal [15] in the 
paper mentioned above. The infinite tree property admits the following metric 
characterization. 


Theorem 3.22 ([91]). The class of Banach spaces with the infinite tree property 
admits a submetric characterization in terms of the metric space Dy with the set Sw 
of active pairs defined as follows: a pair is active if and only if it is a pair of vertices 
of a quadrilateral introduced in one of the steps. 
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It would be interesting to answer the following open problem: 


Problem 3.23. Whether the infinite diamond D, is a test-space for the infinite tree 
property? 


Remark 3.24. Itis worth mentioning that if we restrict our attention to dual Banach 
spaces, the following three properties are equivalent: 


(1) Non-RNP. 
(2) Infinite tree property. 
(3) Bilipschitz embeddability of D,. 


The implication (1) = (2) is due to Stegall [111]. The implication (2) > (1) 
follows from Chatterji [24]. The equivalence of (1) and (3) was proved in [91]. 
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On the IVP for the k-Generalized 
Benjamin—Ono Equation 
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Abstract We shall study special properties of solutions to the IVP associated to 
the k-generalized Benjamin—Ono equation. We shall compare them with those for 
the k-generalized Korteweg-de Vries equation and for the k-generalized dispersive 
Benjamin—Ono equation. Also we shall discuss some open questions appearing in 
this subject. 
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Introduction 


This work is concerned with the initial value problem (IVP) associated to the 
k-generalized Benjamin—Ono (k-gBO) equation 


du — 0? Hu + uk du = 0, x,teR, keZt, (1) 
u(x, 0) = uo(x), 
where # denotes the Hilbert transform, 
1 1 
KH f (x) = —p.v.(= * f) (x) 
4 x 
Ls f(x—y) , (2) 
= stim f Say = isan fey” eo. 
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The case k = 1 in (1) 
d,u — 0° Hu + udu =0, x,teER, (3) 


corresponds to the Benjamin—Ono (BO) equation. This was first deduced by 
Benjamin [5] and Ono [44] as a model for long internal gravity waves in deep 
stratified fluids. Later, it was also shown to be a completely integrable system (see 
[2, 11], and the references therein). Thus, the BO equation has followed the same 
historical pattern of the celebrated Korteweg-de Vries (KdV) equation 


0,u + du + udu = 0. (4) 


One of our goals here will be to compare the mathematical results for the IVP (1) 
with those for the IVP associated to the k-generalized Korteweg-de Vries (k-gKdV) 
equation 


0,u+ d2u +u'd.u=0, x,tEeR, keZ, 


u(x, 0) = uo(x). - 


In addition, we shall mention some striking differences as well as some open 
problems (these will be labelled and numbered with a Q...). Also, we shall discuss 
the extension of some known results to the IVP (1) with k = 1 to the case of general 
keZ. 

Another of our goals here will be to illustrate how well-known results in 
harmonic analysis have provided the key arguments in the proof of some crucial 
results describing the behavior of the solutions to the IVP (1). 

To understand the relationship between the dispersion and the nonlinearity it 
is convenient to consider the so-called k-generalized dispersive Benjamin—Ono 
equation 


0,u — D)**d,u+ukd,u=0, x,t€R,a€ [0,1], keZ*. (6) 


We notice that in (6) the case a = 0 corresponds to the k-gBO equation in (1) and 
the case a = | to the k-gKdV equation in (5). 


Well-Posedness Results 


We shall say (see [26]) that the IVP (1) is locally well-posed (LWP) in the function 
space X if given any datum up € X there exist T > 0 and a unique solution 


“€ C(I=T,T) X) M0. 


of the IVP (3) with the map data — solution, up +> u, being continuous. If T can be 
taken arbitrarily large, one says that the IVP (3) is globally well-posed (GWP) in X. 
Well-posedness in Sobolev spaces 


The Generalized B—O Equation 351 


We observe that ¢’!§§ is not a multiplier in L’ for p 4 2 and that the family of 
operators {U(t) : t € R} 


U (thug x) = tug (x) = (AP MEER (E))Y @), (7) 


defines a group of isometries in 


H(R) = (1-8)? 


V(R), seéR. (8) 
Therefore these classical Sobolev spaces (8) are the natural functional setting to 
study well-posedness of the IVP (1). 

The problem of finding the minimal regularity property, measured in the classical 
Sobolev scale H*(R), s € R, required to guarantee that the [VP (1) is LWP or GWP 
in H*(R) has been extensively studied. 

First, one has the following scaling invariant argument : if u(x, ft) is solution of 
the IVP (1) in the time interval [—T, T], then for any A > 0 


uy (x,t) = AMFu(Ax, 72), (9) 


is also solution of the equation in (1) in the time interval [—A~?T, A~*T] with initial 
data 


uy(x, 0) = AV kug(Ax), 
such that 


ll alls = /Diualls = AF? | wo lls, (10) 


where D, = #0,. When 
v=) S122 ek (11) 


one cannot have that T = T(|| wolljs) > 0, since by changing A the time interval 
of existence expands (or contracts) arbitrarily. Hence, s = s, = 1/2 — 1/k is the 
critical exponent for well-posedness suggested by the above scaling argument. 

Second, due to the integrability, real solutions of the IVP (1) with k = | satisfy 
infinitely many conservation laws. These quantities provide an a priori estimate for 
the H”/?-norm, n € Z*, of the solution u = u(x,t) for (3). Here, we shall only 
consider real- valued solutions of the IVP (1). For general k € Z* (real) solutions 
of (1) satisfy the following three conservation laws (time invariant quantities): 


@) = [. u(x, t)dx, Ih(u) = c u(x, t)dx, 


—0o 


_ [* 1/2, )1/2 _ 2 Be) 
b(u) = [. (10: u| (k+ DE+ 7" (x, t)dx. 


(12) 
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Under appropriate assumptions these conservation laws provide an a priori 
estimate of the H*-norm of the solution which combined with a LWP with T = 
T(||volls) > 0 yields a GWP result. 

Returning to the well-posedness results for the IVP (1) in the classical Sobolev 
spaces (8) first we shall concentrate on the case of the BO equation (3). In this 
regards, one finds the following string of results : in [1, 22] LWP was obtained for 
s > 3/2, in [46] GWP was proven for s > 3/2, LWP was established in [34] for 
s > 5/4 and in [28] for s > 9/8, in [51] GWP was shown for s > 1, in [8] LWP was 
found to hold for s > 1/4, and in [21] GWP was demonstrated in H°(R) = L?(R), 
(for further details and results regarding the well-posedness of the IVP associated to 
the BO equation (3) in H*(R) see [38)]). 

It is important to mention that all the above results have been obtained by 
“compactness methods.” In particular, one can only show that the map data — 
solution is just locally continuous. 

In fact, in [41] it was established that for any s € R the flow map up — u from 
H®(R) to C({[—T, T] : H*(R)) is not locally of class C? (see also [35]). 

We recall that if LWP in X can be obtained using just the contraction principle 
applied to the corresponding integral equation, then the implicit function theorem 
guarantees that the flow map up — u from X to C([—T,T] : X) is (locally) as 
smooth as the nonlinearity, (see, for example, [36]). 

For the IVP (1) one has the corresponding integral equation 


u(t) = U(t)uo — i, U(t—1)uéd,u(t’)dt’ (13) 
0 


[U(t) as in (7)] where the nonlinearity is a polynomial (analytic). 

Hence, as a consequence of the result in [41] one sees that the contraction 
principle cannot be used by itself to established the LWP of the IVP (1) with k = 1. 

Next, we consider the IVP (1) with k > 2. In the case k = 2 in [29] LWP has 
been proven in H*(R), s > 1/2. In [53] LWP was obtained for the IVP (1) for k = 3 
in H*(R), s > 1/3 and fork > 4in H*(R), s > s, = 1/2 —1/k, (see also [40]). 

These results were also obtained by compactness methods and seem to be 
optimal. More precisely : in [29] it was shown that for the case k = 2 the map data 
— solution is not uniformly continuous in H*(R), s < 1/2 (in [39] it was proven 
not to be C), in [52] it was shown that in the case k = 3 the map data — solution is 
not C* in H°(R), s < 1/3. In [6] it was shown that the map data > solution is not 
uniformly continuous in H*(R), 5, = 1/2 —1/k, k = 1 (and in [39] it was shown 
that the map data > solution is not Ct! in H°*(R), s, = 1/2 —1/k, k > 4). 

We observe that for k > 3 these well-posedness results agree with the values 
suggested by the scaling argument s, = 1/2 — 1/k [see (11)], being larger for 
k= 1, s > Owith s; = —1/2, fork = 2, s > 1/2 with sy = 0 and for 
k = 3, s > 1/3 with s3 > 1/6. 

This is somehow similar to the case of the IVP (5) for the k-gKdV for which the 
values suggested by the scaling argument 5; = 1/2—2/k have been achieved for the 
LWP results only for the powers k > 3, being larger the case k = 1, s > —3/4 with 
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3; = —3/2 and fork = 2, s > 1/4 with 5. = —1/2. All these results for the IVP 
(5) have been established by an argument based on the contraction principle applied 
to the corresponding integral equation. This is the first main difference between the 
IVP’s (1) and (5). 

Also, one notices that from the well-posedness point of view the worst power is 
k = 2 for both IVP’s (1) and (5) at least for 1 <k < 8. 

In addition to the above well-posedness and ill-posedness results, one has that 
in [33, 39] LWP and GWP have been established for the [VP (1) with k > 2 for 
small data in H*(IR) with s > a, solely by a contraction principle argument. So in 
this case the map (small) data — solution is analytic. Since the result for the BO 
equation (3) found in [41] does not extend to higher power k > 2 in (1), the next 
question presents itself: 

Q 1: Given any k € Z*, k > 2 which of following two statements holds: 


(i) there exists a, > 0 such that the IVP (1) can be proved to be LWP in the whole 
space H*(R) with s > a, by using a contraction principle in the corresponding 
integral equation (13) 

or 
(ii) for any s > 0 the map data —> solution for the IVP (1) defined in H*(R) is not 
(locally) smooth. 


It is interesting to notice that the ill-posedness result in [41] applies to all 
equations in (6) with k = 1, ie., in [41] it was shown that for any s € R the 
map data > solution associated to the IVP for Eq. (6) with a € [0,1) andk = 1 
is not locally of class C?. Thus, only for the KdV, (6) with a = 1 and k = 1, the 
dispersive relation (modeled by a third-order operator) is strong enough to allow a 
proof based on the contraction principle. 

In this regard, one has that the techniques and arguments presented in [32] can 
be used to establish LWP for the IVP associated to Eq.(6) with a € (0,1) and 
k > 2 with an argument based on the contraction principle. In the case a € (0, 1) 
and k = | GWP for the IVP (6) in H*(R) for s > O was obtained in [19] by 
compactness methods. 

Next, we consider the problem of extending LWP results to global ones. One 
sees that due to the infinitely many conservation laws satisfied by solutions of the 
BO equation (3) this follows directly. In fact, the GWP results in [21] only requires 
the use of Jy in (12). In general, combining the inequality 


kt k/2k k 1/2, 9k W112 
lletS < cel D7 Pulls*? < cell DY alld [lull3, (14) 


and the conservation law J; in (12) 
Is(u) = Is(uo) S$ |Dy?u(a) [13 — cell Dy? u(O)I15 luo l3 (15) 
one obtains an a priori estimate for the solutions corresponding for small enough 


data in L? in the case k = 2, see [29], and for small enough data in H '/2 in the 
case k > 3. 
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In fact, the existence of global smooth solutions for the IVP (1) with k > 2 and 
data in H'/?(R) is an open problem, (Q 2). 

For the k-gKdV equation [see (5)] one has that for k = 1,2,3 local solutions 
corresponding to initial data in uw € H'(R) extend globally in time. In [37] it was 
shown that there exist data uy € H'(R) for which the corresponding local solution 
u = u(x, ft) of the IVP (5) with k = 4 blows-up in finite time, i.e., 3 T > 0 such that 


lim ||0,u(t)||2 = 00. 
tT 


A similar result for higher powers k > 5 in (5) remains as an open problem, (Q 3). 
To complete this section we shall briefly comment some of the techniques used in 
the proof of the well-posedness results for the BO equation (3) commented before. 
By using the commutator estimate established in [27] (as an application of results 
in [10]) 
I) — ally S CUA lool "ally + llU*flloliglloo), 1<p<oo, s>0, 


with J = (1 — a2)!/ ?, one formally has that solutions of the BO equation (3) satisfy 
d S S 
ql eOlle S elle Olloo IluOlle, s>0. (16) 


Hence, if one controls the quantity 


T 
a || 0.4(2) |loo at, (17) 


then the solution, in the time interval [—7, T], is as regular in H*(IR) as the data. 

Thus, the result in [1, 22] (s > 3/2) follows by using Sobolev embedding in 
(16). The result in [46] combined the Strichartz estimates [50] and the Kato local 
smoothing effect [26]. In the case of the associated linear problem [see (7)], the 
Strichartz estimates are (mainly) given by the inequality: 


[o,) 
(f Wulf" < cluola, 2/q=1/2-1/p, 2=psco (8) 
—oo 
and the Kato local smoothing effect by 


V2n 


[ee 
( / [DY U()up(x)2 dt)? = X= Jugla, Vx eR. (19) 
—oo 


and 


t [o.e) 
sup dxf UE— DFC dillg Sef NFO Iza (20) 
xER 0 —0o 
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Roughly, by using the estimate (20), established in [30], one gains one derivative 
which compensates the loss introduced by the nonlinear term in (13). We observe 
that the proof of the identity (19) is a direct consequence of the Plancherel theorem 
and a change of variable. However, since we are working with the differential 
equation only a weaker form of (19) can be proved, i.e., if the data uy € H*/?(R), 
then the corresponding solution of the BO equation (3) satisfies 


a XO+R 
sup ( / i |92u(x, t)|2de dt)? < o(TR: |luolls2.0), 
—T Jx 


xo,R oR 


and using Stichartz estimate in (18) with (p, g) = (ov, 4) one gets that 


[o.@) 
( / aeu-, t)|Sgdt)"/4 < e(TsRlluoll3/2.9), 
—oo 


which basically yields the result in [46]. The above techniques were refined in 
[28, 34] to obtain the improvement in the LWP mentioned before. 

The ill-posedness result established in [41] is a consequence of the low-high fre- 
quency interaction emerging from the nonlinear term. In [51] a gauge transformation 
(reminiscence the Cole-Hopf transformation) which involves projection in the high 
positive frequency was introduced to obtain the GWP result in H'(R). In [8, 21] 
the previous idea was combined with the so-called Bourgain spaces X;,, see [7], to 
obtain the improvement mentioned above. In the context of the BO equation (3) the 
spaces X,,, 5, b € R can be defined as the f € .7’ (IR?) such that 


Ul. =f a (1 + |e — E18) + [EDI 2) Padé dr)? < 00. 


Well-posedness in weighted Sobolev spaces 

In [26] it was shown that the solution flow associated to the IVP (5) preserves the 
Schwartz class. However, it was first established by Iorio [22, 23] that, in general, 
decay of polynomial type is not preserved by the solution flow of the BO equation. 
The results in [22, 23] have been extended to fractional order weighted Sobolev 
spaces and have shown to be optimal in [15, 16]. 

This is the second main difference concerning the behavior of solutions of the 
IVP’s (1) and (5). This difference in the decay is already reflected in the explicit 
form of the traveling wave solutions ¢,., of these equations. For the BO equation (3) 
one has if 


dpo(X) = (21) 


1 +22’ 


(the unique positive, even, decreasing for x > O and tending to zero as x — +00 
solution of —g — D,v + g?/2 = 0, whose uniqueness was proved in [3]), then 


u(x,t) = chgo(c(x—ct)), c>O, 
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describes the family of traveling wave solution. For the KdV equation (4) 


dxav (x) = ; sech” (5) ; 


describes the family of traveling wave solutions 
u(x,t) = cheav(P(x—*t)), c>0. 
To make the above statements precise, we introduce the weighted Sobolev spaces 
Z. = HS(R) NL? (\x|7""dx), s,r ER, (22) 
and 
Zor = {f € H(R)NL?(\xP?"dx) : FO) =0}, 5, reR. (23) 


Notice that the conservation law for solutions of (3), see (12), 


I(uo) = [. u(x, t)dx = [. ug(x)dx, 


guarantees that the property f(O) = 0 is preserved by the solution flow. 
The following well-posedness results for the IVP associated to the BO equation, 
(1) with k = 1, in weighted Sobolev spaces Z, were found in [15]: 


Theorem 2.1. 


(i) Ifs > 9/8 (s = 3/2), r € [0,s], and r < 5/2, then IVP associated to the BO 
equation (3) is LWP (GWP resp.) in Z, +. ; 
(ii) If r € [5/2,7/2) and r < s, then the IVP associated to Eq. (3) is GWP in Z, ,. 


Theorem 2.2. Let u € C({—T, T] : Z:.2) be a solution of the IVP for Eq. (3). If there 
exist two different times t,t, € [-T,T]| such that 


u(-,t)) € Z5/2,5/2, j= 1,2, then uo(0) = 0, (so u(t) € Z5/2,5/2)- (24) 


Theorem 2.3. Let u € C([—T, T] : Z3,3) be a solution of the IVP for Eq. (3). If there 
exist three different times t,, to, t3 € [—T, T] such that 


u(,t)) € Zqya7/2, f= 1,2,3, then u(x,t) =0. (25) 


Remarks. 


(a) Iorio’s results [22, 23] correspond to the indexes s > r = 2 in Theorem 2.1 part 
(i), s => r = 3 in Theorem 2.1 part (ii) and s > r = 4in Theorem 2.3. 
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(b) Theorem 2.2 shows that the condition a(0) = 0 is necessary to have persistence 
property of the solution in Z, 5/2, with s > 5/2, so in that regard Theorem 2.1 
part (i) is sharp. 

(c) Theorem 2.3 affirms that there is an upper limit of the spatial L?-decay rate of 
the solution (ie., |x|’/2u(-, 4) ¢ L%°({0, T] : L?(R)), for any T > 0) regardless 
of the decay and regularity of the non-zero initial data up. In particular, 
Theorem 2.3 shows that Theorem 2.1 part (ii) is sharp. 


From Theorem 2.2 it is natural to ask if the assumption (25) in Theorem 2.3 can 
be reduced from three times to a two different times t) < th. 

Surprisingly, the next result found in [16] shows that this is not the case, the 
condition involving three different times in Theorem 2.3 is necessary: 


Theorem 2.4. For any uo € Z5,4 such that 


[. xX ug(x)dx 4 0, (26) 


the corresponding solution u € C(R: Zs1/2-) of the IVP for Eq. (3) provided by 
Theorem 2.1 part (ii) satisfies that 


u(t) € Zy4, (27) 
with 
4 lo) 
fm =—_—, / X Ug (x)dx. (28) 
IlMolly J—co 
Remarks. 


(a) The result in Theorem 2.4 is due to the inter play between the dispersive relation 
and the nonlinearity of the BO equation (3). In particular, one can see that if 
uo € Zs,4 verifying (26), then the solution U(f)uo(x) of the associated linear 
IVP 


0u—-H2u=0,  u(x,0) = u(x), 
satisfies 
U(t)huo(x) = cle EF (EY € xl?) -— Lal"), Vt #0. 
However, for the same data uo one has that the solution u(x, t) of Eq. (3) satisfies 
u(-,0), u(-,t*) € L?(|x[$dx), and u(-,t) € L7(\x|’-) —L’(\xl’), Ve ¢ {0, 0°}. 


(b) The value of ¢* in (28) can be motivated as follows, the identity 


: i (dae = Aco = ful? 
— xu(x, thdx = =||u(-, =- ; 
dt | oo 2 2 = 5 Mola 
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[using the second conservation law J;(u) in (12)] describes the time evolution 
of the first momentum of the solution 


oo oe) t 
i xu(x, tdx = i xuo(x)dx + =||uo|l3. 
= 2 


—0oo 


So assuming that 


a XUg(x)dx # 0, (29) 


one looks for the times where the average of the first momentum of the solution 
vanishes, i.e., for t such that 


t co t CO U 
[ | x u(x, t)dxdt = | (f XUo(x)dx + = ||uo||3)ar’ = 0, 
0 J—oo 0 00 2 


which under the assumption (29) has a unique solution t = f* given by the 
formula in (28). 

To prove Theorem 2.4 we shall work with the integral equation version of the 
problem (3). Roughly, from the result in [41] one cannot regard the nonlinear 
term as a perturbation of the linear one. So one needs to rely on an argument 
similar to that in [23]. This is based on the special structure of the equation 
and allows us to reduce the contribution of two terms in the integral equation 
to just one. Also the use of the integral equation in the proof and the result in 
[41] explains our assumption uo € Zs4 instead of the expected one from the 
differential equation point of view up € Za,4. 

In view of the above results one may ask if it is possible to reduce the 
hypothesis in Theorem 2.3 involving three times to one for two different times 
by strengthening the hypothesis on the decay. More precisely, (Q 4) can one 
find r > 4 such that the following statement holds ? : 


(c 


wa 


(d 


Ww 


if a solution u € C([—-T,T] : Z,7/2-) s >> 1 of the BO equation satisfies that 
there exist t), tf) € [-T,T], t) # t) such that u(t;) € Z,,, j = 1,2, thenu = 0. 
In [14] it was shown that this is not the case at least for r € (4, 11/2): 


Theorem 2.5 ([14]). Given r € (4, 11/2) there exists uo € Zio, with 


i, xX Uug(x)dx 4 0, (30) 


such that the corresponding solution u € C(R : Z107/2-) of the IVP for Eq. (3) 
provided by Theorem 2.1 part (ii) satisfies that 


u(-,t*) € Zio, (31) 
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with 


— is i. X Uo (x)dx. (32) 


llwollz J—c0 


Thus, question Q 4 remains open for r > 11/2. 
One of the main ideas in [14] is the use of the time evolution of the second 
moment of the solution 


[o.@) [e,@) CO 
/ xu(x, t)dx = / xu (x)dx + rf xup(x)dx + P1(uo). 
—oo —0o —oo 


with J; as in (12). Notice that Theorem 2.3 suggests that the third moment of the 


solution 
lo. e) 
/ xu(x, t)dx, 


oe) 


is not defined. 

Next, we discuss the possible extensions of Theorems 2.1—2.4 to higher powers 
k > 2 in (1). From the method of proof used in [15] it is clear that similar results 
to those in Theorems 2.1 and 2.2 hold, locally in time, for the [VP (1) with k > 2. 
Theorem 2.3 extends to all the odd powers k. The issue in this case is the following 
(see [16]): let 


u € C([-T,T] : Zi07/2-) N.... (33) 


be a solution of the IVP (1) with k > 2, then for each ¢* € (—T, T) such that 


[o,e) 1 t (o-e) sis _ 
[ (| sooer+ ani [« (x, eax dr) dt = 0, (34) 


one has that 


t* 


tt") E Zina: (35) 


In the case k = 1, from the conservation law Jy [see (12)] and the fact that the 
solution extends globally in time, one has that if [ xuo(x)dx # 0, then there exists 
exactly one time ¢* # 0, see (32), such that (35) holds. 

If k > 3 is odd and f[ xuo(x)dx # 0, then Eq. (34) has at most one solution 
t* ~ 0; however, we do not know (@ 5) if this solution f* exists it belongs to the 
time interval of existence [—T, T]. Notice that a scaling argument suggests that 


T = O(luollz5), as luolls2 LO =5 > 5, — defined in (11). 


In this case, k > 3 and odd, Theorem 2.3 holds and Theorem 2.4 also holds in the 
conditional manner described before. 
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In the case where k is even, we do not know (Q 6) given a solution u as in (33) 
how to determinate the exact number of times ¢;’s solutions of (34). 

Above we have worked with the space Z,, with indices s < r. This is due 
to the fact that, in general, for dispersive equations, the solution flow preserves 
the LZ? polynomial decay only for smooth enough, in H’, solutions. This has 
been established in [24, 43] for solution of the IVP associated to the nonlinear 
Schr6édinger equation and the k-gKdV, respectively. However, the equivalent result 
for solution of the IVP (1) is not available. More precisely, for simplicity let us 
consider the case k = 1 in (1): let u € C(R: L?(R)) NM... be a solution of the IVP 
for Eq. (3) found in [21] (Q 7). If there exist two different times f;, t2 such that 


u(-,t;) € L?(|x|“dx), j= 1,2 @ € (0,7/27), then uw € C(R: Zea). 


Working with the differential equation one may need to assume that u ¢€ 
C([-T, T] : H°/®+(R)) N... so that the quantity in (17) is finite, see [28]. 

It was already mentioned that a result in [41] shows that the IVP associated to 
Eq. (6) with a € [0,1) and k = 1 cannot be solved by a contraction principle 
argument in H*(R) for any s € R. Fora ¢€ (0,1) and k > 2 this is not the case, 
i.e., the IVP associated to Eq. (6) with aw € (0,1) and k > 2 can be solved in H*(R) 
with s > a,x for some ax € R by the contraction principle. The proof in this case 
follows by a simple modification of the arguments given in [32]. Also, one has that 
a slight variation of the method found in [31] confirms that the IVP associated to 
Eq. (6) with a € (0,1) and k = 1 can be solved in the weighted Sobolev spaces 
Zs, (22), (for appropriate values of s, r) by an argument based on the contraction 
principle. For the remaining case a = 0 and k = 1, ie., the BO equation, one has 
that a similar argument to that given in [31] shows that the contraction principle in 
the weighted Sobolev spaces Z,, (for appropriate values of s, r) works, at least, for 
small data. Thus, (Q &) for the IVP associated to the BO equation (6) witha = 0 
and k = 1, can one find s, r € R such that the contraction principle provides LWP 
in Z, , or can one extend the result in [41] to show that for any s, r € R the map data 
— solution from Z,, to C([—T,T] : Z;,-) is not smooth? Next, we briefly discuss 
some of the techniques used in the proof of Theorems 2.1—2.4. 

Let us first recall the definition of the A, condition. We shall restrict here to the 
cases p € (1, co) and the one-dimensional case R, (see [42]). 


1 


Definition 2.6. A nonnegative function w € L,,. 


l<p<oif 


: (ae ») Co wry = cou) <oe (36) 
bea |O| Q |Q| Q 7 


where 1/p + 1/p’ = 1. 


Theorem 2.7 ([20]). The condition (36) is necessary and sufficient for the bound- 
edness of the Hilbert transform # in LP (w(x)dx), i.e., 


R) satisfies the A, inequality with 
q y 


( / * CFP wads)? < c* ( / * pew aay? (37) 
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In the case p = 2, a previous characterization of w in (37) was found in [18] (for 
further references and comments we refer to [13, 17, 47, 49]). In particular, one has 
that in R 


Ix"~eA, & ae (-1,p—)). (38) 


In order to justify some of the arguments in the proof of Theorem 2.1 we need 
some further continuity properties of the Hilbert transform. More precisely, our 
proof requires the constant c* in (37) to depend only on c(w) in (36) and on p 
(it is only required for the case p = 2). This fact is implicit in the proof given in 
[20], see also [13, 17]. However, we recall the following optimal result: 


Theorem 2.8 ([45]). For p € [2, 00) the inequality (37) holds with c* < c(p)c(w), 
with c(p) depending only on p and c(w) as in (36). Moreover, for p = 2 this estimate 
is sharp. 


Next, we define the truncated weights wy(x) using the notation (x) = (1 +.x?)!/? 
as 


ce (x) if |x| < N, (39) 
2N_ if |x| > 3N, 


wy (x) are smooth and non-decreasing in |x| with wh,(x) < 1 for all x > 0. 


Proposition 2.9. For any 6 € (—1,1) and any N € Zt, w(x) satisfies the Az 
inequality (36). Moreover, the Hilbert transform # is bounded in L? (W, (x)dx) with 
a constant depending on 0 but independent of N € Z*. 


The proof of Proposition 2.9 follows by combining the fact that for a fixed 0 € 
(—1, 1) the family of weights we (x), N € Z* satisfies the A2 inequality in (36) with 
a constant c independent of N and Theorem 2.8. 

Proposition 2.9 is used in weighted energy estimates with a bounded weight 
for each N € Zt (so all the quantities involved are finite) and with constants 
independent of N. This allows to pass to the limit to get the desired result. 

Next, we have the following generalization of the Calderén commutator estimate 
given in [4] (for a different proof see [12]): 


Theorem 2.10 ([4, 9]). For any p € (1,00) andl, m € Z* U {0}, 1+ m > 1 there 
exists c = c(p;l;m) > 0 such that 


AIH; aOCFlly < cll." alloollfllo- (40) 


Calderon’s result [9] corresponds to the case /+ m= 1. 
We shall also use the pointwise identities 


[#; x]0,f = [9:27] 0F = 0, 
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and more general 

[#;x]f = 0 if and only if [ve = 0. 
We recall the following characterization of the L?(IR”) = (1 — A)~*/?1?(R") spaces 
given in [48]. 


Theorem 2.11 ([48]). Let b € (0, 1) and 2n/(n + 2b) < p < ow. Thenf € L}(R") 
if and only if 


(a) fe L(R’), 


(41) 
= 2 
0) ae) =(f FOLK yy? ere"), 
pe |[x—ylrt 
with 
Illon = WU — A)? Fllp = WF llp & Ilfllo + IDF llp ais 
~ Ilfllp + FF ll- 
Above we have used the notation: for s € R 
D' = (-A)?_—s with =D’ = (429,)', if n=1. 
For the proof of this theorem we refer the reader to [48]. 
We observe that from (41) for p = 2 and b € (0, 1) one has 
IF’ Gallo < If P’sllo + lg P’Fllo. (43) 


which is a stronger version of the standard Leibniz rule for fractional derivatives 
whose right-hand side involved the product of appropriate norms of f and g. So it is 
natural to ask (Q 9) whether or not the inequality (43) holds for p # 2 and with D 
instead of Y for p = 2 and for p ¥ 2. 

These estimates are essential in the proof of Theorem 2.3. In particular, one has 
the following applications of Theorem 2.11 given in [43]: 


Proposition 2.12. Let b € (0,1). For any t > 0 
Be Ml) < c(t? + |e? x1”). (44) 
Lemma 2.13. Let a, b > 0. Assume that J“f = (1 — A)*/?f € L?(R) and (x)’f = 
(1 + |x|?)?/2f € L?(R). Then for any 6 € (0,1) 
77x PFY Ila. S cll x)"FILS? IFS. (45) 


Moreover, the inequality (45) is still valid with wy (x) in (39) instead of (x) with a 
constant c independent of N. 
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To simplify our exposition we shall restrict ourselves to the case of the BO equation, 
i.e., k = 1 in (1). We shall work with the following kind of solutions whose existence 
was established in [46] . 


Theorem 3.1. Jf uy € H*(R) with s > 3/2, then there exists a unique solution 
u = u(x,t) of the IVP for Eq. (3) such that for any T > 0 

(i) ue C(R: A’(R))OL™(R: A’(R)), 

(ii) d,u € LA([-T,T]: L°(R)), — (Strichartz), 


T R 
(iii) J [acu + |d2u|7)(x, t)|’dxdt <0, (46) 
-T-R 
T R 
(iv) ei |0,D"—"/ u(x, t)|?dxdt <c), ré€[l,s], 


—T—-R 


with co = co(R, T, ||uol|3/2,2) and cy = c1(R, T, ||uolls.2). 


Remark. From our previous comments it is clear that the results in Theorem 3.1 
still holds for the IVP (1) locally in time for k => 2. Indeed, one can lower the 
requirement s > 3/2 to a value between [1, 3/2], depending on the k considered, 
such that well-posedness including the estimate (46) (ii) still holds. 


To state the results found in [25] we define a two parameter family a, b with 
a <b functions y.» € C®(R) non-decreasing such that y/, ,(x) > 0 with 


0, x<a, 
Xab(X) = (47) 
1, x>b, 


satisfying some appropriate estimates, see a more precise definition below and 
in [25]. 


Theorem 3.2. Let uo € H?/?(R) and u = u(x,t) be the solution of the IVP for 
Eq. (3) provided by Theorem 3.1. If for some xo € R and for some m € Z*, m > 2, 


/ (aug) (x) dx < 00, (48) 


then foranyu >0,T>0,a>0,b>a 
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sup [cota t))” xab(x + x9 — vt) dx 


O<t<T 

T (49) 

+ [ [oreru. 1) xg + x9 — vt) dxdt < c = c(T;a;b; v). 

0 
If in addition to (48) there exists x) € R such that anya>0,b>a 
D'? (Aug Xa + X0)) € L7(R), (50) 
then 
sup [oraruc. t) X,,(% + x0 - ut)))* dx 
0<t<T 

(51) 


T 
+ [ [ort t))? X., Xap (% + Xo — vt) dxdt < c, 
0 


with c = c(T;a;b; v). 
Theorem 3.3. With the same hypotheses the results in Theorem 3.2 apply locally in 
time to solutions of the IVP (1) with k = 2. 


Remark. From our comments above and our proof of Theorem 3.2 it will be clear 
that the requirement up € H?/?(IR) in Theorem 3.2 can be lower to uy € H*! st (R) 
by considering the problem in a finite time interval (see [28]). 


Next, we discuss some outcome of Theorems 3.2 and 3.3. In order to simplify 
the exposition we shall state them only for solutions of the IVP for the BO equation 
(3). First, as a direct consequence of Theorem 3.2 and the time reversible character 
of Eq. (3) one has 


Corollary 3.4. Let u € C(R : H*/?(R)) be the solution of the IVP for the BO 
equation (3) provided by Theorem 3.1. If there exist m € Z*,m > 2,7 € R, 
a € R such that 


d'u(-, 2) ¢ L*((a, 00), 
then for any t € (—00,?) and any B € R 
ar'u(-,t) ¢ L*((B, 00). 


Next, one has that for an appropriate class of data singularities of the correspond- 
ing solutions travel with infinite speed to the left as time evolves. 
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Corollary 3.5. Let u € C(R : H*/?(R)) be the solution of the IVP (3) provided by 
Theorem 3.1. If for r € Z* 


: A" uo (x) |?dx <oo but d¢uo ¢ L?((xp — 1, 00)), 


x0 


then for any t € (0,00) and any v > Oande > 0 


[o,) 
/ |A" u(x, t)|’dx < 00, 


xo+e—vt 


and for any t € (—00, 0) and anya € R 
Co 
/ |A" u(x, t)|°dx = oo. 
Remark. Notice that (49) implies: for any € > 0, v > 0, T > 0 
Co 
sup / (d" u(x, t))? dx < c = cle, v,T). (52) 
O<t<T Jxp+e—vt 


This tells us that the local regularity of the initial datum uo described in (48) 
propagates with infinite speed to its left as time evolves. 

In [24] similar results concerning the IVP for the k-generalized Korteweg-de 
Vries equation (5) were obtained. However, the proof for the BO equation is quite 
more involved. First, it includes a non-local operator, the Hilbert transform (2). 
Second, in the case of the k-gKdV the Kato local smoothing effect produces a gain 
of one derivative (see the argument below) which allows to pass to the next step in 
the inductive process. However, in the case of the BO equation the gain of the local 
smoothing is just 1/2-derivative (see the argument below) so the iterative argument 
has to be carried out into two steps, one for positive integers m and another for 
m+ 1/2. Also the explicit identity obtained in [26] describing the local smoothing 
effect in solutions of the KdV equation is not available for the BO equation. In 
this case, to establish the local smoothing one has to rely on several commutator 
estimates. The main one is the extension of the Calderon first commutator estimate 
for the Hilbert transform [9] given in [4], see Theorem 2.10. 

As it was already mentioned Theorem 3.2 describes the propagation of regulari- 
ties in solutions of the k-gBO equation (a = 0 in (6)) and the corresponding result 
for the k-gKdV equation (a = 1 in (6)) was proved in [24]. However, a similar 
result for the equations in (6) with w € (0, 1) is unknown (Q 10). 

To illustrate a key argument in these proofs and the difficulties in extending it to 
the case a € (0, 1) we consider the linear IVP associated to generalized dispersive 
BO equation 


0;Wa = DET) We = 0, ae [0, 1], x, teER, 


(53) 
Wa(x,0)=weEL*(R), —— who.00) € H'((0,00)). 
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We define the following family of functions : for each a,b € R, a < b we define 
Xab € C™ as in (47) such that if b-— a = 4e one has Xap > 0, x € Rand 
Xap) = (b—a)/2, x€ [at+e,b—€]. 

First, we consider the case a = 1 in (53). Following the argument in [26] for any 
v > 0 one formally has that 


ld 3 
oa [ie thy(x + vt)dx + 7 [oowree ty! (x + vt)dx 
1 (54) 
25 [ie thy (x + vt)dx —v / wi x, Dy! (« + vt)dx = 0. 
Thus, integrating in the time interval [0, 7] one gets that 
T 
sup [te thy(x + vt)dx + | [ere t)y/ (x + vt)dxadt 
O0<t<T 0 (55) 


<c=c(|\wll2; 73 v; a; 5). 


Taking derivatives in the equation in (53) with a = 1, reapplying the above 
argument with a > 0 and using (55) one gets that 


T 
sup [eonruc + vt)dx +f [@mrxe + vt)dxdt 
T 0 


O<t< 


(56) 
<c=c(|lwllo; Il 8x.wl]22((0,00)); T;v; a; b), 


which very roughly explains one of the main ideas given in [24] to prove the 
propagation of regularities in solutions of the k-gKdV. 
Next, we consider the case a = 0 in (53). A similar argument yields the identity 


ld 

aa wo(x, thy(x + ut)dx + / FE 0,Wo O,WoX (x + vt)dx 

(57) 
+ [ aor wox (x + vt)dx —v i wax’ (x + vt)dx = 0. 
We observe that 
A(t) = / FE 0Wo OxWo (x + vt)dx 

_ / wo H(B,wox(e + vt) dx 

(58) 


=— / O,Wo H0,Wo X(x + vt)dx — i OxWo [HW X]0.Wo(X, thdx 


= —A(t) + fm 0,[H; x] 0,.wodx. 
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Therefore, combining Theorem 2.10 and the fact that the L?-norm of the solution is 
preserved it follows that 


1 
A(t) = 5 fm 0x[H; x] 0,.wodx = O(\|wIl5), teR. 
Also, one sees that 
Bi) = [ aovonox's + vt)dx = / D,wowo x! (x + vt)dx 


= -{ D'/? wo D'/? (wo! (x + vt))dx 


(59) 

- [errwor (x + vt)dx + [Pew [D\?; y']wo(x, tdx 

= [erwor? xX (e+ vt)dx + [om D'/?[D!/?: y"|wo(x, t)dx, 

where the second term in the right-hand side of (59) can be estimated using 
DP Dy: x'Vlle < ezllflle- (60) 
Inserting the above estimates in (57) one concludes that 
T 

sup / (wo(x, 1)? x(x + vt)dx + i if (Dl? wo)? x’ (x + vt)dxdt 

0<t<T 0 (61) 


<c=Cc(|\wll2; 7; a; 5). 


Repeating the above argument, after applying the operator Di! * to the equation in 
(53) with a = 0, one gets 


ld 
a i (Di? wo)? x(x + vt)dx 
+ / KH d,D/ Wo d,D1/ -wox(x + vt)dx 

(62) 
+ / H),D' wo DY woz! (x + vt)dx 


—v [orrmrxe + vt)dx = 0. 


From (61) after integration in time the last term in (62) is bounded. To control 
the second term in (62) we write 
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A,(t) = [ HaviPno 0, wox (x + vt)dx 
=— : 0D? Wy 4 (8,DV/ wo x(x + vt))dx 
== f 2,D' 9 209,D' 19 xC0-+ viper 

- / 0, Dl? wo [H; x]0,D"/? wo(x, t)dx 
= —A,(f)— / wo D1!?,,.H; y]0.D\? wodx. 


Hence, from Theorem 2.10 it follows that 


1 
A\(t) = 5 [vovl?a.e: 110.D4/? wodx = O((|wl3). teR. 


Finally, to bound the third term in (62) one defines p(-) as 
x' 00) = p(x), 


then 
By (t) = [| eaDrPwoote + vt)D /? wop(x + vt)dx 
= / HK (I,D"/? wop(x + vt)) Di wop(x + vt)dx 
_ [ve p]0,D1/? wo Dl? wop(x + vt)dx 
= / H),(D > wop(x + vt)) DV? wop(x + vt)dx 
— / FE (Di woo! (x + vt)) D  wop(x + ut)dx — Bo(t) 
= / (DY?(D!>wop(x + v1)))Pdx — B3(t) — Ba(0). 
with 
B3(t) = | FE (D'? wop! (x + vt)) Dl wop(x + vt)dx, 


which after integration in time is basically bounded by (61), and 


(63) 


(64) 
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B,(t) = / (7; p]0,D\? wo Dl? wop(x + vt)dx 
= ; (7; p]0,D1/? wo D'/? (wop(x + vt))dx (65) 


z i [2€; pl," wo [D'?: plwods, 


whose boundedness follows by combining Theorem 2.10 and (60). Gathering the 
above information one sees that 


sup [ePworxe + vt)dx 


0<t<T 


yi 
+f [OPO wopte + v0))?dxdt — 
0 


Sc =c(lwlle: |]O:wll22(0,00)); T; v3 a; b), 


with p*(x) = x(x). 
Reapplying the above argument with the appropriate modifications and using the 
estimate (66) one can conclude that 


T 
sup [eorex + vt)dx + i [OP Groot + vt)))?dxdt 


O<t<T 


(67) 


< c= c([lwlle; |]0.wllz2(,00)); T; vs a; b), 


with n* = y. 

As it was mentioned above the result in (56) for @ = 1 were extended in [24] 
to solutions of the IVP (5) and those in (67) for a = O were extended in [25] 
to solutions of the IVP (1). As it was mentioned before, a similar result for the 
solutions of the IVP associated to the equations in (6) with aw € (0, 1) is unknown 


(Q 10). 
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